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PREFACE 


We have endeavoured in the present work to combine some of 
the modern developments of Higher Algebra with the subjects 
usually included in works on the Theory of Equations. Of the two 
volumes into which tl 's work is now divided the first eleven Chapters 
of Vol. I contain all the propositions ordinarily found in elementary 
treatises on the subject. In. these Chapters we have not hesitated to 
employ the more modern notation wherever it appeared that greater 
simplicity or comprehensiveness could be thereby obtained. We have 
thought it desirable also to add at the close of this volume a short 
Chapter on Complex Number* and the Complex Variable. 

Regarding the algebraical and the numerical solution of 
equations as essentially distinct problems, we have purposely omit- 
ted in Chap. \T numerical examples in illustration of the modes of 
solution there given of the cubic and biquadratic equations. Such 
examples do not render clearer the conception of an algebraical 
solution ; and, for practical purposes, the algebraical formula may 
be regarded as almost useless in the case of equations of a degree 
higher than the second. 

In the treatment of Elimination and Linear Transformation, 
as well as in the more advanced treatment of Symmetric Functions, 
a knowledge of Determinants is indispensable. We have found it 
necessary, therefore, to give, at the opening of the second volume, 
which contains the subjects included under the title of Modern 
Higher Algebra, a Chapter on Determinants. It has been our aim to 
make this Chapter as simple and intelligible as possible to the begin- 
ner ; and at the same time to omit no proposition which might be 
found useful in the application of this calculus. For many of the 
examples in this Chapter, as well as in other parts of the work, we 
are indebted to kindness of Mr. Cathcart, Fellow of Trinity 
College. 

We have approached the consideration of the Covariants and 
Invariants through the medium of the functions of the differences of 
the roots of equations. This appears to be the simplest and most 
attractive mode of presenting the subject to beginners, and has the 
advantage, as will be seen, of enabling us to express irrational co- 
variants rationally in terms of the roots. We have attempted at the 
same time to show how this mode of treatment may be brought into 
liapnony with the more general problem of the linear transformation 
of algebraic forms. 

On the works which have afforded us assistance in the more 
elementary part of the subject, we wish to mention particularly the 
Traited'AlgebriT of M. Bertrand, and the writings of the late Pro- 
fessor Young of Belfast, which have contributed so much to extend 
and simplify the analysis and solution of numerical equations. 
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In tho more advanced portions of the subject «vo are indebted 
mainjy, among published works, to the Lessons Introductory to the 
Modern Higher Algebra of Dr. Salmon, and the Theorie der binaren 
algebraischen Formen of Clebsch ; and in some degree to the Theorie 
des Formes binaires of the Chev. F. Faa’ De Bruno. Wo must record 
also our obligation in this department of tho subject to Mr. Michael 
Roberts, from whoso papers in tho Quarterly* Journal and other 
periodicals, and from whose professorial lectures in the University 
of Dublin, very great assistance has been derived. Many of the 
exarqples also are takon from Papers set by him at the University 
Examinations. 

In connection with various parts of the subject several othfer 
works have boon consulted, among which may be mentioned the 
treatises on Algebra by Serret, Meyer Hirsch and Rubini, and papers 
in tho mathematical journals by Boole, Cayley, Hermite, and 
Sylvester. 

We have added also in this and preceding edition to what 
was contained in the earlier editions of this work, a new Chapter 
on the Theory of Substitutions and Groups. Our aim has been to 
give here, within as narrow limits as possible, an account of the sub- 
ject which may be found useful by students as an introduction to 
those fuller and more systematic works which are specially devoted 
to this department of Algebra. The works which have afforded us 
most assistance in the preparation of this Chapter are — Seri et’s 
Cours d ’ Algebre superieure ; Traite des Substitutions et des Equations 
algebriques by M. Camile Jordan (Paris 1870); Netto’s Substitution- 
entheorie und ihre Anwendung auf die Algebra (Leipzig, 188?b of 
which there is an English translation by F.N. Cole (Ann. Arbor, 
Mich., 1892) ; and Lemons sur la Resolution algebrique des Equations , 
by M. H. Vogt (Paris, 1895). 

Trinity College Dublin, ' W.S.B. 

May , 1904 . 


PREFACE TO SEVENTH EDITION OF VOLUME I 

Having been deprived of Dr. Panton’s co-operation, I have 
thought it inadvisable to make any change in this volume by the^ 
introduction of new matter, as 1 wished as far as possible to preserve 
the original design, and also the limits fixed for this volume as 
indicated in tho Preface to previous editions. In coming to this 
decision I have been influenced to a great degree by tke favourable 
eception already given to this work. 

June 1 8th, 1912. 


W.S-B. 
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THEORY OF EQUATIONS 

. INTRODUCTION 

1. Definitions. Any mathematical expression involving a 
quantity is called a funrtinn of that quantity 

We shall be employed mainly with such algebraical functions 
as are rational and integral. By a rational function of a quantity is 
meant one which contains that quantity in a rational form only : that 
is, a form free from fractional indices or radical signs. By an integral 
function of a quantity is meant one in which tlm quantity enters in 
an integral form only ; that is. never in the denominator of a frac- 
tion. The following expression, for example, in which n is a positive 
integer, is a rational and integral algebraical function of x : — 
ax 11 j~6.r*~ 1 4-cr n- “-{- -f hx~\~l 

It is to be observed that this definition has reference to the 
quantity x only, of which the expression is regarded as a function. 
The soveral co efficients a , b . c, etc., may be irrational or fractional* 
and the function still remains rational and integral in x. 

A function of x is represented for brevity by F{x),f(x), <p(x), or 
some such symbol. 

The name 'polynomial is given to the algebraical function to 
express the fact that it is constituted of a number of terms containing 
different powers of x connected by the signs plus or minus. For 
certain values of x regarded as variable one polynomial may become 
equal to another differently constituted. The algebraical expression 
of such a relation is called an equation ; and any value of x which 
satisfies this equation is called a mol of the equation. The determi- 
nation of all possible roots constitutes the complete solution of the 
equation. 

It is obvious that, by bringing all the terms to one side, we may 
arrange any equation according to descending powers of x in the 
following manner : — 

< V n 'i a i xn l +«^ n ~ 2 + . . . . + «*-!*+«,.= 0 
The highest power of x in tiiis equation being n , it is said to bo an 
equation of the n h decree in x. For such an equation wc shall, in 
general, employ the form here written. The suffix attached to the 
letter a indicates the power of x which e^ch co-efficient accompanies, 
the sum of the exponent of x and the suffix of a being equal to n for 
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: h term . An equation is not altered if all its terms De divided by 
\ quantity We may thus, if we please, dividing by a 0 , make the 
co efficient of x n in the above equation equal to unity. It will often 
be found convenient to make this supposition ; and in such cases the 
equation will be written in the form 

*"4 ■ +Pn-l*+Pn = 0. 

An equation is said to be complete when it contains terms in- 
volving x in all its powers from n to 0, and incomplete when some of 
the terms are absent ; or, in other words, when some of th^ co- 
efficients p 1 , p 2 , etc., arc equal to zero. The term p n , which Vines 
not contain a;, is called the absolute term. An equation is numerical 
or algebraical according as its co- efficients arc numbers or algebraical 
symbols. 

2. Numerical and Algebraical Equations. In many re- 
searches in both mathematical and physical science the final mathe- 
matical problem presents itself in the form of an equation on whose 
solution that of the problem depends. It is natural, therefore, that 
the attention of mathematicians should have been at an early stage 
in the history of the science directed towards inquiries of this nature. 
The science of the Theory of Equations, as it now stands, has grown 
out of successive attempts of mathematicians to discover general 
methods for the solution of equations of any degree. When the co- 
efficients of an equation are given numbers, the problem is to 
determine a numerical value or perhaps several different numerical 
values, which will satisfy the equation. In this branch of the science 
very great progress has been made ; and the best methods hitherto 
advanced for the discovery, either exactly or approximately, of the 
numerical values of the roots will be explained in their proper places 
in this work. 

Equal progress has not been made in the general solution of 
equations whose co-efficients are algebraical symbols. The student 
is aware that the root of an equation of the second degree, whose 
co efficients are such symbols, may be expressed in terms of these 
co-efficients in a general formula ; and that the numerical roots of 
any particular numerical equation may be obtained by substituting 
in this formula the particular numbers for the symbols. It was 
natural to inquire whether it was possible to discover any such for- 
mula for the solution of equations of higher degrees. Such results 
have been attained in the case of equations of the third and fourth 
degrees. It will be shown that in certain cases these formulas fail 
to supply the solution of a numerical equation by substitution of the 
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numerical co-efficients for the general symbols, and are, therefore, in 
this respect inferior to the corresponding algebraic* 1 , 1 solution cf the 
quadratic. * 

Many attempts have been made to arrive at similar general 
formulas for equations of the fifth and higher degrees ; but it may 
now be regarded as established by the researches of modem analysis 
that it is not possible by means of radical signs, and other signs of 
operation employed in common algebra, to express the root of an 
equation of the fifth or any higher degree in terras of the co-efficients. 

3. Polynomials. From the preceding observations it is plain 
that one important object of the science of the Theory of Equations 
is the discovery of those values of the quantity a; regarded as variable 
which give to the polynomial f(x) the particular value zero. In 
attempting to discover such values of x, wc shall be led into many 
inquiries concerning the values assumed by the polynomial for other 
values of the variable. We shall, in fact, see in the next chapter that, 
corresponding to a continuous series of values of x varying from an 
infinitely great negative quantity ( — oo) to an infinitely great positive 
quantity (-foe), f(x) will assume also values continuously varying. 
The study of such variations is a very important part of the theory 
of polynomials. The general solution of numerical equations is, in 
fact, a tentative process ; and by examining the values assumed by 
the polynomial for certain arbitrarily assumed values of the variable, 
we shall be led, if not to the root itself, at least to an indication of 
the neighbourhood in which it exists, and within which our further 
approximation must be carried on. 

A polynomial is sometimes called a quantic. It is convenient 
to have distinct names for the quantics of various successive degrees 
The terms quadratic (or quadric), cubic, biquadratic (or quartic), quintic , 
sextic etc., are used to represent quantics of the 2nd, 3rd, 4th, 5th, 
6th, etc., degrees ; and the equations obtained by equating these 
quantics to zero are called quadratic, cubic, biquadratic, etc., equa- 
tions, respectively. 



CHAPTER I 

GENERAL PROPERTIES OF POLYNOMIALS 


4 . In tracing the changes of values of a polynomial correspond- 
ing to changes in the variable, we shall first inquire what terms in the 
polynomial are most important when values very great or very small 
are assigned to x. This inquiry will form the subject to the present 
and succeeding Articles. 

Writing the polynomial in the form 


1 flft-i 

„. 2 +- + 


« 0 *' 


\ , 

n-jT n 


1 


it is plain that its value tends to become equal to a 0 x n as x tends 

towards go. The following theorem will determine a quantity such 

that the substitution of this, or of any greater quantity, for x will 

have the effect of making the term a 0 r n exceed the sum of all the 

others. In vvliat follows we suppose u 0 to be positive ; and in general 

in the treatment of polynomials and equations the highest term is 

supposed to be written with the positive sign. 

Theorem. If in the polynomial 

a 0 x n + o 1 z n - 1 +a 2 x n - 2 + ... +a n _ Y x+a n 

the value -* +1, or any greater value , be substituted for x , where a k is 
a Q 

that one of the co-efficients a u a n whose numerical value is greatest , 

irrespective of sign, the term containing the highest power of x will 
exceed the sum of all the terms which follow 
The inequality 

a Q x n >a 1 x'- l +a 2 x*- 2 +...+a n _ l x+a n 
is satisfied by any value of x which makes 

a 0 x n >a k (x n - 1 +x n ~ 1 +...+x4-l), 

where a k is the greatest among the co efficients a,, a n-1 , a n 

without regard to sign. Summing the geometric series within the 
brackets, we have 

x n — 1 _ a t 


a 0 x n : 


x—l 


° r a,(* V 1 "- 1 '- 


which is satisfied if a^x— 1) be > or =a h 


that is 


“i , i 

x> or = 4 1- 
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The theorem here proved is U8eful h A supplying, when the co- 
efficients of the polynomial arc given numbers, a number such that 
when x receives values nearer to + oo, the polynomial will preserve 
constantly a positive sign. If we change the sign of x, the first term 
will retain its sign if n be oven, and will become negative if n be odd; 
so that the theorem Mso supplies a negative value of x , such that for 
any value nearer to — » the polynomial will retain constantly a 
positive sign if n be ev? n, and a negative sign if n be odd. The 
constitution of the polynomial is, in general, such that limits much 
nearer to zero than those here arrived at can be found beyond which 
the function preserves the same sign ; for in the above proof wc have 
taken the most unfavourable case, viz., that in which all the co- 
efficients except the first, are negative, and each equal to a k ; whereas 
in general the co-ettieients may be positive, negative, or zero. Several 
theorems, having for their object the discovery of such closer limits, 
will be given in a subsequent chapter. 

5. We now proceed to inquire what is the most important term 
in a polynomial when t ho value of x is indefinitely diminished ; and to 
determine a quantity such that the substitution of this, or of any 
smaller quantity, for .r will have the effect of giving such term the 
preponderance. 

Theorem. If in tt* polynomial 

V n i-'V" M ...-f *„-!*+«« 


the value n , or any smaller value , be substituted for x } where a k is 

a n + (l 1 k 

the greatest co-efficient exclusive of a n , the term a n will be numerically 
greater than the sum of all the others. 


To prove this, let .r — ^ ; then by the theorem of Art. 4, a k 
being now the greatest among the co efficients a 0 , a*.!, without 

regard to sign, the value ~- k f 1, or any greater value of y f will 

n 

make 

«ny n >rtn-lZ/"“ 1 +«n- 2?/"' 2 +■••+«!!/ +«#. 

, 1 * 1 

that is, fi n >a n _j -! a n _ 2 (- r a 0 

y y y 

lienee the value , or any less value of x. will make 

a i\-\ a k / 

V>- 1 « W -2 r2 I 

This proposition is often stated in a different manner, as 
follows : — Values so small may he assigned to x as to make the poly- 
nomial 
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a n _ 1 x+a n _ t x t +... +a 0 x n 
less than any assigned quantity. 

This statement of the theorem follows at once from the above 
proof, since a n may bo taken to be the assigned quantity. 

There is also another useful statement of the theorem, as 
follows : — When the variable x receives a very small value , the sign of 
the polynomial 

a n _ x x -\-a n _n^~\~ • ■ ■ 

is the same as the sign of its first term Qn^x. 

This appears by writing the expression in the form 

for when a value sufficiently small is given to x , the numerical value 
of the term u n ~\ exceeds the sum of the other terms of the expression 
within the brackets, and the sign of that expression will consequently 
de| end on the sign of 

6. Change of Form of a Polynomial corresponding to 
in increase or diminution of the Variable. Derived Functions. 

Wt shall now examine the form assumed by the polynomial when 
x f h is substituted fora;. If, in what follows, h be supposed essen- 
tially positive, the resulting form will correspond to an increase of 
the variable ; and the form corresponding to a diminution of x will 
be obtained from this by changing the sign of h in the result. 

When x is changed to x \-h,f(x) becomes j(x \-h), or 

o 0 (T-!-^) n -|- a x (x -\-h) n ^ l ~\-a ? {x-\-h) n ~ lj \r -^r a n~i( x -\-h)^- a K- 

Let each term of this expression bo expanded by the binomial 
theorem and the result arranged according to ascending powers of h . 
We then have 

a 0 x n + apr"* 1 + a 2 x n a n _ 3 # 2 + v x + a * 

+h{na 0 x n ~ l -\-(n— 1) a L x n '*-{-(n — 2) a 2 x n ~*+ ... +2a n _ 2 r-[-«n-i} 

h {n(n — 1) a 0 x n - 2 d (w — 1 )(h—2) a x x n Z + . . +2a n _ a } 

+ 

+ 1 . 2 1 . 

It will be observed that the part of this expression independent 
of h is f(x) (a result obvious a priori ), and that the successive 
co efficients of the different powers of h are functions of x of degrees 
diminishing by unity. If will be further observed that ihc co-efficient 
of h may he derived from f(x) in the following manner : — Let each 
term inf(x) be multiplied by the exponent of x in that term, and lot 
the exponent of x in the term be diminished by unity, the sign being 
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retained ; the sum of all the terms of f(x) treated -in this way will 
constitute a polynomial of dimensions one degree lower than those 
of f(x). This polynomial is called the first derived function 0/ f(x). 
It i3 usual to represent this function b) r the notation f'[x). Iho 

co-efficient of - mfcy be derived from /'(a:), by a process the same 
1 .Z 

as that employed in deriving f'(x) from f(x), or by the operation 
twice performed on f(x). This co efficient is represented by / (r), 
and is called the second derived function of f(x). In like manner the 
succeeding co-efficients may all be derived by successive operations of 
this character ; so that, employing the notation here indicated, we 
may write the result as follows : — 

f(x+h)=f(x)+f'(x)h+ f l (X 2 W /j A J +- W- 

It may bo observed that, since the interchange of x and h does 
not alter f{x+h), the expansion may also be written in the form 

f(x+h) =f(h.) +f(h)x+ L ( -± *=+ ( W 3 x’ + ...+a 0 r n 

We shall in general employ the notation here explained ; out 
on certain occasions when it is necessary to deal with derived func- 
tions beyond the first two or three, it will be found more convenient 
to use suffixes instead of the accents here employed. The expansion 
will then be written as follows : — 

f(x-\-h)=f(x)-\-f 1 (x)h+f 2 (x) 2+ ■■ ■ “2T3” r^~ 


Example 

Find the result of substituting x+h for x in the polynomial 
4jr a -t-flx* — 7x-|-4» 


Here 


and the result is 


f(x) = 4x 3 -f- 6x J — 7x -1-4, 
f'(x) = I2x a -1- I2x — 7, 
/'(x) = 24x-|-12, 

'"'(*) -24 ; 


4x B f 6x*— 7x-f-4-f-(l2x 2 |-12x— 7)fc-f-(24x + 12) 1 ^ ll 2 -|-24 j 


fc»__ 

. 2 . 6 ’ 


The student may verify thi9 result by direct substitution. 

7. Continuity of a Rational Integral Function of x. If m 

a rational and integral function f(x) the value of x be made to vary, 
by indefinitely small increments, from one quantity a to a greater 
quantity 6 , we proceed to prove that f{x) at the same time varies 
also by indefinitely small increments ; in other words, that/(^) varies 
continuously with x 
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Let x be increased from a to a -\-h. The corresponding lucre 
ment of J(x) is 

f(a + h)—f(d) ; 

and this is equal, by Art. 6, to 

f\a)li+f"(a) ~ 2 +... -J a 0 /*\ 

in which expression all the co-efficients f'(a), /"(u), etc., are finite 
quantities. Now, by the theorem of Art. 5, this latter expression 
may, by taking h small enough, be made to assume a value less\ than 
any assigned quantity , so in;ti lie* difference betw een j\n j ft) and 
j{a) may be made as small as we please, and will uiumateiy vanish 
with h. The same is true during all stages of tile variation of x from 
a to b ; thus the continuity of the fnnetiou J\.rj j.s esiabiisned. 

It is to be observed that it is n<*t Imre pro\ed that f(jc) increases 
continuously from f(a) to f(b). It may either increase or diminish, 
or at one time increase, and at another diminish ; but f he above 
proof shows that it cannot, pa.-s p r xithi.m Worn one value to another ; 
and that, consequently , amongst the vainer assumed ov f(x) while x. 
increases ronunuoLtdy from a to o unea. hr jocuku-^ .dl * ahm,; bet 
ween j\o) ami j\b). ’1 be sign n (({•>, wu! ([do fiiniti uin Ui* i j {-' ) ** 

increasing or diminishing ; fur it appears by Art. f) that w hen h is 
small enough the sign of the total wdi uq»e’id on that, of 

f(u)ft . W e tiius observe that ivhi'u. ; is pn^tmrp f{x) is 

with x ; and when f\a) is myntire J(x ) is dimin^ni/Kj ax x increases 

8. Form of the Quotient and Remainder wnen a Poly- 
nomial is divided by a Binomial. Let the quotient, when 
a^ n -\-a L x n - l + a 2 x n - % + ... +a n _ 1 z+ a n 
is divided bv x—h, be 

b 0 J-" -1 - 1- - b x x n - 2 + . . . + b n _ 2 z -j- b n . 

This we shall represent by Q, anti the remainder by H W>’ 
have then the follow ing equation : — 

f(.r) = (x-h)Q \-Jt. 

The meaning of this equation is, that when Q is multiplied by 
x—h, and R added tin 4 result must lie identical , term for term, with 
j(x). In order to distinguish equations oi the kmd heio explained 
from equations which are not identities, it will often be found 
com emeu t to use th^ sxinbuj here employed in place oi the usual 
symbol oi equality. The right- hand side oi the identity m 

V"t -hi 1 -f h )z n “ 2 +---dA-J*+^ 

— K) — Alq ) ~--hb n _ 2 ) hbn- 1- 
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Equating the co-eihcients of x on both sides, we get the follow- 
ing series of equations to determine b 0 , b l9 b 2l , b n . L , R : — 

b L = hji-\-c ly 
b 2 — b l h-\-a 2f 
3 =b 2 h-\-a 2l 

bn~\ — b n _ 2 h + a n _ l9 
R —b n x h J r a n . 

These equations supply a ready method of calculating in sueees- 


sion the 

co-ciiicients b n . 

fij, etc. of the 

quotient, and the remainder R. 

For tins 

purpose, we write the series 

of operations in the following 

manner 


r,’ 2 , a 2 

• ■ a n - 


Vt, 

bji , bji, . . 

• • b n -2^* bn-A 


ft*. 

b 3t 

■ - b n _ i, R. 


In the first line are written down the successive co-eflicients 
of /(£•). The first, term in the second line is obtained by multiplying 
a 0 (or 6 0 , which is equal to it) by h. The product b 0 h is placed 
under 'q, and then added to it in order to obt.nu the term in the 
tiiird line. This term, when obtained, is multiplied m its turn by h y 
and placed under a 2 . The product is added to a 2 to obtain the second 
figure b 2 in the third line. The. repetition of this process furnishes 
in succession all the co-elheients oi the quotient, the last figure 
thus obtained being the remainder. A few examples will make 
this plain. 


Examples 

Find the quotient and remainder when 3x* — 5x a -}-10x a + llx— 61 is 
divided by x— 3. 

The calculation ia arranged as follows : — 

3 — 5 10 11 -01. 

9 12 06 231. 

4 22 77 170. 

Thus the quotient is 3x 3 -|-4x z -f 22x -j-77 and tlio remainder 170. 

A. Find the quoC *.nt and remainder whon x 3 f iix 2 -|-3x + ? is divided by 
®— 1. [Ans m Q— x 2 + Gx-|-9, It — 11. 

yO. Find Q and It when X s — 4a: 4 p 7x 3 *f-l I u, -13 is divided by x--5. 

N.JJ . — When any term in a polynomial is absent, care must be taken to 
supply the place ot its eu-ertieient hy zero in w riting down the co-officients of /(x), 
In this example, here fore, tlie honed in tne tir&l line will bo 
1 -4 7 0 -11 -13. 

[Ann. (^ — x 1 + x 3 + 1 2x a + 60x + 289 ; K = 1432. 
yt* Find Q and R when x»+ 3x 7 — 15x*-f 2 is divided by x— 2. 

[Am. 0 = x B 4-2x 7 -K7^ 6 + i^ 5 i-2SxM-56., 3 -l-112x 2 -l-209x+418 ; 7?=838. 
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X* Find Q and It when x* + rr - 10x-j- 113 lb divided by x -J-4. 

[Ana. Q = x 4 — 4x 3 + 16x 2 — 63# -f 242 ; R=>— 855. 

9. Tabulation of Functions. The operation explained in 
the preceding Article affords a convenient practical method of calcu- 
lating the numerical volue of a polynomial whoso co-efficients are 
given numbers when any number i 3 substituted Tor x. For the equa- 
tion 

f(x)=(x-h) Q+R , 

since its two members are identically equal, must be satisfied \jrhen 
any quantity whatever is substituted for x. Let x=h, then f(h)\=R, 
x—h being =0, and Q remaining finite. Hence the result of substi- 
tuting h for x in f(x) is the remainder when f(x) is divided by x—h, 
and can be calculated rapidly by the process of the last Article. v 

For example, the result of substituting 3 for x in the polynomial 
of Ex. 1, Art. 8, viz., 

3x*— 5.r +l0.r 2 +llx-6J, 

is 170, this being the remainder after division by x — 3. The student 
can verify this by actual substitution. 

Again, the result of substituting —4 for x in 

a;5 +;r 2_ 10:c+11 3 

is —855, as appears from Ex. 5, Art. 8. We saw in Art. 7 that as x 
receives a continuous series of values increasing from — oo to +oo, 
/ (x) will pass through a corresponding continuous scries. If we sub- 
stitute in succession for x , in a polynomial whose co-efficients are 
given numbers, a scries of numbers 3uch as 

. . . -5, -4, -3, -2, — 1, 0, 1, 2, 3, 4, 5,. . . 
and calculate the corresponding values of f(x), the process may be 
called the tabulation of the function. 

Examples 


i. Tabulate the trinomial 2x 2 +x — 6, for the following values of x : — 
-4, -3, -2, -1,0, 1.2, 3, 4. 


Values of x, —41 —3 

-1 0 l 

3 

4 

/(*)J 22l 9 

0 -3 

15 

30 

2. Tabulate the polynomial 10z 3 — 6 for tne 

same 

values of x. 

Value, of x, —4 — 3j 

o 

\ 

ci 

1 

3 

4 

„ .. /(*)• —910 -42o| 

-144 - 2 2\ 6 1 0 20 1 

12C> 

378 


10. Graphic Representation of a Polynomial. In investi- 
gating the changes of a function / (x) consequent on any series of 
changes in the variable which it contains, it is plain that great advant- 
age will be derived from any mode of representation which renders 
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possible a rapid comparison with one another of the different values 
which the function may assume. In the case where the function in 
question is a polynomial with numerical co-efficients, to any assumed 
value of x will correspond one definite value of f(x). We proceed to 
explain a mode of graphic representation by which it is possible to 
exhibit to the eye file several values of f(x) corresponding to the 
different values of x. 

Let two right lines OX , OY (Fig. 1) cut one another at right 
angles, and be produced indefinitely in both directions. These lines 
are called the axis of x end axis of y, y 

respectively. Lines, such as OA , pj 

measured on the axis of x at the ^ W 

right-haml side of O, are regarded as 
positive ; and those, such as OA' . mea- 
sured at the left-hand side, a 3 negative. B' \A~OA BC ~X 

Linos parallel to OY which are above J 

XX' such as AP or B Q', are positive ; I 7 * 

and those below it, such as AT or A'P ' 
are negative. These conventions are al- Y 

ready familiar to the student acquainted Fig. I . 

with Trigonometry. 

Any arbitrary length may now be taken on OX as unity, ana 
any number positive or negative will be represented by a line mea- 
sured on XX 0 ; the series of numbers increasing from 0 to +oo in 
the direction OX, and diminishing from 0 to — ao in the direction 
OA'. Let any number m bo represented by OA ; calculate f(m) ; 
from A draw AP parallel to OY to represent f(m) in magnitude on 
the same scale as that on which OA represents m, and to represent 
by its position above or below the line OX the sign of/(m). Corres- 
ponding to tho different values of rn represented by OA , OB , 00, etc., 
wo shall have a scries of points P , Q , R „ etc., which when we suppose 
the series of values of m indefinitely increased so as to include all 
numbers between —00 and will trace out a continuous curved 

line. This curve will, by the distance of its several points from the 
line OX, exhibit to the eye the several value; of the function /(x). 

The process here explained is also called tracing the function f(x). 
The student acquainted with analytic geometry will observe that it 
is equivalent to tracing the plane curve whose equation is y—f(x). 


In the practical application of this method it is well to begin by 
laying down the points on the curve corresponding to certain small 
integral values of x, positive and negative. It will then in general be 
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possible to draw through these points a curve which will exhibit the 
progress of the function, and give a general idea of its character. 
The accuracy of the representation will of course increase with the 
number of points determined between any two given values of the 
variable. When any portion of the curve between two proposed limits 
has to be examined with care, it will often bp nebessary to substitute 
values of the variable separated by smaller intervals than unity. The 
following examples will illustrate those principles. 

Examples ^ 

Trace the trinomial 2x--j- x — 0. \ 

The unit of length Lurch ib ojiu-a.xm of the hue OiJ in Fig. 2. 

In Jbx. 1, Art. i), the values ol j\x) are 
given corresponding to the integral value* • of a 
fn.rn - 4 to -f 4, inclusive. 

By moans of these values wo obtain the 
positions of nine points on the curve ; seven of 
winch. A, B, C, I), K, I'\ G, are here represent- 
ed the other two corresponding to values of f(x) 
which ho out of tin' limits of the figure. 

The student will find it a useful exercise 
X to trace the '_ur\o more minutely between lh u 
points C and hi in the tigure, VlZ., oy calculating 
the values of J K X) cui i vspondu.g to the val -s of 
x between — 1 and 1 sepaiatod by Brnall in. 
vr»s, say of one-tenth, as is done in the follow- 

2. ing example. 

2. Trace the polynomial 

10a,*— 17z* -fa: +6. 

This is already tabulated in Art. 0 for values c f x between -4 and 4. 

It may be observed, as an exercise on Art. 4, th-t this function retains 
posit i vo values for all positive values of a greater 
than 2-7, and negative values for all values of® 
nearer to - oo than -2*7. The curve nill, then 
if it cuts the axis of x at all, cut it at a point (or 
points corresponding to some value (or values) of x 
between -2*7 and +2 7 ; so that if or - object is to 
determine, or- appoxiinate to, the positions of the 
roots of the equation f(x)= 0. the tabulation may 
be confined to the interval between —2-7 and 2-7. 

This is a ease in which the substitution of 
integral values on iy of x gives very httlo help to- 
wards the tracing of the curve, arid where, conse- 
quently, smaller intervals l>a\ e to be examined. 

We give the tabulation of th* J function tor inter- 
vals of one-tenth between tho integers — 1. 0 ; 0. 1 ; 

1, 2. From those values tho p jsit.ons of the cor- Fig. 3. 

responding points on the curve in^y he appioxi- 
mately ascertained, and the curve truces! us i- Fig 
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Values of * 

i 

-■9 | - 

i 

-S 1 

— -7 | 

I — -0 

1 — -5 

1 

~* 4 ’ 1 

— •3 


— 1 


.. /(*) 

-22:- 

15 96 — 

10-8 i 

-6 40 

| — !> 8S 

1 

! 0 

:! 24 ! 

3!) 

'5 04 

5 72 


Values of x 

0 

1 

•1 | 

-2 

1 

•3 

| -4 

i *5 

| 

6 

! -7 

i ‘ 8 

;9 


.. /(*> 

G 1 

5- 9ij 

1 

5-6 

5 04 

| 4-32 

1 

! 3-5 

?‘f*4 

! 1 8 

i-04 

■42 


Values of x 1 

1 

| 

W, 

X ■ 2j 

1-3 

i 

1-4 

1 

1-5 

1-6 

1-7 

I 1 ’ 8 ! 

!-d 1 

2 

f •> fi x ) 

ol 

— i«i 

0 

■54 

1-52 

3 

504 

7-7 

1 ’ 

111 04 1512 

20 


The curve traced in Ex. 1 cuts the axis of x in two points (a 
numLor equal to the degree of oho polynomial) : ir othc" words, 
there are two valuos of x for which the value of the given polynomial 
is zero ; these arc the roots of the equation 2x 2 -\-x — 6 — 0, viz., — 2, 
and 1-5. Similarly, the curve traced in Ex. 2 cuts the axis in three 
points, viz. the points corresponding to the roots of the cubic equation 
lOr 1 — 17.r a — aH-fi— 0. The curve representing a given polynomial 
may not cut the axis of x at .11, or may cut it in a number of points 
less than the degree of the polynomial Such cases correspond to 
the imaginary roots of equations, as will appear more fully in the 
next chapter. For example, the curve which represents the poly- 
nomial 2x 2 + x-\-2 will, when traced, lie entirely above the axis of x ; in 
fact, since this function differs from the function of Ex. 1, only by the 
addition of the constant quantity 8, each value of f(x) is obtained 
by adding 8 to the previously calculated value, and the entire curve 
can be obtained by simply supposing the previously traced curve to 
be moved up parallel to the axis of ij through a distance equal to 8 of 
the units. It is evident, by the solution of the equation 2a; 2 fa; + 2^0, 
that the two values of x which render the polynomial zero arc in this 
case imaginary. Whenovcr the number of points in which the curve 
cuts the axis of x falls short of the degree of the polynomial, it is 
customary to speak of the curve as cutting the line in imaginary 
points. 

11. Maximum and Minimum Values of Polynomials. It 

is apparent from the considerations established in the preceding 
Articles, that as the variable x changes from — co to +°°, the func- 
tion f(x) may undergo many variations. It may go on for a certain 
period increasing, and then, ceasing to increase, may commence to di- 
minish ; it may then cease to diminish and commence again to in- 
crease ; after which another period of diminution may arrive, or the 
function may (as in the last example of the preceding Art.) go on 
then continually increasing. At a stage where the function ceases to 
increase and commences to diminish, it is said to have attained a 
maximum value ; and when it ceases to diminish and commences to 
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increase, it is said 'to Lave attained a minimum value. A polynomial 
may have several such values ; the number depending in general 
on the degree of the funotion. Nothing exhibits so well as a graphic 
representation the occurrence of such a maximum or minimum value ; 
as well as the various fluctuations of which the values of a polynomial 
are susceptible. 

A know ledge of the maximum and minimum values of a func- 
tion, giving the positions of the points where the curve bends with 
reference to the axis is often of great assistance in tracing the c^rve 
corresponding to a given polynomial. It w ill be shown in a subse- 
quent chapter that the determination of these points depends on the 
solution of an equation one degree lower than that of the givijn 
function. 

It is easy to show that maxima and minima occur alternately ; 
for, as the variable increases from a value corresponding to one maxi- 
mum to the value corresponding to a second, the function begins by 
diminishing and ends by increasing, and, therefore, attains a minimum 
at some intermediate stage. In like manner it appears that between 
two minima one maximum must exist. 



CHAPTER II 

GENERAL PROPERTIES OF EQUATIONS 

12. The process of tracing the function f(x) explained in Alt. 

10 may be employed for the purpose of ascertaining approximately 
the real roots of a given numerical equation ; for when the corres- 
ponding curve is accurately traced, the real roots of the equation 
f(x)= 0 can be obtained approximately by measuring the distances 
from the origin of its points of intersection ith the axis. With a 
view to the more accurate numerical solution of this problem, as well, 
as the general discussion of equations of both numerical and algebrai- 
cal, we proceed to establish in the present chapter the most im- 
portant general properties of equations having reference to the 
existence and number of the roots, and the distinction between real 
and imaginary roots. 

By the aid of the following theorem the existence of a real root 
in an captation may often be established : — 

vTheo rem. If two real quant Hies a and b be substituted for the 
unknown quantity x in any polynomial f(x), and if they furnish results 
having different signs , one plus and the other minus ; then the equation 
f(x)— 0 must have at least one real root intermediate in value between a 
and b. 

This theorem is an immediate consequence of the property 
of the continuity of the function f(x) established in Art. 7 ; for 
since f{x) changes continuously from f(a) to /(ft), and, therefore, passes 
through all of the intermediate values, while x changes from a to ft ; 
and since one of these quantities, f(a) or /(ft), is positive, and the 
other negative, it follows that for some value of x intermediate 
between a and ft, /(.r) must attain the value zero which is intermedi- 
ate between /(a) and /(ft). 

The student will assist his conception of this theorem by refer- 
ence to the graphic method of representation. W r hat is here proved, 
and w'hat will appear obvious from the figure, is, that if there exist 
two points of the curved line representing the polynomial on opposite 
sides of the axis OX , then the curve joining these points must cut that 
axis at least once. It will also be evident from the figure that several 
values may exist between i and 6 for which /(aj)=0 t.e., for which 
the curve cuts the axis. Fc - example, in Fig. 3, Art. 10, x= — 2 gives 
a negative value (—144), and x=2 gives a positive value (20), and 

15 
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between these points of the curve there exist three points of section 
of the axis of x. 

Corollary. If there exist no real quantity which , substituted for 
x, maxes f(x)=Q , tker f(x) must be positive for every real value of x. 

For it is evident (Art. 4) that x = makes f(x) positive ; and 
no value of x, therefore, can make it negative ; for if there were any 
such value the equation would by the theorem of this Article have a 
real root, which is contrary to our present hypothesis. With reference 
to the graphic mode of representation this theorem may be expressed 
by saying that when the equation f(x)=0 has no real root, the curve 
representing the polynomial/^) must lie entirely above the axis of x. 

T^nrpm — Every equation of an odd degree has at least 
one real root of a sign opposite to that of its lad term. 

This is an immediate consequence of tne theorem in the last 
Article. Substitute in succession — oo, 0, co for x in the polynomial 
f(z). The results are, n being odd (see Art. 4), 
for x — — oo, f(x) is negative'; 

„ x = 0, sign of f(x) is the same as that of a n , 

„ x = + oo,/(x) is positive. 

If an is positive, the equation must have a real root between — oo and 
0, i.e., a real negative root ; and if a n is negative, the equation must 
have a root between 0 and oo, i.e., a real positive root. The theorem 
is, therefore, proved. 

’ -'14. Theorem. Every equation of an even degree, whose last term 
is negative , has at lead two real roots , one positive and the other negative. 
The results of substituting — oo, 0, oo are in this case 

“ °°i -f, 

4 4-, 

hence there is a real root between — oo and 0, and another between 0 
and — J— oo i.e., there exist at least one real negative, and one real 
positive root. 

We have contented ourselves in both this and the preceding 
Articles with proving the existence of roots, and for this purpose it is 
sufficient to substitute very large positive or negative values, as we 
have done, for x. It is of course possible to narrow the limits within 
which the roots lie by the aid of the theorem of Art. 4, and still more 
by the aid of the theorems respecting the limits of the roots to be 
given in a subsequent chapter. 

15. Existence of a Root in the General Equation. Imagi- 
nary Roots. We have now proved the existence of a real root 
in the case of every equation oxcept one of an even degree whose last 
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term is positive. Such an equation may have no re^l root at all. It 
is necessary then to examine whether, in the absence of real values* 
there may not be values, involving the 
imaginary expression ^ — 1, which, when 
substituted for x, reduce the polynomial 
to zero ; or whether there may not be 
in certain cases both real and imaginary 
values of the variable which satisfy the 
equation. We take a simple example 
to illustrate the occurrence of such imagi- 
nary roots. As already remarked (Art. 

10), the curve corresponding to the poly- 
nomial 

f(x) = 2x* + x+2 

lies entirely above the axis of x , as in 
Fig. 4. The equation f(x) = 0 has no real 
roots ; but it has the two imaginary roots 

1 VI 5 - 1 

" 4 ■' 4~ v — ~ 4 - 

as is evident by the solutior of the quadratic. We observe, therefore, 
that in the absence of any real values there are in this case two ima- 
ginary expressions which reduce tlio polynomial to zero. 

The corresponding general proposition is, that every rational 
integral equation has a root of the form 

a+PV- 1 , 

a and (3 being real finite quantities. This statement includes both real 
and imaginary roots, the former corresponding to the value p=0. 
When a and p are numbers, such an expression is called a complex 
number ; and what is asserted is that every numerical equation has a 
numerical root either real or complex. 

As the proof of this proposition involves principles which could 
not conveniently have been introduced hitherto, and which will pre- 
sent themselves more naturally for discussion in subsequent parts of 
the work, wo defer the demonstration until these principles have 
been established. For the present, therefore, we assume the propo- 
sition, aruj., proceed to derive certain consequences from it. 

Theorem. Every equation of n dimensions has n roots , and 

no more. 

We first observe that if any quantity h is a root of the equation 
/(rr)=0> then f(x) is divisible by x— h without a remainder. This is 
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evident from Art. 9 ; for if f(h)= 0, t.e., if A is a root of/(ar)=0, R 
must be=0. 

Let now, the given equation bo 

f(x)^X n + Pl X nl + p 2 n 2 +..-+P n -lX + Pn=0 
This equation must have a root real, or imaginary (Art. 15), which 
we shall denote by the symbol oq. Let the quotient, when f{x) is 
divided by a; — oq, be rp t {x) ; we have then the identical equation 

f{x) = (x - a,)cp 1 (a:) . 

Again, the equation (p^x) — 0, which is of n — 1 dimensions, must have 
a root, which we represent by a 2 . Let the quotient obtained by 
dividing qq(x) by x~~ a 2 be <p 2 (.r). Hence 

and f[x)r=(x cl^)(x oi a )<p2(3?)» 

where cp 2 ( x ) is of n — 2 dimensions. 

Proceeding in this manner, we provo that f(x) consists of the 
product of n factors, each containing x in the first degree, and a, 
numerical factor <p n (x). Comparing the co efficients of x n , it is plain 
that <p n (x) = l. Thus we prove the identical equation 

f(x) = (x — oq)(;r — a 2 (x - oc 3 ) (*-- a n -i){x- «n) 

It is evident that the substitution of any one of the quantities 

«c x , a a , a n for x in the right-hand member of this equation will 

reduce that member to zero, and will, therefore, reduce f(x) to zero ; 
that is tp say, the equation f(x)~ 0 has for roots the n quantities 

oq, a 2 , a 3 , , a n _i, a n . And it can have no other roots ; for if any 

quantity other than one of the quantities oq, oq, , a n bo substituted 

in the right-hand member of the above equation, the factors will be 
all different from zero, and, therefore, the product cannot vanish. 

Corollary. Two polynomials each of the nth degree in x cannot 
be equal to one another for more than n values of x without being comple- 
tely identical. 

For if their difference be equated to zero, we obtain an equation 
of the nth degree, which can be satisfied by n values on*y of x, unless 
each co-efficient be separately equal to zero. 

The theorem of this Article, although of no assistance in the 
solution of the equation /(x) = 0, enables us to solve completely the 
converse problems, t.e., to find the equation whose roots are any n 
given quantities. . The required equation is obtained by multiplying 
together the n simple factors formed by subtracting from x each of 
the given roots. By the aid of the present theorem also, when any 
(one or more) of the roots of a given equation are known, the 
equation containing the remaining roots may be obtained. For this 
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purpose it is only necessary to divide the given equation by the 
product of the given binomial factors. The quotient will be the 
required polynomial composed of the remaining factors. 

* Examples 

1 . Find the equation whose roots are 

— 3. —1, 4, 5. [*4u*. x 1 — 5x* — l3x 9 -b53x-|-60=0. 

2. The equation 

x 4 — 6x 3 -|-8x 2 — \lx-\- 10^0 

has a root. 5 ; find the equation containing tho remaining roots. 

Use tho method of division of Art. 8. [An#, x s — x a -f 3x — 2=0. 

3. Solve tho equation 

x 4 - 1 0x3 _j. sex 2 - 1 76x + 1 05 =. 0, 

two roots being 1 and 7. [An#. The other two roots are 3, ft. 

4. Form the equation whose roots are 

- 3 , 3, ' . [Ana. ]4x»-23z»-60a;+9=0. 

5. Solve the cubic equation 

x3-l=0. 

Hero it is evident tlmt x~l satisfies the equation. Divide by x — 1, and solve 
the resulting quadiatic The twe roots are found to be 

— T+ 2 ^-* 3 ' - a ~ 2 

6. Form an equation with rational oo-efficients which shall have for a 
root the irrational expression 

^p-f 

This expression lms four different values according to the different com- 
binations of the radical signs, viz., 

^P-f- <<I, ■— -V?. ifp — ^g, — ^P + ^7- 

The required equation is, therefore, 

(x-ijp- ^)(x-t ^P+ >jg0(z-vp+ i^)(z + ^p-^)=0 f 
or 

(X* -p — q — 2 jpq)(x l — p - q + 2 ^pq) * 0. 

or finally, 

x 4 -2(p + ? )x 2 +(p-g)*=0. 

17. Equal Roots. It must be observed- that the n factors of 
which a polynomial f(x) consists need not be all different from on© 
another. The factor x—ol , for example, may occur in the second, or 
any higher power not superior to «. In this case the equation 
/(a:)=-0 is still said to have n roots, two or more being now equal to 
one another ; and the root a is called a multiple root of the equation 
— double, triple, etc., according to the number of times the factor is 
repeated. 
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A reference to the graphic construction in Art. 10 (Fig. 3) will 
help to explain the occurrence of multiple roots. We seo by an 
inspection of the figure that the two positive roots of the equation 
10a: 3 — a:+6 = 0 are nearly equal, and \vc may conceive that 
a slight addition to the absolute term of this polynomial, which is. 
as already explained, equivalent to a small parallel movement upwards 
of the whole curve, would have the effect of rendering equal the roots 
of the equation thus altered. In that case the line OX would no 
longer cut the curve in two distinct points, but would touch it. Now, 
when a line touches a curve it is properly said to meet the curve, not 
once, but in two coincident point s. The student acquainted with the 
theory of plane curves will have no difficulty in illustrating im a 
similar manner the occurrence of a triple or higher multiple root. 

Equal roots form the connecting Jink between real and imagin- 
ary roots. We have just seen that a small change in the form of a 
polynomial may convert it from one having real roots into another 
in which two of the real roots become equal. A further small change 
may convert it into a form in which the two roots become imaginary. 
Let us suppose that the above polynomial is further altered by 
another small addition to the absolute term. We shall then have a 
graphic representation in which the axis OX cuts the curve in only 
one real point, viz. , that corresponding t( the negative root, the tw r o 
points of section corresponding to the two positive- roots having now 
disappeared. 

Consider, for example, the polynomial 10a: 3 — 17x 2 +x-f 2b, 
which is obtained from that of Ex. 2, Art. 10 by the addition of 22. 
The student can easily construct the figure ; the point corresponding 
to A in Fig. 3 will now lie much above the axis of x. Divide by x+l, 
and obtain the trinomial 10.x 2 — 27a; +28 which contains the remain- 
ing two roots. They are easily found to be 

27/Vc vywy v - i: 

20 + 20 V ’ 20 20 V 

Wc observe in this case, as well as in the example of Art. 15, 
that w hen a change of form of the polynomial causes one real root 
to disappear, a second also .disappears at the same time, and the 
tw r o are replaced by a pair of imaginary roots. The reason of this 
will be apparent from the proposition of the follow ing Article. 

18. Imaginary Roots enter Equations in Pairs . The 
proposition to be now proved may be stated as follows : — 

If an equation /(x) = 0, whose co-efficients ar*> all real quantities , 
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have for a root the imaginary expression a + Pv/"'l» ^ wurt also have 
for a root the conjugate, imaginary expression a — P\/ — 1. 

We have the following identity : — 

(.r-a-(V“ l)( x ~ a+!V — l) = (*-~ a) 2 + p*. 

Let the polynomial f(x) be divided by the second number of 
this identity, and, if possible, let there be a remainder Rx+R'. We 
have then the identical equation 

f(x) s {x - a) 2 -I- P*}0 + ^ + R’, 

where Q is the quotient, of n — 2 dimensions in x. Substitute in this 
identity a4-P\/~ 1 for a:. This, by hypothesis, causes f(x) to vanish. 
Tt also causes (x — a) a +p 2 to vanish. Hence 

from which we obtain the two equations 
Rol+R' — 0 , 

since the real and imaginary parts cannot destroy one another ; hence 

R=rQ , R'--~ 0. 

Thus tho remainder Rx-\-R’ vanishes ; and, therefore, f(x) is 
divisible without remainder by the product of the two factors 

x— a — p }/— f, x— ot-bp\/ — 1 . 

The equation has, consequently, the root a — P^/ — 1 as well as 
the root oc-f p \J — 1 

Thus the total number of imaginary roots in an equation witlr 
real co efficients is always even ; and every polynomial may be 
regarded as composed of real factors, each pair of imaginary roots 
producing a real quadratic factor, and each real root producing a 
real simple factor. The actual resolution of the polynomial into 
those factors constitutes the complete solution of the equation. 

We observed in Art. 17 that equal roots may be considered as 
the connecting link between real and imaginary roots. This state- 
ment may be regarded from another point of view. Suppose a poly- 
nomial has the quadratic factor (£ — a) 2 d-A;, and let its form be alter- 
ed by means of slight alterations in the value of k. When k is 
negative, the quadratic factor gives a pair of real roots ; when k=0, 
this factor has two equal roots, a ; when k is positive, tho factor has 
two imaginary roots. 

A proof exactly similar tor that given above shows that surd 
roots , of the form a± -\/Y> enter equations whose co-efficients are rational 
in pairs. 
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. Examples 

Form a rational cubic equation which shall have for roots 

1 , 3-f i[Ar xa. x*-lx* + 19x-13*0. 
Form a rational equation which shall have for two of its roots 

■ l + SV^S-v^ 

[Ana. s 4 -,12s* + 72:r 2 — 312X+676-0. 

Solve the equation 

x* + 2x* — 5x 1 -f 6* -f 2 = 0 , 

which has a root 

— 2-j- v3. 

[An*. The roots arc — 2± ^3, \ ± — 1- 

Solve the equation 

3a: 1 — 4x 2 + x 4 88 = 0, 

one root being 2+V — 7. [Ana. The roots are 2 ± *1 — 7> — -J. 


19, Descartes’ Rule of Signs — Positive Roots , This rule, 
which enables us, by the mere inspection of a given equation, to 
assign a superior limit to the number of its positive roots, may be 
enunciated as follows : — No equation can have more positive roots than 
it has changes of sign from + to — , and from — to +, in the terms of 
its first member. 

We shall content ourselves for the present with the proof which 
is usually given, and which is rather a verification than a general 
demonstration of this celebrated theorem of Deaerates . It will be 
subsequently shown that the rule just enunciated, and other similar 
rules which were discovered by early investigators to the number of 
the positive, negative, and imaginary roots of equations, are imme- 
diate deductions from the more general theorems of Budan and 
Fourier. 

Let the signs of a polynomial taken at random succeed each 
other in the following order : — 

+ + — + — — — + + “+ ■ 

In this there are in all seven changes of sign, including changes 
from + to — , and from — to + . It is proposed to show that if this 
polynomial be multiplied by a binomial whose signs, corresponding to 
a positive root, are + — , the resulting polynomial will have at least 
one more change of sign than the original. 

We write down only the signs which occur in the operation as 
follows : — 

+ + - + + + - + - 

\ h ~l — h H 1 ~ 

+ ± 1 f ? + ± 1 + 
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Here, in the third line, the ambiguous sign is placed wher- 
ever there arc two terms with different signs* to be added. We 
observe in this case, and it will readily appear also for every other 
arrangement, that the effect of the process is to introduce the ambi- 
guous sign wherever the sign + follows +, or — follows — , in the 
original polynomial? The number of variations of sign is never dimi- 
nished. There is, moreover, always one variation added at the end. 
This is obvious in the above instance, where the original polynomial 
terminates with a variation ; if it terminates with, a continuations of 
sign, it will equally appear that the corresponding ambiguity in the 
resulting polynomial must furnish one additional variation either 
with the preceding or with the superadded sign. Thus, in even the 
most unfavourable ease — that, namely, in which the continuation of 
sign in the original remain continuations in the resulting polynomial, 
there is one variation added ; and we may conclude in general that 
the effect of the multiplication of a polynomial by a binomial factor 
x—ol is to introduce at least one additional change of sign. 

Suppose now a polynomial formed of the product of the factors 
corresponding to the negative and imaginary roots of an equation ; 
the effect of multiplying this each of the factors x — ol, x— (&, x — y> 
etc., corresponding to tin positive roots a, p, y, etc., is to introduce at 
least one change of sign for each ; so that when the*complCte product 
is formed containing all the roots, we conclude that the resulting 
polynomial has at least as many changes of sign as it has positive 
roots. This is Descartes’ proposition. 

20. Descartes 9 Rule of Signs — Negative Roots . In order 
to give the most advantageous statement to Descartes’ rule in the 
case of negative roots, we first prove that if -x be substituted for x 
in the equation f(x)=0, the resulting equation will have the same 
roots as the original except that their signs will be changed. This 
follows from the identical equation of Art. 16. 

f{ x ) — ( r — a 2 )(^ a 3 ). . . .(x a n ) 
from which we derive 

/(-a:) = (-l)"(a;+a 1 )(^ + a a )(x+a 3 )....(x+ afl ). 

From this it is evident that the roots of /(— x) = 0 are 

— an —02, — 

Hence the negative roots of f(x) are positive roots of f(—x) 9 and we 
may enunciate Descartes' rule for negative roots as follows : — No 
equation can have a greater number of negative roots than there are 
changes of sign in terms of the polynomial 
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21. Use pf Descartes* Rule in proving the existence of 
imaginary Roots. It is often possible to detect the existence of 
imaginary roots in equations by the application of Descartes rule , 
for if it should happen that the sum of the greatest possible number 
of positive roots, added to the greatest possible number of negative 
roots, is less than the degree of the equation, we are sure of the exis- 
tence of imaginary roots. Take, for example, the equation 

x 8 + 10aJ 3 +x — 4--0. 

The equation, having only one variation, cannot have more than one 
positive root. Now, changing x into — x, we get \ 

x B — 10x a — x— 4 — 0, 

and since this has only one variation, the original equation cajmot 
have more than one negative root. Hence, in the proposed equation 
there cannot exist more than two real roots. It has, therefore, at 
least six imaginary roots. This application of Descartes rule is 
available only in the case of incomplete equations ; for it is easily 
seen that the sum of the number of variations is f(x) and f(—x) 
is exactly equal to the degree of the equation A\hcn it is complete. 

22. Theorem. If two numbers a and b, substituted for x in the 
polynomiaLf(x)> give results with contrary signs, an odd number of real 
roots of the equation f(x)— 0 lies between them ; and if they give results 
with the same sign , either no real root or an even number of real roots 
lies between them . 

This proposition, of which the theorem in Art. 12 is a particular 
case, contains in the most general form the conclusions which can be 
drawn as to the roots of an equation from the signs furnished by its 
first member when two given numbers are substituted for x. We 
proceed to proven the first part of the proposition ; the second part is 
proved in a precisely similar manner. 

Let the following m roots oq, a 2 , a w , and no others, of the 

equation f(x) = 0 lie between the quantities a and 6, of which, as 
usual, we take a to be the lesser. 

Let <p(x) be the quotient wh en/(.r) is divided by the product of 

the m factors (a; — a x )(:r -a 2 ) (* — a OT h We have, then, the identical 

equation 

f(x) = (x — oi 1 )(x - a 2 ) (x— QL m ) <?(*)■ 

Putting in this successively x=a , x—b, avc obtain 
f(a) - \a — OL x )(a — a 2 )-.- (a—a m ) 

/(&) = (&- ai )(6- a 2 ) . ...(6-0 ?W- 

Now <p(«) and cp(&) have the same sign ; for if they had 
different signs there would be, by Art. 12, one root at least of the 
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equation 9 ( 3 ) =0 between them. By hypothesis, f(a) and f(b) have 
different signs ; hence the signs of the products 

(a- ai )(a— a 2 ) (a — aj, 

(6 — a x )(6- oc 2 ) (6-0, 

are different ; but the sign of the second is positive since all its 
factors are positive * hence the sign of the first is negative ; but all 
the factors of the first are ncgativo ; therefore their number must be 
odd, which proves the proposition. 

In this proposition, it is to be understood that multiple roots 
are counted a number of times equal to the degree of their multi- 
plicity. 

It is instructive to apply the graphic method of treatment to 
the theorem of the present Article. From this point of view it appears 
almost intuitively true ; for it is evident that when any two points 
are connected by a curve, the portion of the curve between these 
points must cut the axis an odd number of times when the points are 
on opposite sides of the axis ; and an even number of times or not at 
all, when the points are on the samo side of the axis. 

Examples 

y? If the signs of the terms of an equation be all positive, it cannot have 
a positive root. 

\ 2. If the signs of the terms of any complete equation be alternately 
positive and negative, it cannot have a negative root. 

3. If an equation consists of a number of terms connected by + signs 
followed by a number of terms connected by — signs, it has one positive root and 
no more. 

Apply Art. 12, substituting 0 and qo ; and Art. 19. 


^ Ij: an equation involves only even powers of a?, and if all the co- 
efficients have positive signs, it cannot have a real root. 

Apply Arts. 19 and 20. 

If an equation involve only odd powers of x, and if the co-efficients 
have all positive 6igns, it has the root zero and no other real root. 

6. If an equation be complete, the number of continuations of sign in 
f(x ) is the sume as the number of variations of sign in f[ — x). 

7. When an equation is complete ; if all its roots be real, the number of 
positive roots is equal to the number of variations, and the number of negative 
roots is equal to the number of continuations of sign. 

8. An equation having an even number of variations of sign must have 
its last sign positive, and one having an odd number of variations must have its 
last sign negativo. 


Take the highest power of x with positive co-elftcient (see Art. 4). 

9. Henoe prove that if an equation ha 9 an even number of variations it 
must have an equal or leas even number of positive roots ; and if it has an odd 
number of variations it must have an equal or less odd number of positive roots ; 
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in other wordB, the^ number of positive roots when less than the number 
variations must difter from it by an even number. 

Substitute 0 and od, apply Art. 22. 

* 10. Find an inferior limit to the number of imaginary roots of the equa- 
tion * 

x* — 3x 2 — x-|-l=0. 

[Ans. A«t least two imaginary roots. 
11. Find the nature of the roots of the equation 
x*-\-15x 2 + lx— 1 1=0. 

Apply Arts. 14, 19, 20. [y4n*. One positive, one negative, two imaginary, 

* 12. Show that the equation 1 

x 3 f qx -| r=0, \ 

where q and r are essentially positive, has one negative ancl two imaginary roots. 
13. Show that the equation 

x 3 - qx r=0, . 

where q and r are essentially positive, has one negative root ; and that the other 
two roots are either imaginary or both positive. 
t 14. Show that the equation 

.42 B 1 C 2 , L 2 

i. — i -i- 4 -x—m, 

x—a'x — b'x—c ' x- l 

where a, b, c, 1 are numbers all different from one another, cannot have an 


imaginary root. 

Substitute a + PV — 1 and a — pv — 1 in succession for x , and subtract. We 
get an expression which can vanish only on the supposition p=0. 

16. Show that the equation 
* ,r n — 1=0 

has, when n is even, two real roots, 1 and —1 and no other real root ; and, when 
n is odd, the real root 1, and no other real root. 

This and the next example follow readily from Arts. 19 and 20. 

Iff. Show that the equation 

x n -fl = 0 

has, when n is even, no real root ; and, when n is odd, the real root —1, and no 
other real root. 

FT; Solve the equation 

x 4 -f 2qx* + 3 q*x 2 -J- 2 q*x — r* — 0. 

This is equivalent to 

(x a -f qx+q 2 ) 2 — q*—r l = 0. 


If+r 4 


£ Ant. ^ ?+^ g'+Vj'+H 

The diffeient signs of the radicals give four combinations, and the 
expression hero written involves the four roots. 

Form the equation which has for roots the different values of the 


expression 


2 + 0^/7 + <jll+e^7, 


where ft’s 1. 

If no restriction had been made by the introduction of 0, this expression 
woujd have 8 values. The ^7 must now be taken with the same sign where it 
oceurs under the second radical and free from it. There are, therefore, only 
four values in all. [A™- **-%*'- 12x l +84x-63=0. 
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19. Form an equation which has for roots the four values of 

- 9 +eV137+ 3 V34-2j7l37, l 

where 6 ’— 1. [Ana. x*+3ftr*-400a: , -31«te+7744 = 0. 

20. Form an equation with rational co-efllcientB which shall have for 
roots all the values of the expression 


where 


0i ^P + Mfl + 0*^- 

0. 2 =1. 0 3 a =l- 

There are eight different values of this expression, viz.. 


Assume 


^p-f- 

— %'P — ^+n'»S 


— 4p-lq-4r, 

- 4p+4g+1r, 

4p-4q- M r » 
Tjp-hTjq-^r- 


x=$^p+Q^q-{-e 3 ^r. 

Squaring, we have 

^ a =P4-? + r + 2(e,0 3 v^+630i^P+0iO«VP5 r ). 

Transposing, and squaring again, 

(x*—p g— r) a =-4(gr -f-rp -\-pq) ^^0 l 0 a 0 3 >| pqr (O^p+e.^g+e^r)- 

Transposing, substituting x for 9 x ^p |“0 2 ^g + 03 3 J r > and squaring, we obtain 
the final equation free from radicals 

fsc 4 — 2a7*(p-|-g-|-r)-|-p 2 -|- g 2 -{-r 2 --2gr - 2 i rp~-2pq] 2 ^Q4pqrx*. 

This is an equation of the eighth degree whose roots are the values above 
written. Since 0 X , 0 a , q s have disappeared it is indifferent which of the eight 
roots ± 4p± ijq± -yr is assumed equal to x in the first instance. The final equation 
is that whioh would have been obtained if each of 8 roots had been subtracted 
from x, and the continued product formed, as in Ex. 6 , Art. 16. 
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RELATIONS BETWEEN THE ROOTS AND CO-EFFICIENTS OF 
EQUATIONS, WITH APPLICATIONS TO SYMMETRIC 
FUNCTIONS OF THE ROOTS 

23. Relations between Roots and Co-efficients. Taking 

for simplicity the co-officicnt of the highest power of x as unity, and 
representing, as in Art. 16, the n roots of an equation by df 2 , a 3 ,... 
a n , ,we have the following identity : — \ 

^ + +Pn-i* + Pn 

= (X-- 0 L l )(x-oL 2 ){x-OLz)....(x-<x n ). , -- (1) 

When the factors of the second member of this identity are 
multiplied together, the highest power of x in the product is x n ; 
the co-efficient of x n ~ l is the sum of the n quantities — oq, — a 2 , etc., 
viz., the roots with their signs changed ; the co-efficient of x n ~ 2 
is the sum of the products of these quantities taken two by two ; the 
■co-efficient of x n ~ 3 is the sum of their products taken three by three ; 
and so on, the last term being the product of all the roots with their 
signs changed. Equating, thereforu, the co-cfficients of x on each side 
of the identity (1), we have the folk# ving series of equations : — 

Pi = — (ai + a 2 + a 3 + +*«)» ] 

p 2 = (a 1 a 2 + a 1 a3 + a 2 3C3+ + x n -i*n), I 

Pa = — («ia 2 a 3 + oqoc^ + + a„- 2 an-i<*»i), f - ■ (2) 

Pn = (— l) w a ia 2 a 3 a^oc*, J 

which enable us to state the relations between the roots and co-effi- 
cients as follows : — 

Theorem. In every algebraic equation , the co-efficient of whose 
highest term is unity , the co-efficient p x of the second term with its sign 
changed is equal to the sum of the roots. 

The co-efficient p 2 of the third term is equal to the sum of the pro- 
ducts of the roots taken two by two. 

The co-efficient p 3 of the fourth term with its sign changed is equal 
to the sum of the products of the roots taken three by three ; and so on, the 
signs of the co-efficients being taken alternately negative and positive, and 
the number of roots multiplif d ogether in each term of the correponding 
function of the roots increasing by unity , till finally that function is 
reached which consists of the product of the n roots. 
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When the co-efficient o 0 of x n is not unity (see Art. 1), we must 
divide each term of the equation by it. The sum of the roots 

is then equal to — - 1 —' ; the sum of their products in pairs is equal 


to — 2 ; and so on. 
a o 

Cor . 1. Every root of an equation is a divisor of the absolute 
term of the equation. 

Cor. 2. If the roots of an equation be all positive, the co- 
efficients (including that of the highest power of x) will be alternately 
positive and negative; and if the roots be all negative, the co-efficients 
will be all positive. This is obvious from the equations (2) [r/. Arts. 19 
and 20]. 

24. Applications of the Theorem. Since the equations (2) 
of the preceding Article supply n distinct relations between the n 
roots and the co-efficients, it might perhaps be supposed that some 
advantage is thereby gained in the general solution of the equation. 
Such, however, is not the case, for suppose it were attempted to 
determine by means of these equations a root, oq, of the original 
equation, this could be effected only by the elimination of the other 
roots by means of the given equations, and the consequent 
determination of a final equation of which oq, is one of the roots. 
Now, in whatever way this final equation is obtained, it must have 
for solution not only oq but each of the other roots a 2 , a 3 , a n ; 

for, since all the roots enter in the same manner in the equations (2) 
if it had been proposed to determine ot 2 (or any other root) by the 
elimination of the rest, our final equation could differ from that 
obtained for oq only by the substitution of a 2 (or that other root) for 
cq. The final equation arrived at, therefore, by the process of elimina- 
tion must have the n quantities cq, a 2 , , a n for roots ; and cannot 

consequently, be easier of solution than the given equation. This 
final equation is, in fact, the original equation itself, with the root we 
are seeking substituted for x. This we shall show for the particular 
case ot a cubic. The process here employed is general, and may be 
applied to an equation of any degree. Let a, p, Y be the roots of the 
equation 

We have, by Art. 23, 

Pi= — (<*+P+y)> 

p 2 = ap-baY+PY, 

2>3=- a PY* 
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Multiplying the first of these equations by a a , the seoond by a, 
and adding the throe, we find 

. 2>ia 2 fp 2 a+f) 3 =— a a 

or a 1 +JP l « 2 +7> 2 a J ri)3=0, 

which is the given cubic with a in the place of x. 

The student can take as an exercise to prove the same result in 
the case of an equation of the fourth degree. In the corresponding 
treatment of the general case the successive equations of Art. 23^ are 
to be multiplied by a n_1 , a n ~ 2 , a n_3 , etc., and added. t 

Although the equations (2) afford, as we have just seen, no 
assistance in the general solution of the equation, they are often of use 
in facilitating the solution of numerical equations when any particular 
relations among the roots are known to exist. They may also be 
employed to establish the relations which must obtain among the 
co-efficients of algebraical equations corresponding to known relations 
among the roots. 

Examples 

1. Solve the equation 

x 3 — 5x 2 — 16x-}-80=0, 

the sum of two of its roots being equal to zero. 

L et the roots bo a, [3, y. vVe have then 

a p+ar4-Pr=- 16 - 
a(3y= —80. 

Taking (J + y=0, we h avo > ^ rom the first of these, a=5 ; and from either 
the second or third we obtain — 16. We find for p and y the values 4 and —4. 
Thus the three roots are 5 t 4, —4. 

2. Solve the equation 

x 3 -3x 2 + 4=0, 

two of its roots being equal. 

Let the three roots be a, a, (3. We have 

2« + p = 3, 

a l + 2aP=0, 

from which we and s=2, and 0= -1. The roots are 2, 2, -1. 

3. The equation 

a; 4_l_4 x *_2x 3 -12x+9=0 
hud two pairs of equal roots ; find them. 

Let the roots be a, a, 0, 0 ; we have, therefore, 

2«+20=-4, 
a *+0' + 4«0«— 2 

■from whioh we obtain for a and 0 the values 1 and -3 
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4 . Solve the equation | 

x 3 — 9x 2 + 14a: -f 24=0 

two of whose roots are in the ratio of 3 to 2. 

Let the roots be a, /3, y, with the relation 2ot = 3£. By elimination o at we 
easily obtain 

5/J -f 2y *18, 

3p* + 5py=28 f 

from which we have the following quadratic for p : — 

19/S 2 — 90(3 + 56 = 0. 

The roots of this are 4, and *. ; the former gives for a and y the values 6 
and —1. The three roots are 6, 4, —1. The Btudent will here ask what is the 
significance of the value of [3 ; and the same difficulty may have presented 

itself in the previous examples. It will be observed that in the examples of this 
nature we never require all the relations between the roots and co-efficients in 
order to determine the required unknown quantities. The reason of t is is, that 
the given condition establishes one or more relations amongst the roots. When- 
ever the equations employed appear to furnish more than one system of values 
for the roots, the actual roots are easily determined by the condition that they 
must satisfy the equation (or equations) botwoen the roots and co -efficients 
which wo have not made uso of in determining them. Thus, in ■ the present 
example, the value (3=4 gives a system satisfying the omitted equation 

a(3y=-24 ; 

while the value (3—1* gives a system not satisfying this equation, and is, there- 
fore, to be rejected. 

5. Solve the equation 

x 3 — 9x z -(- 23x — 16— 0 

whose roots are in arithmetical progression. 

Let the roots be a — 8, a, a + 8 ; we have at once 
3a=9, 

3a 2 — 8 a =23 

from which we obtain the three roots 1, 3, 5. 

0. Solve the equation 

x 4 -)-2x 3 — 21x a — 22x + 40 = 0, 
whose roots are in arithmetical progression. 

Assume for the roots a — 38, a — 8, a-|-8, a -(-38. [Ana. —5, ~2, 1, 4. 

7. Solve the equation 

27x* + 42x a — 28x — 8=0, 
whoso roots are in geometric progression. 

Assume for the roots a?, a, -* . From the third of the equations (2), Art. 

23, we have a 3 = T 8 T or a=*.. Either of the remaining two equations gives a quad- 

2 2 

ratic for p.. [ Ana . —2, ^ , — . 

8. Solve the equation 

3x 4 - 40x 3 -(- 1 30x* - 1 20x + 27=0, 
whose roots are in geometric progression. 

g a 

Assume for the roots , -- v ap, ap s . Employ the seoond and fourth of 
the equations (2), Art. 23. [Ana. 1, 3, 9. 
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9. Solve thet equation 

a; 4 -|~ 152 3 -|- 702* + 1202 +64 =0. 

whose roots are in geometric progression. [Ans. —1, —2, — 4, —8. 

10. Solve the equation 

O2 3 — ll2 2 +62 — 1=0, 
whose roots arq in harmonic progression. 

Take the roots to be a, p, y. We have here tue relation 
1 i 2 

r + 7= p : 

hence 

Py+yet t-ap=3y«; etc. [A»i*. . 

11. Solve the equation 


8l2>-182 lt -362+8=0 i 
whose roots are in harmonic progression. 


[Ans. 


2 

9~' 


\ 


2_ _2_ 

3 3 


12. If the roots of the equation 

a; 3 — j)X 1 -\-qx— r=0 

be in harmonic progression, show that the mean root is 

13. The equation 


3r 

V 


x A — 2.r 3 -j-42 2 -}- 62—21 =0 

has two roots equal in magnitude and opposite in sign; determine all the root^ 
Take a + (J = 0, and employ the first and third of equations (2), Art. 23. 

[Ant. ^3, l±4-^0. 


14. The equation 

3x* - 25x3 a. 502 2 — 502 + 12=0 

has two roots whose product is 2 ; find all the roots. 


[Ans. 6, 1±V — 1. 


15. One of the roots of the cubic 

2 3 — p2 2 + qx—rm 0 

is double another ; show that it may be found from a quadratic equation. 

16. Show that all the roots of the equation 

+p 2 2"- 2 -}- /»n = 0 

can be obtained when they are in arithmetical progression. 

Let the roots be a, a } 8, a-| 28, , a + (tt^l)B. The first of equations (2) 

gives 

— **«+[! H-2-f 3 + +( w — 1)]^ 

-(I) 


— na -i k , - - o. 


Again, since the sum of the squares of any number of quantities is equal 
lo the square of their sum minus twice the sum of their produots in pairs, we 
have the equation 

V\— 2^2 — + 8) 2 + (a+28) 2 + 

„ , _ . n(n — l)(2n— 1) 

=na a + n(ti — l)a$ + « 3*. 


...( 2 ) 
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Subtracting the Fquare of (1) from n times the equation (2), we find 8* in 
terms of p x and p % . We can then find a from equation (1). Thus all the roots can 
be expressed in terms of the co-efficients p x and p t . 

17. Find the condition whioh must be satisfied by the co-efficients of the 
equation 

x*-px l -\-px — r= 0, 

when two of its roots a. P are connected by a relation a -j-P—0. [Ana. pq—r= 0. 

18. Find the condition that the cubic 

x a — px % -f qx — r = 0 

should have its roots in geometric progression. [jins, jfir— q*=0. 

19. Find the condition that the same cubic should have its roots in har- 
monic progression (see Ex. 12). [Ans. 27r B — 9pgr-f 2g , =0. 

20. Find the condition that the equation 

x 4 +px * -f gx 2 + rx + a ~ 0, 

should have two roots connected by the relation a {-(3—0 ; and determine in that 
case two quadratic equations which shall have fur roots (1) a, (J ; and (2) y, 8. 

[Ana. pqr—p i 8 — r 2 =Q, ( 1 ) px a -|-r=0 f (2) x 1 4 px =r-. 0. 

21. Find the condition that the biquadratic of Ex. 20 should have its 

roots connected by the relation (S + y= a -f 8. [An*. p s — 4pq-\-8r=0 . 

22. Find the condition that the roots a, p, y, 8 of 

x 4 -\~px* qx 2 +rx -\- 0=0 

should be connected by the relation np—yS. [Ana. p*a — r B =0. 

22. Show that the condition obtained in Ex. 22 is satisfied when the roots 
of the biquadratic are in geometric progression. 

25. Depression of an equation when a relation exists 
between two of its Roots. The examples given in the preceding 
Article illustrate the use of the equations connecting the roots and 
co-efficients in determining the roots in particular cases when known 
relations exist among them. We shall now show in general, that if a 
relation of the form p = <p(a) exist between two of the roots of an equation 
f[x)= 0 , the equation may be depressed two dimensions. 

Let 9(3) be substituted for x in the identity 
f( x ) — + a i xn _1 + ... +<*«, 

then /(?(*)) =a 0 ((p(x)) n +a i (rp(x))^- 1 + . . . . +a n _ l9 (x) +a n . 

We represent, for convenience, the second member of this 
identity by F(x). Substituting a for x, we have 
j P(a)^/( 9 (a))=/(p)=0; 

hence a satisfies the equation and it also satisfies the 

equation /(a;)=0 ; hence the polynomials f(x) and F(x) have a 
common measure x—ol ; thus a can be determined, and from if 9(a) 
or p, and the given equation can be depressed two dimensions. 
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I Examples 

1. The equation 

x® — 5x 2 — 4x f-20 = 0 
has two roots whose difference— 3 ; find them. 

Here p — <x-3, p = 3+a ; substitute x -(-3 for x in the given polynomial f(x); 
it becomes x*+4x 2 — lx — 10 ; the common measure of this and /(x) is x — 2 ; from 
which o=2, 0 = 5 ; the third loot is -2. 

2. The equation 

x 4 - 5x*-|-llx f — 13x4-6 = 0, 

has two roots connected by the relation 2p-J-3oc=7 ; find all the roots. 

[Ans. 1, 2, 1 ± V — 2. 

It may be observed here, that when two polynomials f(x) and 
F(x) have common factors, these factors may be obtained by the 
ordinary process of finding the common measure. Thus if we know 
that two given equations have common roots, we can obtain these 
roots by equating to zero the greatest common measure of the given 
polynomials. 

Examples 

1. The equations 

2x a + 5x 2 — 6x — 9= 0, 

3x* + 7x B -llx-15=0 

have two common roots, find them. [An*. — 1 —3. 

2. The equations 

x a -1- px z 4- qx -f r = 0, 
x* -|-p 'x 2 -f + r ' = 0 

have two common roots ; find the quadratic whose roots are these two, and find 
also the third root of each. 

f An,. * + r ^;=0. 7«P=PL) t rrfo -P '), 

L P—P P—P r -r 

26. The Cube Roots of Unity. Equations of the forms 

x n — 1=0, £ n +l=0, 

consisting of the highest and absolute terms only, are called binomial 
equations. The roots of the former are called the n n th roots of unity. 
A general discussion of these forms will be given in a subsequent 
chapter. We confine ourselves at present to the simple case of the 
binomial cubic, for which certain useful properties of the roots can be 
easily established. It has been already shown (see Ex. 5, Art. 16), 
that the roots of the cubic 

e 3 — 1 =0 

, 1 1 / 7T 1 1 y-Ti 

l ’ 2+2 ^ 2 ~ 2 ^ 3 ‘ 


are 
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If either of the imaginary roots be represented by w , the other 
is easily seen to be to 2 , by actually squaring ; or we may see the same 
thing as follows : — If to be a root of the cubic, to 2 must also be a root ; 
for, since to 3 = l, we get, by squaring, o> 6 = l, or (co 2 ) 3 =l, thus showing 
that co 2 satisfies the cubic a; 3 — 1=0. We have then the identity 
x 3 — 1 = (:r — l)(z — to)(a;— to 2 ). 

Changing x into — x, we get the following identity also : — 
a; 3 +l = (a:+l)(a:+to)(a: + to 2 ), 
which furnishes the roots of 

z 3 +l=0. 

Whenever in any product of quantities involving the imaginary 
cube roots of unity any power higher than the second presents itself, 
it can be replaced by co, or co 2 , or by unity ; for example, 

CO 4 — CO 3 . CO~ CO, CO r> =OJ 3 .Cl) 2 =co 2 , CO® = CO 3 . CO 3 = 1 , etc. 

The first or second of equations (2), Art. 23, gives the following 
property of the imaginary cube roots : — 

1 -f CO + CO 2 = 0. 

By the aid of this equation any expression involving real quanti- 
ties and the imaginary cube roots can be written in any of the forms 
P-j-wQ, P - f uj'Q, coP+co 2 Q. 

Examples 

1. Show that the product 

i-* rational. [A ns. to* — mn-j-n 1 , 

2. Prove tho following identities : — 

m 3 -f- n*s(m+n)(a»m-|-to 2 n)(to 2 m+ ton), 
m* — 7i 3 = (/n — ?i)(wm — a) 2 n)(w 2 /n — ;jt?) 

3. Show that the product 

( a 4- up 4- co 2 Y ) (at + + w Y )’ 

is rational. [An*. <* 2 +P 2 +Y z “?Y“"Y a— 

4. Prove the identity 

(a+P+T)(«+ w ^+^ 2 T)(*+«V-f^Y) ai,, +^+Y 8 -‘ ,:3t 3T- 

5. Prove the identdy 

(a-hwp+w 2 Y)* : +-(*+^ , ?+w'i / ^s(2at— ^ — y)(2p— y a)(2/ — a — ?). 

Apply Ex. 2. 

0. Prove the identity 

(at+wP+w^)* — (a + u l p+G>Y) ,s — - V — 3(P—Y)(Y“ *)!*"■ 3) - 

Apply Ex. 2 f and substitute for n— -j* its value V 
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7. Provo the^identity 

a 'a_|_p'3^Y'3_3 a 'P'y' B ( a *_|_ p3_j_ y8_ 3 a pyJ* ( 

where 

• a'ea* -f 2py, a's^-f 2ya, y'ey 2 +2ap. 

8. Form the equation whose roots are 

cum + cj 2 m, « 2 m-f gjw. 

[.An*. a; 3 — 3mnx- (m 3 4-n , ) = 0. 

0. Form the equation whose roots are 

l-\ J + u>w-|- w 2 n, /+ £i> 2 m -{- ton. 

fvlritf . £ a — 3Jx a + 3(J a — wm)a:— (J 3 { w 3 -{-n 3 — 3/m7i)=(b 
It is important to observe that, corresponding to the n n lh roots 
of unity, there are n n th roots of any quantity. The roots of the \ 
equation 

x n — a=Q 

are the n n th roots of a. 

The three cube roots, for example, of a are 
\ a, io\/ a , cu 2 v 7 a, 

where \/ a represents the real cube root according to the ordinary 
arithmetical interpretation. Each of these values satisfies the cubic 
equation x 3 —a— 0. It is to be observed that the three cube roots 
may bo obtained by multiplying any one of the three above written 
by 1 ,cj, oj 2 . 

In addition, therefore, to the real cube roots there are two 
imaginary cube roots obtained by multiplying the real cube root by 
the imaginary cube roots of unity. Thus, besides the ordinary cube 
root 3, the number 27 has the two imaginary cube roots 

- 2 +"2 V ~ 3 ’“ 2 “ 2 V-3> 
as the student can easily verify by actual cubing. 

10. Form a rational equation which shall have 

\f y+^\/Q* + r* + U'tyQ yj Q*+P» 
for a root ; where o» 3 ~l. 

Compare Ex. 8. [Ans. z a -|-3r*x— 2Q=0. 

11. Form an equation with rational co-efficicnts which shall have 

o.v'' p+o,VQ 

for a root where 0,*— 1, and 0 2 s = 1. 

Cubing both sides of the equation 

x^e.v' p+o^'q, 

and substituting x for its valuo on the right-hand side, wo get 

— P_Q=3s 1 fl, v" PQx 

Cubing again, we have 

(x l —P—Q) , =2TPQx l : 
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Since $ x end $ t may each have any one of the values l f u, co* the nine 
f outs of this equation are 1 

Vp+ VQ, Vq, i*'Vp+<*' VQ, 

g^P+co'^P, i*'\/P+ VQ, m &P+ &Q, 

c a^F + a)^, v'P+o’ V Q, v'P+iav'Q. 

We see also that, since $ x and 0 a have disappeared from the final equa- 
tion, it is indifferent which of these nine roots is assumed equal to x In the first 
instance. The resulting equation is that which would have been obtained by 
multiplying together the nine factors of the form a?— P— Q obtained from 
the nine root* above written. 

12. Form separately the three cubic equations whose roots are the 
groups in three (written in vertical columns in Ex. 11) of the roots of the equa- 
tion of the preceding example. 

We can write these down from Ex. 8, taking first m and n equal to P, 
\f Q ; then equal to u ^ P, to V Q ; and finally equal to a* V P, o> 8 Q. 

[Ana. :c>- 3 \7 PQx~P~Q= 0, 
a: 8 - 3o> 8 \f pQx-P-Q= 0, 
x a _ 3 w & j x _ p _ Q = 0 . 

27. Symmetric Functions of the Roots. Symmetric func- 
tions of the roots of an equation are those functions in Xvhieh all the 
roots are alike involved, so that the expression is unaltered in value 
when any two of the roots are interchanged. For example, the func- 
tions of the roots (the sum, the sum of the products in pairs etc.) with 
which we were concerned ih Art. 23 are of this nature ; for, as the 
student will readily perceive, if in any of these expressions the root 
« lt let us say, be written in every place where a 2 occurs, and a a in 
every place where a x occurs, the value of the expression will be un- 
changed. 

The functions discussed in Art. 23 are the simplest symmetric 
functions of the roots, each root entering in the first degree only in 
any term of any one of them. 

We can, without knowing the values of the roots separately in 
terms of the coefficients, obtain by means of the equations (2) of Art. 
23 the values in terms of the coefficients of an infinite variet)' of 
symmetric functions of the roots. It will be shown in a subsequent 
chapter, whon the discussion of this subject is resinned, that any 
rational symmetric function whatever of the roots can be so expressed. 
The examples appended to this Article, most of which have reference 
to the simple cases of the cubic and biquadratic, are sufficient for 
the present to illustrate the usual elementary methods of obtaining 
such expressions in terms of the coefficients. 

It is usual to represent a symmetric function by the Greek letter 
£ attached to one term of it., from which the entire expression 
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may be written down. Thus, if a. p, y be the roots of a cubic, £a*P f 
represents the symmetric function 

a 2 p 2 +a *Y*+PV, 

where all possible products in pairs are taken, and all the terms 
added after 'each is separately squared. Again, in the same case, 
Za 2 p represents the sum 

a 2 p + a 2 Y + P 2 Y + P 2 « + Y 2 a + Y 2 P , 

where all possible permutations of the roots two by two are taken, 
and the first root in each term then squared. 

As an illustration in the case of a biquadratic we take £a a P f 
whose expanded form is as follows : — 

a 2 P 2 +aV+a 2 8 2 + P 2 y 2 + P 2 S 2 +y 2 S 2 . 

By the aid of the various symmetric functions which occur 
among the following examples the student will acquire a facility in 
writing out in all similar cases the entire expression when the typical 
term is given. 

Examples 

' 1 . Find the value of 2*a 2 P of the roots of the cubic equation 
£ 3 -\-px* +qx + r=0. 

Multiplying together the equations 

tt+P+Y= —p, 

Py-fya+aP =q. 

we obtain 2 ’a 2 p f 3apy — - —pq, 

hence ^^P ~^r—pq. 

2. Find for the same cubic the value of 

a 2 + P 2 -fy 2 . [Ana. 2q, 

3. Find for the same cubic the value of 

a a -f P 3 +r 3 - 

Multiplying the values of a and ^a 2 , we obtain 
ot 3 +P 3 +y 3 f £a*p=-p»+2pg ; 

hence, by Ex. 1, 

£ol s =-p 3 + 3pg-3r. 

4. Find for the same cubic the value of 

PV+rV+^p 2 . 

We easily obtain 

P V 1 + r V + + 2«py (« + P+ y) =9% 

from which 2& 2 $ 2 =q i —2pr. 

4. Find for the same cubic the value of 

(P+r)(y + a)(a + P)' 

This is equal to 

2apy+2’<x > 0. [Ana. r--/ 7 . 
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0. Find the value of the symmetric function 

^pY+^pS+a^+P^Y+P^+^Y^+Y^P+Y 1 ®* + y'wU •**?+ ^hy+S'Py 

of the roots of the biquadratic equation 

a> 4 + P& + 7 ®* + rx + « -s 0. 

Multiplying together 

a+P+ Y+^ = ~V* 

*PY+«P a +®Y*+PY*“- f, » 

we obtain J^PY + *«Py* =F r » 

hence 2<x l Py=pr—4s. 

7. Find for the same biquadratic the value of the symmetric function 

a 2 +P l +Y" + 8> - 

Squaring £*, we easily obtain 

2 , a*=p , -2g. 

I 8. Find for the same biquadratic the value of the symmetric funotion 

q^p 1 + a*Y" + a 2 $ 8 + P*Y* + P 1 ^ 1 4- Y 1 * 1 * 

Squaring the equation 

2ap=g, 

we obtain 

i , (x*p t -h22’a 1 PY+6 a pY 8=g>; 

hence, by Ex. fl, 

2pr+2e. 

9. Find for the same biquadratic the value of J* 8 0. 

To form this symmetric funotion wo take the two permutations at0 and p<* 
of the letters a, P ; these give two terms a 8 3 and p B « of 2 1 * We have similarly 
two terms from evory other pair of the letters a, p, y, ft ; so that the symmetric 
function consists of 12 terms in all. 

Multiply together the two equations 

la P=3. 2a*=p*-2 j; 

and observe that 

^« , JaP=2 , a > P+2 , « 2 PY. 

[It is convenient to remark here, that results of the kind expressed by 
this last equation can be verified by the consideration that the number of terms 
in both members of the equation must be the same. Thus n in the present in- 
stance, since Ja* contains 4 terms, and Jap, 6 terms, their product must contain 
24 ; and these are in faot the 12 terms which form 2<x*p, together with the 12 
which form 2 VPy»] 

Using the results of previous examples, we have, therefore, 

Ja*P=p*g— 2q*— pr+4s. 

10. Find for the same biquadratic the value of 

a 4 + P 4 + y 4 -f-8 4 * 

Squaring £a a , and employing results already obtained, 

2’a 4 =p 4 -4p*g+2g* + 4pr— 4s. 

11. Find the value, in terms of the coefficients, of the sum of the 
equares of the roots of the equation 

+ p|® n-1 + Pi*" - *+ . ■ ■ + P n = 0. 
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Squaring we easily find 

Pi t =2*i+ 2 2*i*t ; 

henoe 

2«i*=I>i , - 2 P.- 

* 

12. Find the value, in terms of the coefficients, of the sum of the reci- 
procals of the roots of the equation in the preceding example. 

From the second last, and last of the equations of Art. 23, we have 
*n+ *i«* a„-b + ««-!=( — 1 ) n-1 Pn -i» 

®i*2«s *n = (- 1 )" Pn ; 

dividing the former by the latter, we have 

_L , JL .JL . 

* 4 ■*“ a, T oc 3 a n Pn ’ 

or 

1 — Pw- i 

^ Pn 

In a similar manner the sum of tho products in pairs, in threes etc., of 
the reciprocals of tho roots can bo found by dividing the 3rd last, or 4th last, etc. 
coefficient by the last. 

13. Find for the cubic equation 

O 0 X s -|- 30^2+ 30,35+03 = 0 

the value, in terms of the coefficients, of the following symmetric function of the 
roots d, p, y : — 

(p-r) 2 +(T-“) 2 +(«-P)». 

N.B. It will often bo found convenient to write, as in the present 
example, an equation wi tli binomial coefficients, that is, numerical coefficients 
the sumo as thoso which occur in the expansion by the binomial theorem, in 
addition to the literal cooffi uenta o 0 , r/j, oto. Here the equation being of the 
third dogro r , tho successive numerical coefficients are thoso which ooour in the 
expansion to tho third power, viz., 1,3, 3, 1. 

We easily obtain 

14. Express in terms of tho coefficients of the cubic in the preceding 
example the successive coefficients of the quadratic 

(a--- - oO s + (.« -P)*=o, 

where a, p, y are the roots of the cubic. 

Hero, in addition to tho symmetric function of the preceding example, 
wo havo to calculate also the two following : — 

a'p-T) 2 +3(Y-«) 2 +Y(«-P)‘. 

«*(P Y)* + P 2 (Y“ “ *- Y ! (“- P)*- 

[Ann. (a 0 n t ~ a ,*)**-(- (o.n, -a,a,)z+ (a,a, -a,*) ■= 0. 

15. Find for the cubic of Example 13 the value in terms of the co- 
efficients of 

(2a-p-Y)(2p-Y-«)(2Y-#-P)- 
Sinoe 2a - p - y= 3a • (a + 11 + y) = 3a + -f~. 
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the required value ia easily obtained by subjbituting — a L- *for x in the identity 

Aq®® -J- 3 JjX S CLff X — ixj _ y)i 

[Ana. a 0 *(2a — (i— y)(2 ^— y ~ a ) 2y -a - P) = -27(o 0 2 a ,- }). 

4 16. Find, in terms of the coefficients of the biquadratic equation 
a 0 x* -j- 4a y x* + 0a B x* -f 4a 9 x -j-a i —0 
tho value of the following symmetric function of the rojts : — 

(P-yWaSf-hiY-atf+W-Sf+la-WlY-S)*. 

Here the equation is written with numerical coefficients corresponding to 
the expansion of the binomial to the 4th power. The symmetric funotion in 
question is easily seen to be identical with 

22‘oc l p a - 22 , a*Py + 12«py8. 

Employing the results of examples 0 and 8, we find 

°» , {o-r) , («-*) , +(r-a) ii o-8)»+(«-P)*(r- s ) ! }= 24 ( o o“.-'*<»io s +30- 

17. Taking the six products in pairs of the four roots of the equation of 
Ex. 10, and adding each product, e.g., aP, to that which contains the remaining 
two roots, y8, we have the throe sums in pairs 

Py + aS, ya + p8, «P + y8; 

it is required to find the values in terms of tho coefficients of the two following 
symmetric functions of the roots : — 

(y«-|-pS)( a p+y5)-i-(aP+yS)fPy+ a 5)-|-(PyH-aS)(ya + P«), 

(Py+a5)(ya + pS)(«p+yS). 

The former of these is the sum of the products in pairs, and the latter the 
continued product, of the throe expressions above given. As theao three func- 
tions of the roots are important in the theory of the biquadratic, we shall repre- 
sent them uniformly by (he letters A, /a, v. We have, therefore, to find expres- 
sions in terms of the coefficients for + + >./*, and X/*v. 

The former is J^Py. and is easily expressed ai follows (c/. Ex. 0) — 

«o 2 2> v = 4(4<iin s — cvO- 

The latter is, when multiplied out, equal to 

a0Y*(aM-PHr s +s j )+«'PYS a ( J!,- +-£•+ yr+7r)> 

and we obtain after easy calculations the following ; — 

a 0 3 Xp<v =8(2o 0 a 3 a — 3u 0 a a a 4 4-2a 1 a « 4 h 

18. Find in terms of tho coefficients of the biquadratic of Ex. 16, the 
value of the following symmetric funci on of the roots : — 

{(Y — «).P — &)— (a— PKy — P)(y— 8) — (0— Y)(® — 8)} 

{(P— Y) f “— 8 >— *Y— “)(P— *>>• 

This is also an important symmetric funotion in the theory of the biquad- 
ratic. To prevent any ambiguity in wi it ing this or corresponding functions in 
whioh the differences of tho roofs of the biquadratic enter, we explain the nota- 
tion which will be uniformly employed in this work. 

Taking in circular order the three roots a, p, y, we have the three differ- 
ences p— y, y— a, a — P ; and subtracting 8 from each root in turn, we have the 
three other differences a— 8, p — 8, y — 8- We combine these in pairs as follows : — 
(P-‘Y)(a-&), iy-a)(P-*), («-P)(y-8j. 
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The symmetric function in question is the product of the difFerenoeB of 
these three taken ae'usual in circular order. 

Employing the values of X, /*, v, in the preceding example, we have 
-/*+vs(P-y)(a-S), — v+Y = (y— a),p-8), -X+p®(*-P)(y-*). 

« We have, therefore, to find the value of 

(2X — v) 2 /a — v — X)(2v— X— /*), 
or (3X-i’ a p)(3^-i' a p)(3v-2 , «py. 

in terms of the coefficients of the biquadratic. 

Multiplying this out, substituting the value of Jap, and attending to the 
results of Ex. 17, we obtain the required expression as follows : — 
a 0 *(2X — P— v)(2^-*v— X)(2v — X — /*)= — 432{f7 0 f7 t Gr # -|- 2a 1 n a a | — 

The function of the coefficients here arrived at, as well as those before 
obtained in Examples 13, 15 and 16, will be found to be of great importance 
in the theory of the cubic and biquadratic equations. ^ 

10. Find, in terms of the coefficients of the biquadratic of Ex. 16, the 
value of the symmetric function 

This may be represented briefly by ^(a — P) 2 . 

[Ana . o 0 » J( a — P) B = 48(0^ — a 0 a t ) 

20. Prove the following relation between the roots and coefficients of the 
biquadratic of Ex. 16 : — 

°o s (P+Y-a-3)(Y + «^P*-3)(a-|-P— ^ Y-S) = 3 2(CT 0 2 o a - 3a 0 a 1 a 2 -|-2a 1 »). 

28. Theorems relating to Symmetric Functions. The 

following two theorems, with which we close for the present the dis- 
cussion of this subject, will be found useful in many instances in 
verifying the results of the calculation of the values of symmetric 
functions in terms of the coefficients. 

(1) The sum of the exponents of all the roots in any term of any 
symmetric function of the roots is equal to the sum of the suffixes in each 
term of the corresponding value in the coefficients . 

The sum of the exponents is of course the same for every term 
of the symmetric function, and may be. called the degree in all the 
roots of that function. The truth of the theorem will be observed in 
the particular cases of the examples 13, 15, 16, 17 etc., of the last 
Article ; and that it must be true in general appears from the 
equations (2) of Art. 23, for the suffix of each coefficient in those 
equations is equal to the degree in the roots of the corresponding 
function of the roots ; hence in any product of any powers of the 
coefficients the sum of the suffixes must be equal to the degree in all 
the roots of the corresponding function of the roots. 

(2) When an equation is written with binomial coefficients , the 
expression in terms of the coefficients for any symmetric function of the 
roots, which is a function of their differences only , is such that the 
algebraic sum of the numerical factors of all the terms in it is equal to zero. 
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The truth of this proposition appears by supposing all the co- 
efficients o 0 , a a etc., to become equal to unity in the general 
equal written witjt binomial coefficients, viz. 

o 0 *"+no 1 x"-»+ ^=^- 0 ,*"-*+ ... +o«=0 ; 

for the equation then becomes (x + l) n =0, t.e., all the roots become 
equal; hence any function of the differences of the roots must in that 
case vanish, and, therefore, also the function of the coefficients which 
is equal- to it ; but this consists of the algebraic sum of the tiumerical 
factors when in it all the coefficients a 0 , a l9 a 2 etc., are made equal to 
unity. In Exs. 13, 15, 16, 18, 20 of Art. 27 we have instances of this 
theorem. 


Example a 


1. Find in terms of p, g, r the value of the symmetric function 

. Y i + gi , “HP* 

Py + y« + ’ 

where a. p. y m the roots of the oubie equation 

PQ 

x 8 -J- px t -\-qx-\-r=§. [Ans. 3 


2. Find for the same equation the value of 

(P+Y-a)*+(Y+“-P) , + («+P-Y) s - t- 4 "*- 24r -P*- 

8. Calculate the value of of the roots of the same equation. Here 
i , €^Ja , P*=2 , a # P > + aPYi , a 5l P ; hence, etc. [Ans. q* — 3p^r+8r*. 

4 . Find for the Bame equation the value of the symmetric funotion 

2V is easily obtained by squaring 2«* l«ee Ex. 3, Art. 27). 

[Ans. 2p* — 12p*q+ — ISp^r — fl^*. 

5. Find for the same equation the value of 

P'.+Yl , t'+«* g'+ p* 

P+Y + Y+“ + a +P ' 

6. Find for the Bame equation the value of 


[.An*. 


2p*q — 4p r—2q* 


7. 


8. 


»*+PY P*-t-yg Y‘+ttP Ant p«- 3 p*g+ 6 pr+g» 
P+Y + Y+« + g+P’ 1 r ~P9 

Find for the same equation the value of 

2P Y— g* 2 Y a — p * _2aP -y* u p*-2fq+1 4 pr-W 
p+y— g + 'y+— P + “+P-Y 1 4pq-p*-^Sr ’ 


Find the value of the symmetric funotion 


<g+?) ,forth# 


cubic equation. 


[Ans, 


3p*q* — 4p*r — 4q* — 2pqr — 9r t 

(__ -i — - 


0. 


Calculate in terms of p, q, r, s, the value of £ for the equation 


ae* + px* + qx % -j- rx + s = 0, 
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- X g- i-X “I-; and x„x- L = 4 +i -“ 


</r a — 2<y 2 « — prs 4- 4 •' * 


x n 4 -p x x n ~i ±p M x n * 2 4- + JD* __ 1 .T +J) n = 0. 

r^4ns Pn-iPn~PiP n-i' + 2PiPn-tPn 

1 " >n- 

11. Find for the biquadratic of Ex. 9 the value of ( 

((iy-aS)(Ya-p8)(aP-Y5). 

Compare Ex. 22. Art. 24. [.4ns. r a — p*s, 

12. Find (.he value of + a i) 2 (P— Y) 2 i n terms of the coefficients of\ 

be cubic equation ' 

a„x 3 4- 3a „ x* -f 3 a t x 4- o, = 0 . 

18 

[ An *. — 

Uq 

a 8 4- a * 

13. Find the value of the symmetric function £ 1 2 of the roots of 

«* 1** 

‘.lie equation 

+ / ) i a;n- 1 4- Pr^ n “* + 4-7Jn-^4-p»i=0. 

The given function may be written in the form 

«i{ 1 + — + 4- 1 }-l 

l«i “a a*J 

+«. {— +— + +-- 1 

l «i «* *» J 

4- 


I 1 1 

l a l a 3 




or 2 , «i2’— — w » hence, etc. I .4ns. - - 1 n. 

«i L P* 

14. Clear of radicals the equation 

\/ — a a + ^*— (J 2 -(- \A~ Y* = 0 , 

and express the coefficients of the resulting equation in t in terms of the coeffi- 
cients of the cubic of Ex. 1. [Ans. 3t*-2(p 2 — 2q)t—p*-\-4:p 2 q—&pr=0. 

15. If ac, 3, y, 8 bo the roots of the biquadratic of Ex. 9, prove 

(a 2 + l)0 2 4-l)(Y 2 + 1 )(S 2 + l) = (l-94-V+(p-^) 1 . 

Substitute in turn each of the roots of the equation x a 4-l=0 in the identity 
of Art. 16 and multiply. 

16. Prove the following relation between the roots and coefficients of the 
general equation of the n lh degree : — 

(«!*+ l)(at a a 4-l) , o f n 1 4- 1) — (1— Pa4-P t — 7>*+ ■■■)■■ 

17. Find the numerical value of 

(a 3 -f2)(p 2 4-2)(Y 2 + 2)(8 B 4-2), 
where a, 3, y, & Bre the roots of the equation 

x* - lx 2 4 - 8 a : 2 - 5x 4 - 10 = 0 . 

Substitute in turn for x each root of the equation x a 4 2 «0, and multiply. 

[An*. 166. 
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prove 


18. If a f p, y, 8 be the loots of the equation 

o 0 x« -f 4a jX* + 6a,x 2 + 4n a x -j- a 4 = 0, 

°0 , (P+Y)(Y+“)( a +P:(®+S)(P+ 8 )(Y+ 8 ) = ir {- !a i o » o » 




The symmetric function in question is equal to (#*+v)(v+X)(X+/*), or 
£X2>v— Xf*v, where X, p, v have the values of Ex. 17, Art. 27. 


19. Calculate the value of the symmetric function £'ol— P) 4 of the roots 

of the biquadratic equation of Ex. 9. [ Ans . 3p« — lflp a g-j-20g*-l-4pr— 10s. 

20. Show that when the biquadratic is written with binomial coefficients 
os in Ex. 18, the value of the Byiam(3tric function of the preceding example may 
be expressed in the following form : — 

«o 4 2 , (*~P) 4 == 16 { 48 ( ri o a a-'*i a ) a - 0 oVo a «- 4a i a a + 3a | S ‘)}. 

21. The distances on a right line of two pairs of points from a fixed origin 
on the line are the roots (a, (3) and (a', /3') of the two quadratic equations 

ox 2 -f 26x+c-— 0, a'x 2 + 2b'x-\-c'=0 ; 

prove that when one pair of the points are the harmonic conjugates of the other 
pair, the following relation exists : — 

ac'-\-a'c—2bb'=0 m 


22. The distances of three points A, B, C on a right line from a fixed 
origin O on the line are the roots of the equation 

ax 3 4-36x 2 + 3cx + d=0 ; 

find the condition that one of the points A, B, C, should bisect the distance bet- 
ween the other two. 

Compare Ex. 15, Art. 27. [An*. a*d — 3a6c-|-26 B =0. 

23. Retaining the notation of the preceding question, find the condition 
that the four points O, A , B, C should form n harmonic divis on. 

✓ [/Ins. a 2 d— 3&cd+2c 3 =0. 

This can be derived from the result of Ex. 22 by changing the roots into 
their 'reciprocals, or it can bo easily calculated independently. 

24. If the roots (a, Q, y, 8) o r the equation 

ax* f 4&x a + Gcx 3 -|-4(ii;+e=0, 

be so related that a— 8, J3 — 8, y — 8 are in harmonic progression, prove the rela- 
tion among the coeffioientB 

ace -}- 2bcd — ad* — b 2 e — c s — 0. 

Compare Ex. 18, Art. 27. 

25. Form the equation whose roots are 

/3y-f w 2 a/3 j3y-|-to 2 ya+ toafl 

~ a-l-tj/3 + to 2 y * a+‘.. 8 /0H -toy 

where <*'=1, and a, jS, y are the roots of the cubic 
ax 3 -J- 36x 2 -f 3cx + d — 0. 

[ A ns. (ac — b 2 )x 2 + (ad — bc)x + (6d— c 1 ) = 0. 

Compare Exs. 13 and 14, Art. 27. 


26. Express 

(20y— Y“-«J8)(2y»-«/ 3— £Y)< 2 «i8-0Y-Y^ 

oh tlio mitn of two cubes. [.4n». ($Y+ “Y 1 + w Ja y8 j 8 + (/9y + u f Y® -f-wot/i )'. 

Compare Ex. 5, Art. 26. 
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27. Express 

(® + y -h®)* ■+■ (* d-wy "h w**/* +■ -+- ci> 2)* 
in terms of and xyz t where g> b = 1. [Ana. 3(a9* -f- y* «■) -J-ltoyz. 

, 28. If 

(*> + y* + z* - 3xyz)(x'* + y '» + z'* - Zx'y'z') a X« + F* + Z» - 3XFZ, 
find X, Y, Z, in terms of x 9 y 9 z\ x\ y\ z\ 

Apply Example 4, Art. 26. 

[Ana. X=xx'-j -yy'+zz', Y=*xy'+yz'+zx', Z=®z'+y»' + zy'. 

20. Resolve 

(a-h/3^-Y) >a i3Y-(flr+Y a + *)^) , 

into three factors, each of the second degree in ot f j3, y. 

[Ana. (<x , + /?y)(/3 , -y<i)(Y , -a 

Compare Ex. 18, Art. 24. 

30. Resolve into simple factors each of the following expression* ; — ^ 

(1) (i9-Y) 2 iP + Y- 2 ») + (Y-«) 2 (Y^*- 2 /8) + (at-^)*(a+j8-2Y). 

(2) W-Y)(i8+Y- 2 «) , 'KY-«)(Y +o^2p)*+( a -/jQ( a +/5-2y) a . 

[Ana. (1) 2i — (3— y)(2p— y— at)(2y— a — ‘P )■ 

(2) -9(P-yKy-«)(«-/W- 

31. Find the condition that the cubic equation 

x*—px 2 +qx—r= 0 

should have a pair of roots of the form a±ay/ — 1 ; and show how to determine 
the roots in that oase. 

If the real root is 6, we easily find, by forming the sum of the squares of 
the roots, p*—2q—b 1 . The required condition is 

(p 2 -2q)(q 2 —2pr)-r 2 =0. 

32. Solve the equation 

a 3 — 7a; 2 -f 20 jc — 24 = 0, 

whose roots are of the form indicated in Ex. 31. [i4us. Roots 3, and 2±2y/ — 1 . 

33. Find the conditions that the biquadratic equation 

x*—px a -j qx 2 — rx 4-«=0 

should have roots of the form a i ay — 1, b ±byf — 1. Here there must be two 
conditions among the coefficients, as there are only two independent quantities 
in volved in the roots. [Ana. p a — 2g=0 ; r* — 2qs—0. 

34. Solve the biquadratic 

a 4 -J- 4a; 3 + 8z 2 — 1 20a: -f 900= 0, 

whose roots are of the form in Ex. 33. [Ana. 3±3\/ — 1, — 5 ^ hyj — 1 . 

3fi. If a + p\/ — 1 be a root of the equation 

x a -\-qx -j- r=0, 

prove that 2* will be a root of the equation 

a 3 4 qx — r— 0. 

36. Find the oondibion that the cub.o equation 
jc >4 px 2 -\-qx -j-r=0 

should have two roots *, )3 connected by the relation *(5 + 1=0, 

[Ana. 1 +tf+pr-|-r*.=0. 
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37. Find the condition that the biquadratic 

x* -\-px* -f qx* + tx -f 8 = 0 

should have two roots connected by the relation aP + l=0. 

The condition arranged according to powers of a is 

38. Find the value of <*a) 8 <ij« 4 a« of the roots of the equation 

x n +p l x n ‘4+p l x n - 2 + +p„ =0. 

This is readily reducible to Ex. 13. [Ans. (-l) n {p 1 p*_ l -n , p,,} 1 

39. If the roots of the equation 

n(n — 11 

a 0 x r, +na 1 c n -i+ } 2 ; a a z"“ 2 -f 0 

be in arithmetical progression, show that they can b3 obtained from the expres- 
sion 



by giving to r all the values 1, 3, 5, n-1, when n is even; and all the values 

0 f 2, 4, 6, n-1, when n is odd. 

40. Representing the differences of three quantities x, [1, y by ot r y r 
as follows 

aisp-y, PiSy-a, VjSa-P ; 

prove the relations 

« 1 HP 1 Hy 1 3 =3oi 1 3 1 y 1 , 

«x € +Px € +y/-i{*i , +P 1 *+y 1 V- 

a i* + Pl S +Yl ,== { { I l , ‘+ Pl ! +Yl ! }*lP»Y !• 

These results can be derived by taking oq, p lt y ( to be roots of the 
equation a 3 -|-gr — r=0 

(where the second term is absent since the sum of the roota=0) f and calculating 
the symmetric functions £oq 3 , 2*^, gzf u* terms of q and r. The process can be 
extended to form Jcq 6 , Job 7 - e ^ c< The sums of the successive powers are, there- 
fore, all capable of being expressed in terms of the product aqpl^ and the sum of 
squares a^+fV+y^ ; the former being equal to r, and the latter to 
-*(PiYi+yi* lH-oqPib or —2 q. These sums can be calculated readily as follows : — 
By means of x* r—q r, and the equations derived from this by squaring, cubing, 
etc., and multiplying by x or x 2 , any power of x, say x p , can be brought by suc- 
cessive reductions to the form A+Bx+Cx 2 f where A, B, G are functions of q and 
r. Substituting & 1? p r y l? and adding, we find 3A— 2 qC. The student cau 

f ake as an exercise to prove in this way 2’*i 7 =^ 2r > 2 ^ 1 11 = 1 1 g* — r*) . 



CHAPTER IV 

9 

TRANSFORMATION OF EQUATIONS 

29. Transformation of Equations.. We can in many in- 
stances, without knowing the values of the roots of an equation in 
terms of the coefficients, transform it by elementary substitutions, or 
by the aid of the symmetric functions of the roots, into another 
equation whose roots shall have certain assigiied relations to the 
roots of the proposed. A transformation of this nature often facili- 
tates the discussion of the equation. We proceed to explain the mo^t 
important elementary transformations of equations. 

30. Roots with Signs Changed. To transform an equation 
into another whose roots shall be equal to the roots of the given 
equations with contrary signs, let oq, a 2 , a 3 , a n be the roots of the 
equation 

*"+p 1 * ,, - 1 +p 1 e' , -*+ +p B . 1 a;-f-p B =0. 

We have then the identity 

...+j) B -i.r+p„ = (a:-a 1 )(a;-a 1 )...(a:-a B ) ; 

changing x into —y, we have, whether n be even or odd, 

y'-p l y'- 1 +p 1 y’- 2 -...±p n - 1 y*p n = (y+x l )(y+a 1 )...(y+cL H ). 

The polynomial in y equated to zoro is, therefore, an equation 
whose roots are — a 1( — a 2 ,.., — a„ ; and to effect the required trans. 
formation we have only to change the signs of every alternate term of 
the given equation beginning with the second. 

Examples 

1. Find the equation whose roots are the roots of 

x 6 + 7a* + lx 3 — 8a : 2 + x ± 1 = 0 

with their signs changed. [An*. x* -Ix'+lx'+Sx'+x— 1=0. 

2. Change the signs of the roots of the equation 

x 7 + 3.c s + x 3 — x 2 + lx + 2 = 0. 

[Supply the missing terms with zero coefficients.] 

[Am. x 7 -j-3x 5 +x*4-a! , -|-7®— 2— 0. 

31. To Multiply the Roots by a Given Quantity. To 

transform an equation whose roots arc a lt a 2 ,.. , a B into another whose 
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V 

roots are raoci, rwa 2 ,..., raa n , we change x into — in the identity of 

the preceding Article. Multiplying by m n , we have 

y n + mp x y n ~ 1 m 2 p 2 y n “ 2 + • - ■ + m n iV + m n p « 

= {y—m a x )(y - ma 2 ) . . .(y — ma n ). 
Hence, to multiply the roots of an equation by a given quantity m f 
we have only to multiply the successive co-efficients , beginning with the 
second , w, m 2 , 

The present transformation is useful for the purpose of remov- 
ing the co-efficient of the first term of an equation when it is not 
unity ; and generally for removing fractional co-efficients from an 
equation. If there be a co-efficient a Q of the first term, we form the 
equation whose roots are a 0 a i> a o a 2»-*-» a o a ri the transformed equation 
will be divisible by a Q , and after such division the co-efficient of x n 
will be unity. 

When there are fractional co efficients, we can get rid of them 
by multiplying the roots by a quantity m which is the least common 
multiple of alL the denominators of the fractions. In many cases 
multiplication by a quantity less than the least common multiple 
will be sufficient for this purpose, as will appear in the following 
examples : 

Examples 

]. Change the equation 

3x 4 — 4z a f 4z 2 -2.r-fl = 0 l 

into another the co-efficient of whose highest term will be unity. 

We multiply the roots by 3. [Ans. x 4 — 18«-|-27=*0. 

2. Remove the fractional co-offiaients from the equation 
1 2 

2 ' Z 2 + ‘-g- X 1=0. 


Multiply the roots by 0. [Ans. x*-3z*+24x-2ie=*0. 

3. Remove the fractional oo-effioients from the equation 

.r 3 _ - x 9 -p x 1- ,Afl=-- 0 ' 


By noting the factors which occur in the denominators of these fractions, 
we observe that a number much smaller than the least common multiple will 
suffice to remove the fractions. If the required multiplier be m, we write the 
transformed equation thus : — 

5 7 m a ^ 

m ~2 x, ~ m 3»T2 x ^~ 3^2 ,= ° 1 

it is evident that if m 1>3 taken =6, each oo-effWenb will become integral ; hono 
we have only to multiply the roots by 6. [Ans. — 15& 1 — 14ap-p2*0. 
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4. Remove the fractional oo-efficients from the equation 

3 „ 13 77 

a;,+ 10 * ^ 2.3 100CT ' 

The student must be careful in examples of this kind to supply the 
missing terms with zero co efficients. The required multiplier iB 10. 

[An#. a;4 + 30:e a + 520.r f 770 -0. 

5. Remove fractional co-efficients from the equation 

[4iw. - 25x a -j-375x > — 11700 y=0. 

32. Reciprocal Roots and Reciprocal Equations. To 

transform an equation into one whose roots are the reciprocals of tl^e 

roots of the proposed equation, we change z into ^ in the identity 
of Art. 30. This substitution gives, after certain easy reductions, 

1 4- V -4- 4- 

y" + y + + n 


-£(-vX-‘,) (-*) 


»"+*w*-+^V-*+...+ I 1 y +■' 




hence, if in the given equation we replace x by 1/*/, and multiply by 
y n , the resulting polynomial in y equated to zero will have for roots 
the reciprocals of o q, oq,..., a 

There is a certain class of equations which remain unaltered 
when x is changed into its reciprocal. These arc called reciprocal 
equations. The conditions which must obtain among the co-efficients 
of an equation in order that it should be one of this class are, by 
what has been just proved, plainly the following : — 

P p = Pi, P p=P2, etc.. |i=p n 1 = p„. 

The last of {these conditions gives p n 2 =l, orp n =;tl. Reci- 
procal equations are divided into two classes according as p n is equal 
to +1, or to —1. 

(1) In the first case we have the relations 
Pn-i = Pit Pn-2~~ Pi' ■ > P\ = Pn-l J 
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which give rise to the./irsf class of reciprocal equations , in which the 
co-efficients of the corresponding terms taken from the beginning and end 
are equal in magnitude and have the same signs. 

# 

(2) In the second case, when p n — ~ 1 , we have 


Pn- 1 =-Pi , Pn-2= -Pz,^C. ~ J>n-1 J 
giving rise to the second class of reciprocal equations , in which corres- 
ponding terms counting from the beginning and end are equal in magni- 
tude but different in sign . It is to be observed that in this case when 
the degree of the equation is even, say n — 2m, one of the conditions 
becomes p m ^=--p m , or p m — 0 ; so that in reciprocal equations of 
the second class, whose degree is even, the middle term is absent. 


If a be a root of reciprocal equation, 1/a must also be a root, 
for it is a root of the transformed equation, and the transformed 
equation is identical with the proposed ; hence the roots of a recipro- 


cal equation occur in pairs, a, ; (3, — , etc. When the degree 

is odd there must be a root which is its own reciprocal ; and it is in 
fact obvious from the form of the equation that — 1, or +1 is then a 
root, according as the equation is of the first or second of the above 
classes. In either case we can divide off by the known factor 
(ar-f-1 or ar-1), and what is left is a reciprocal equation of even 
degree and of the fir&t class. In equations of the socond class of even 
degree x a — 1 is a factor, since the equation may be written in the 
form 


x n -l + p 1 x(x n a — 1) + .. — 0. 

By dividing by a; 2 '— 1, this also is reducible to a reciprocal 
equation of the first class of even degree. Hence all reciprocal equa- 
tions may be reduced to those of the first class whose degree is even , and 
this may consequently be regarded as the standard form of reciprocal 
equations. 

Examples 

1. Find the equation whoso roots are the reoiprooals of the roots of 


x *— 3:c 3 -f 7a; 2 -f 5 .t~ 2-^0. 

2</ 4 - 5y* — 7y*+3i/ — 1=0. 

2. Reduce to a reciprocal equation of even degree and of first class 
6 22 22 _ 5 _ - 

*‘+ ft 3~ x ‘+ *- 1=0 ' 


3 

Ans. 


5 10 5 

*' h g **- j *'+ e *+1=0. 



52 


TRANSFORMATION OF EQUATIONS 


33. To Increase or Diminish the Roots by a Given 
Quantity. To effect this transformation we change the variable in 
the polynomial /(z) by the substitution x=y-\-h ; the resulting equa- 
tion in y will have roots each less or greater by h than the given 
equation in x, according as h is positive or negative. The resulting 
equation is (see Art. 6) 

m k my + / j ( !jV ^ 3 + • •• =o. 

There is a mode of formation of this equation which for prac- 
tical purposes is much more convenient than the direct calculation 
of the derived functions, and the substitution in them of the givo^ 
quantity h. This we proceed to explain. Let the proposed equation be 

V n + a i a;n ~ 1 + ^ n " 2 + + a n- i*+a«=0 ; 

and suppose the transformed polynomial in y to be 

A Q y n + A x y n ~ l -\-A^y n ~ 2 + A n _ l y + A n ; 

since y=x—h 9 this is equivalent to 

A 0 {z-h)*+A I (z-h)*-*+ mmm . +A n _ 1 (x-h)+A nt 
which must be identical with the given polynomial. We conclude 
that if the given polynomial be divided by (x—h), the remainder is 
A„> and the quotient 

A 0 (x ~ h ) "- 1 + A x (x ~A) n - 2 + + A n _ 2 (x - h) + A n _ x ; 

if this again be divided by x— h, the remainder is A n _ lt and the 
quotient 

A 9 (x-h)'- i +A l {x—h) n - 9 + -Mn-i- 

rioceediug in this way, we are able by a repetition of arith- 
metical operations, of the kind explained in Art. 8, to calculate in 
succession the several co-efficients A n , A n _ lt etc., of the transformed 
equation ; the last, A 0 , being equal to a 0 . It will appear in a subse- 
quent chapter that the best practical method of solving numerical 
equations is only an extension of the process employed in the follow- 
ing examples. 


Examples 

1. Find the equation whose roots are the roots 

7x 2 - 17s +11=0, 


each diminished by 4. 
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The calculation is beat exhibited as follows : — 


—6 

7 

-17 

11 

4 

—4 

12 

-20 

-1 

3 

-5 

—9 

4 

12 

00 


_ 3 

15 

55 


4 

28 



7 ! 

43 




4 

11 

Here the first division of the given polynomial by x — 4 gives the remainder 
— 0 (=A i ) t and the quotient x a — x a + 3# — 5 (cf. Art. 8). Dividing this again by 
4, wo get the remainder 55 ( = A s ), and the quotient x 2 + 3x+ 15. Dividing 
again, we get the remainder 43 ( = 4,), and quotient x4-7 ; and dividing this we 
got ^4 1 =11, and A 0 =z 1 ; hence the required transformed equation is 
y* + 1 It/ 3 + 43// a 4 5% - 9—0 

2. Find the equation whose roots of 

x 5 4 4x 8 — x a + 11— 0, 

each diminished by 3. 


0 

4 

—1 

0 

11 

3 

9 

39 

1 14 

342 

3 

13 

38 

114 

1 353 

3 

18 

93 

393 

J 

6 

31 

131 

1 507 


3 

27 

174 

| 


— 

— 

305 



9 

58 




3 

36 




12 

94 





3 I 

15 

The transformed equation is, therefore, 

y 5 + 15y*+94i/ a + 305y 3 + 501y + 353=0. 

3. Find tho equation whose roots are the rootB of 

4x s — 2x 8 f 7x--3 — 0, 

inch increased by 2. 

The multiplier in this operation is, of course, —2. 

[Ana* 4 y 5 — 40y* + 1 58y a — 308y 8 + 303y — 1 20=0. 

4. Increase by 7 the roots of the equation 

3x 4 + 7x a — 15x 3 +x— 2=0. 

[Ana. 3y a -77x a +720y , -2876y + 4058 = 0 

5. Diminish by 23 the roots cf tho equation 

5®*-13ar*-12s+7=0. 
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The operation may 00 conveniently performed by first diminishing the 
roots by 20 and then diminishing the roots of the transformed equation again 
by 3. The calculation may be exhibited in two stages, as follows, the broken line 
marking the conclusion of each stage : — 

6 -13 —12 7 

* 100 1740 34500 


87 

1728 

34567 

100 

3740 

10122 

187 

~5468 

53689 

100 

906 


287 

6374 


15 

951 



302 7325 

15 


317 

16 I 

332 [An*. 5f,*+332y*+ 7326 y + 53689= 0. 

34. Removal of Terms. One of the chief uses of the trans- 
l'ormation[of the preceding article is to remove a certain specified 
term from an equation. Such a step often facilitates its solution. 
Writing the transformed equation in descending powers of ;/, we 
have 

a oV” + (na a h + a 1 ) (/" -1 + V a o A *+( w — + ^°- 

If h be suchjas to satisfy the equation 7?a 0 ft + a 1 --0, the trans- 
formed equation will want second term. If h be either of the values 
which satisfy the equation 

n( l 2 1)a o^ + ( n - 1 )«i fe + fl *=°- 

the transformed equation will want the third term ; the removal of 
the fourth term will require the solution of a cubic for h ; and so on. 
To remove the last term we must solve the equation f(h)= 0, which is 
the original equation itself. 

Examples 

1. Transform the equation 

a; 8 — 6a: 2 +4a; — 7 = 0 

nto one which Bhall want the Becond term 

gives h= 2, 

Diminish the roots by 2. [.4n«. y % — 8y — 15 — 0. 

2. Transform the equation 

x * j 8a; 3 +a:-5=0, 

into one which shall want the second term. 

Increase the roots by 2. 

[An*. y 4 — 24j/*-(>05y— 55=0. 
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3. Transform the equation 

x 4 — 4x 3 — 18x 2 — 3x + 2=0 
into one which shall want the third term. 

The quadratic for A is • 

6/i a — 12/i-18=0, giving /* = 3, A=_l. 

Thus there are two ways of effecting the transformation. 

Diminishing the roots by 3, we obtain 

2 / 4 + 8y a — Illy — 196 =0 ...(1) 

Increasing the roots by 1, we obtain 

2/ 4 — 8i/ 3 + 17j/ — 8=0. ...(2) 

35. Binomial Go-efficients. In many algebraical processes 
it is found convenient to write the polynomial f(x) in the following 
form ; — 

, 7i(yi — 1 ) „ , n(n— 1) 

QQX n -\-na x x n ~ l -\- 12 a 2 x"- 2 + ... - ^—an-^x 2 ^na n ^ L x+a n 

in which each term is affected, in addition to the literal co- efficient, 
with the numerical co-efficient of the corresponding term in the ex- 
pansion of (x 4-1)" by the binomial theorem. The student will find 
examples of equations written in this way on referring to Article 27, 
Examples 13 and 16. The form is one to which any given polynomial 
can be at once reduced. 

We now adopt the following notation : 

f n— G 0 - rn I ^ 1 * _1 -f Y 2 ■■■ ~l“ 

thus using U with the suffix n to represent the polynomial of the n th 
degree written with binomial co-efficients. 

We have, therefore, changing n into n — 1, etc., 

Un-i = V " -1 + ( n ~ l)tti* w- *+ ... + (n- l)a n _ 2 x+a n _ Xi 

U 3 = CT 0 a: 3 — |- — |- 3a a a; -|- Of 3 , 

f/g — (LqX^ ~\~ 2 o^x -\~ci21 
U l =a 0 x+a yi 
U Q = o 0 . 

One advantage of the binomial form is that the derived func- 
tions can be immediately written down. The first derived function 
of U n is, plainly, 

M |°o a ' B _1 + ( w 1)01®"-*+ ; 

or nU n _ x ; so that the first derived function of a polynomial represent- 
ed in this woy can be formed by applying to the suffix of U the 
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rule given in Art. 6 with respect to the exponent of the variable. 
Thus, for example, the first derived of Z7 4 is formed by multiplying 
the function by 4 and diminishing the suffix by unity; it is, therefore, 
4tf a> as the student can easily verify. 

We proceed now to prove that the substitution of y+h for x 
transforms the polynomial U„ , or 

a o x " + » a i a: "- 1 + — a 2 z"- 2 +... + na Il _ 1 z+a n> 
into 1 


where 


A 0 y H +nA l y n - 1 +— j- 2 — A 2 y n ~ 2 + ... + nA„_ 1 y+A Hr 


\ 


^ 0» ^2t mm » ^n-l> 

are the functions which result by substituting h for x in 


i.e., 


U Q9 U l9 U n ^ U n ; 

A 0 ~a Qf A 1 =a 0 ^-(-aj, ^J 2 — |“U 2) etc. 


Representing the derived functions of f(h ) by suffixes, as ex- 
plained in Art. 6, we may write the result of the transformation, viz, y 
f(y+h), in the following form : — 


/W+/iWy+ 


/#) 

1.2 


2 / 2 +... + 


/n 

1.2 


■i(A) 

— 1 


2 /' 


^1.2. ..n y 


f(h ) is the result of substituting h for a; in f/ n ; it is, therefore, A n ; its 
first derived fj-h) is, by the above rule, nA n _ Y ; the first derived of 
this again is n(n — 1) A„__ 2 ; and so on. Making these substitutions, 
we have the result above stated, which enables us to write down 
without any calculation the transformed equation. 


Examples 

1. Find the result of substituting t/ + h for x in the polynomial 

o^-l- 3^1*4 3a 8 x-l-flj. 

[Ans. o 0 y*-\-3(fi Q h+ 0 i)J/M-3(no/i z -l-2« 1 Ho 2 )HV t H 3 ^ , + 3o,Hoj. 

The student will find it ft useful exercise to verify this result by tho 
method of calculation explmned in Art. 33, which may often be employed with 
advantage in the case of algebraical as well as numerical examples. 

2. Remove the second term from the equation 

Qfps* -|- 3cqa?* -|- 3fljir f a a =0. 

We must diminish the rootB by a quantity h obtained from the equation 
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Substituting this value of h in A t , and 4,, the resulting equation in y • 

, ,3(a. at -V) a Q »a, -3a 0 a t a, ± 2a ^_ 0 

* V y «0* 

3. Find the condition that the second and third terms of the equation 
U n — 0 should be capable of being removed by the same substitution. 

Here and A % must vanish for the same value of h ; and eliminating k 
between them we find the required condition. [An*. — ® i*™^- 

4. Solve the equation 

* 3 + 6 x a + 12.r — 19 = 0 
by removing its Beoond term. 

The third term is removed by the same substitution, which gives 
y s - 27 = 0. 

The required roots ore obtained by subtracting 2 from each root of the 
latter equation. 

5. Find the condition that the second and fourth terms of the equation 
U n -0 should be capable of being removed by the same transformation. 

Here the co-efficients Aj and A 3 must vanish for the same value of fi 
eliminating h between the equations 

°tA-l- o i=0> o 0 7i 8 4- 3*1^*+ 3« 2 /H a 3 =0, 

we obtain the required condition 

a 0 a a 3 — 3 a Q a x a t 4 - 2u* - 0 . 

N.B. When this condition holds among the co-efficients of a biquadratic 
equation its solution is reducible to that of a quadratic ; for when the second 
term is removed the resulting equation is a quadratic for y 1 ; and from the values 
of y those of x can be obtained. 

6 . Solve the equation 

** 4- 1 6** 4 - 72**4- 64* — 129=0 
by removing its second term. 

The equation in y is 

y4 — 24y» — 1 = 0 . 

7. Solve in the same manner the equation 

*•+20**4- 143**4 430x+402=0. 

[4ns. The roots are —7, —3, — 5±V3. 

/ 8 . Find the condi t' on that the same transformation should remove the* 
second and fifth terms of the equation U n — 0. 

[. Ans . o 0 *a 4 — 4a 0 *o 1 a l + 6 a 0 a l *a f — 30^=0. 

36. The Cubic. On account of their peculiar interest, we 
shall consider in this and the next following Articles the equations of 
the third and fourth degrees, in connection with the transformation 
of the preceding article. When y+fc is substituted for x in the 
equation 
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wc obtain 

a.y-\-$A 1 y a +3^ l y+-4*=0, 

where A x , A t , A 3 have the values of Art. 35. 

« 

If in the transformed equation the second term be absent, 

A l = 0, or h — — . 

Substituting this value of h in A t and A 3 , we find, as in Ex. 2 
Art. 35, 


a 0 A 2 ^a 0 a 2 - a x 2 , a ( 2 A 3 =a 0 2 a. i -3a 0 a l a 2 + 2a l * \ 
hence the transformed cubic, wanting the second term, is 
3 1 

2/ 3 H ;/y 2 )V + „ 3 ~3a 0 a 1 a 2 +2a 1 *) = 0. 

U 0 “ o 

The functions of the co efficients here involved are of such 
importance in the theory of algebraic equations, that it is customary 
to represent them by single letters. We accordingly adopt the 
notation 


a 0 a i - a* = H, n 0 i n 3 - 3a 0 a,a 2 + 2V = G ; 

and write the transformed equation in the form 

V'+ l” y+a°3=0. -W 

M o u 0 

If the roots of this equation be multiplied by a Q it becomes 

z3 + 3// 2 + g_o ; ...(3) 

a form which will be found convenient in the subsequent discussion 
of the cubic. The variable, z, which occurs in the first member of 
this equation, is equal to a Q y or a 0 x 4-^ ; the original cubic multiplied 
by a 0 2 being in fact identical with 

(a 0 x + a , ) 3 + 3// (a 0 x + ai ) + G, 
as the student can easily verify. 

If the roots of the original equation be a, p, y, those of the 
transformed equation (2) will be 


or, since 


tt| dm d't 

«+ * , ^+~, Y +~r 

% 


. 3a, 

«+P+Y= L , 

“o 


they may be written as follows : — 

J(2a-P-y), J(2p-Y-«), 4 (2 y at P ) - 
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We can write down immediately by the aid of the transformed 
equation the values of the symmetric functions 

£(2a-p-Y)(2p-Y-a), (2a-p-Y)(2P -Y~ a)(2v-a-P) 
of the roots of the original cubic. The latter will be found to agree 
with the value already found in Ex. 15, Art. 27. 

We may here make with regard to the general equation an 
important observation : that any symmetric function of the roots 
oc, P> Yj etc., which is a function of their differences only, can be 
expressed by the functions of the co efficients which occur in 
the transformed equation wanting the second term. This is obvious, 
since the difference of any two roots a', P' of the transformed 
equation is equal to the difference of the two corresponding roots 
a, p of the original equation ; and any symmetric function of the 
roots a', P', y # , 8', etc., can be expressed in terms of the co-cfficients 
of the transformed equation. For example, in the case of the cubic, 
all symmetric functions of the roots which contain the differences 
only can bo expressed as functions of a 0 , H , and O . Illustrations of 
this principle will be found among the examples of Art. 27. 

37. The Biquadratic. The transformed equation, wanting 
the second term, is in this case 

*+ 6A 2 y 2 + 4A& + A 4 = 0, 

where A % and A s have the same values as in the preceding article ; 
and where A x is given by tho equation 

% 3 A 4 = a 0 a a 4 - 4a 0 2 a 1 a 3 -f §a Q a*a t — 3 a x 4 . 

The transformed equation is, therefore, 

y 4 +--, Hy 2 + A G, J+ (ao 3a i- 4a o 2a i 0 3+ 6a o«i*«»- 3a i 4 )= 0 - 

tt o a o "o 

We might if we please represent the absolute term of this 
equation by a symbol like H and Q, and have thus three functions 
of the co-efficients, in terms of which all symmetric functions of the 
differences of the roots of the biquadratic could be expressed. It is 
more convenient, however, to regard this term as composed of H 
and another function of the co- efficients determined in the following 
manner : — We have plainly the identity 

V a 4-4ao to i a 8+ 6fl o°i ,a a- 3a i 4 = a o 2 ( a o®4“ 4 «i fl 3+ 3a a a ) - 3 K a *- a i*) a - 

This involves a 0 , H, and another function of the co-efficients, 

viz., 


a o a i- ^a+Sa,*, 
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which is of great importance in the theory of the biquadratic. This 
function is represented by the letter I, giving 


rr 0 3 a 4 — 4a 0 2 « 1 a 3 + 6a 0 a 1 2 a 2 — 3 a Y *=a 2 I — 3 U 2 , 

‘ The transformed equation may now be written 

4 , 6 H ,40 , a 2 I-3H 2 n m 

v (1) 

We can multiply the roots of this equation, as in the case of 
the cubic of Art. 36, by a 0 ; and obtain 

z*+GHz 2 + 4Gz f a*I-3H*=Q. ..,(2) 


This form will be found convenient in the treatment* of 
the algebraic solution of the biquadratic. The variable is the sai^ie 
as in the case of the cubic, viz., a 0 x-\-a l ; the original quadratic 
multiplied by a 0 3 being in fact identical with 


K^+ a i)H6//(^ 0 ^fa 1 ) 2 +4(7(ff 0 r+a 1 )q-a 0 2 / — 3H 2 . 

Any symmetric function of the roots of the original biquadratic 
equation which contains their differences only can, therefore, be ex- 
pressed by a 0 , H , G and / 

If the roots of the original equation be a, (3, Y , 3, those of the 
transformed (1) will be, as is easily seen, 

*(3a-p — Y-&), i(3p-Y-*-a) f l(3y— S — a — P), i(3*-a-p- Y ). 

The sum of these = 0 ; the sum of their products in pairs 

; the sum of their products in threes =--Q ; and for their 
a o V 

oontinued product we have the equation 

a o 4 (3a — P — Y — S)(3(3 — Y — 8 — a)(3y— 3— a — (3)(38 — a — P~- Y ) 

— 256(a 0 2 I — 3H l ). 

There is another function of the co- efficients to which we wish 
now to call attention, as it will be found to be of great importance 
in the subsequent discussion of the biquadratic. It is the function 
arrived at in Ex. 18, Art. 27, viz., 


+ 2a 1 a 2 a 3 - a 0 a 3 2 - a 1 2 a 4 — a 2 3 . 

This is denoted by the letter J. The example referred to shows 
that it is a function of the differences of the roots. It must, there- 
fore, be capable of being expressed in terms of a Q , H, G, and 7. We 
have, in fact, the identity 

a*J = a 2 HI-Q*-4H*, 
which the student can easily verify. 

Or this relation can be derived as follows : — Whenever a 
function of the co-efficients a 0 , a u a 2 , etc., is the expression of a 
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function of the differences of the roots, it must be unaltered by the 
transformation which removes the second term of the equation ; 
hence its value is unaltered when we change a x into zero, a 2 into 
A 2 , into A 3 etc. Thus 

®o^3 2 — — ^2** = ^0^2 ^4 — ^2* » 

substituting for A 2 , A 3 , A 4 their values in terms of II , O , /, we easily 
obtain the above identity, which will usually be written in the form 
O 2 + 4H 3 = a 2 (III — a 0 J ) . 

38. Homographic Transformation. The transformation 

of a polynomial considered in Art. 33 is a particular case of the 
following, in which x is connected with the new variable y by 
the equation 




\x-\-u 


X *X-\- /A 

If A = l, u = — h 9 A' — 0, *a' = 1, we have y~x — h 9 as in Art. 33. 
Solving for x in terms of y 9 wo liavo 


fi—u'y 

X ~~x'y- x ■ 

This value can be substituted for x in the given equation, and 
the resulting equation of the )i ih degree in y obtained. 

Let a, p, Y> S, etc., be the roots of the original equation, and 
a', P', Y', S', etc., the corresponding roots of the transformed 
equation. From the equations 




a v i P ->»d i '» etc., 

A a |-/x Ap + I 1 

we easily derive the relation 

(Xfi—X’ji)( a- 

(X'ol \- fi')( A'P fi'Y 
with corresponding relations for the differences of any other pair of 
roots. If we take any four roots, and the four corresponding roots, 
we obtain the equation 

(a'-p')(Y>5')__ (a-p)(Y^) 

(a '.._ Y 'Up'-*')- (a-Y)(P-*r 

Thus, if the roots of the proposed equation represent the 
distances of a number of points on a right line from a fixed origin on 
the line, the roots of the transformed equation will represent the 
distances of a corresponding system of points, so related to the 
former that the anharmonic ratio of any four of one system is 
the same as that of their four conjugates in the other system. It is 
in consequence of this property that the transformation is called 
homographic. 
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It is important to observe that the transformation he^e con- 
sidered, in which the variables x and y are connected by a relation of 
the form 

Axy + Bx-\-Cy \ Z>— 0, 

is the most general transformation in which to one value of either 
variable corresponds one, and only one, value of the other. 

39. Transformation by Symmetric Functions. Suppose 
it is required to transform an equation into another whose roots shall 
be given rational functions of the roots of the proposed. Let the giv^n 
function be </>(a, p, y...), where <f> may involve all the roots, or 
any number of them. We form all possible combinations ^ (a, P, y), 
<f> (a, P, S), etc., of the roots of this type, and write down the transl 
formed equation as follows : — 

When this product is expanded, the successive co-efficients of 
y will be symmetric functions of the roots a, P, y, etc., of the given 
equation ; and may, therefore, be expressed in terms of the co- 
efficients of that equation. 

Examples 

1. The rootB of 

t 3 } qx ^ r— 0 

are a, p, y ; find die equation whose roots are oc' 2 , p a , y s . 

Suppose the transformed equation to bo 
y*+Py 2 - 1 Qu+R =0 ; 

then 

-P= a*-fP 2 +y 2 , -*-a*p V, 

and wo have to form the symmetric functions Ja 2 /8 2 , a^y* of the gi\en 

equation. We easily obtain 

2-0 i z -^p z -2q, 2Vp 2 =g 2 -2pr ? a 2 p 2 yW\ 
the transformed equation is, therefore, 

y* - (i>* - *<i)y 2 + ( q 2 - ~v r ) y - r% = o. 

2. Find in the same case the equation whose roots ore a 3 , p 3 , y 3 . 

[rln?. y 3 + (p a - 3pg-j-3r)y 2 -|-(g 3 — 3jogr + 3r 3 )y + r>^0. 

3. If a, p, y, 8 be the roots of 

x* - \-px 3 -b qx 2 -f rx 4 - a =■ 0 , 
find the equation whose roots are a 2 , P 2 , y 2 , §a - 
Let the transformed equation be 

y* -f Py* + Qy 2 + Ry -f- = o, 

then 

-P-i’ot 3 , Q=I°t 2 P*, -P=2a 2 P 2 y 2 .5=a 2 PY8 a . 

Compare Exe. 8, 17, Ait. 27. 

[/1«» . y t -(p"--2qy) a \-(q t -2pr+2s)y t -(r , -2<ii>)y+t , = 0- 
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4. , If a, P, y, S be the roots of 

a 0 z 4 -f 4<7 l T 3 + 6a a x 8 -f 4rt a .T; n 4 = 0; 
find the equation whose ro )ts are P* v ; m'z., 

Py + orS, ya + ps, ap t yS- 

See Ex. 17, Art. 27. 

' [ An*. y* y* {- \ (ia^-a^n^y (2<vv- 3a 0 cr 1 a 4 + 2<i l ! <r 4 )- 0. 

L a 0 °D "0 

5. Show that the transformed equation, when the roots of the resulting 
cubic of Ex. 4 are multiplied by pr 0 , and the second term of the equation then 
removed, is 

z 3 — /z-f-2J=0. 

40. Formation of the Equation whose Roots are any 
Powers of the Roots of the Proposed. The method of effecting 
this transformation by symmetric functions as explained in the pre- 
ceding article, is often laborious. A much simpler process, involving 
multiplication only, can be employed. It depends on a knowledge 
of the solution of the binomial equation a:" — 1=0. This form of 
equation will be discussed in the next chapter. The general process 
will ho sufficiently obvious to the student from the application to the 
equations ot the 2nd and 3rd degrees which will be found among the 
following examples ; — 

Examples 

1. Form the equation whose roots are the squares of the rootB of 

a" \-p^ n ~ 1] r% +Pn-i T hPn=0. 

To effect thiB transformation, we have the identity 

Z n +7V >n-l \-p 2 X n ~* + +Pn- i* (*-«„) ; 

changing x into -x, we derive, a^ in Art. 30, 

x n -p l r n 1 j p 2 x n ~ 2 -- ±P n - i T -ff *3(* d«i)(* f«*) (*+*„); 

multiplying, we have 

[x n + PtX n -* -h • ■ ■ ) z - (jv n ~ l -f p 3 xn ~* -i- ■ • . ) 2 

it is evident tl a the first member of this identity contains, when expanded, only 
even powers of x ; we may then replace x a by y, and obtain finally 

y n + (2p, -rx)y n - 1 f (W - 2p, p, + 2p,)y n -‘ ->-,..m(y-a l t )(y—* i t ) (y- ot„ s ) . 

The first member of this equated to zero is the roquired transformed 
equation. 

N.B. This transformation will often enable us to determine a limit to the 
number of real roots of the proposed equation. For, a square of a real root must 
bo positive ; and, therefore, the original equation cannot have more real roots 
than the transformed has positive joots. 

2. Find the equation whose roots are 1 tho squares of the roots of 

a; 8 — z 2 -)-8x— 6=0. |h4ns. y 3 -f-15y 2 -|-52y— 36=0. 



64 


TRANSFORMATION OF EQUATIONS 


Tho latter equation, by Descartes’ rule of signs, cannot have more than 
one positive root : hence the former must have a pair of imaginary roots. 

3. Find the equation whose roots are the squares of the roots of 

. x 5 +x 3 4-x a -J-2x-}-3 = 0. 

[Ans. y' + 2y« + fy»+3y'.-2y-9=0. 

It follows from Descartes’ rule of signs that the original equation must 
have four imaginary roots. 

4. Verify by tho method of Ex. 1 the Examples 1 and 3 of Art. 39. 

6. Form the equation whose roots are the cubes of the roots of 

x n +P t X n +p n - 1 * H"Pn =s 0. ( 

It will be observed that in Ex. 1 the process consists in multiplying 
together /(x), the given polynomial, and/( — x) ; the variables involved iii these 
being those which are obtained by multiplying x by the two rootB if the 
equation x a — 1— 0. In the prodent case we must multiply together f(x), /(ux), 
/(&*£) : the variables involved being obtained by multiplying x by the roots of 
the equation x 3 — 1=0. The transformation may bo conveniently represented as 
follows : 

Write the polynomial f[x) in tho form 

( Pn +Pn-t x * + ■■•) +*( Pn-i+Pn -i* 3 + • ■ ■ ) 4 x \Pn-t +Pn-tFt + ■ • ■ ) 
which we represent, for brevity, by 

P4 xQ + x 3 R, 

where P , Q, and R are all functions oi x 3 . 

We have then 

P+xQ+x^s^x-oqKtf-a,) (x- a „) ...(1) 

Changing, in this identity, x into uz and w 2 x successively, we obtain 

P-\-<*xQ +(* z x*R={ux— *!){<*£ -a a )-..(wj;-a„), ...(2) 

P-\-i* 2 xQ f = (co ‘X — a 1 )(w 2 X — a a )...(w 2 x — a„), •■•(3) 

since P, Q and R, beingM'unctions of x 3 , aro unaltered. 

Multiplying together both members cf (1), (2j, (3), and attending to tho 
results of Art. 26, we obtain 

P 3 + x 3 C 3 +x« J2 3 - 3 x z PQR a (x 8 - zf j (x 3 - a a s ) . . . (x 3 - a „*) ■ 

The first member of this identity c m tains x in powers which are multi- 
ples of 3 only. We can, therefore, substitute y for x* and obtain the required 
transformed equation. 

6. Find tho equation whose roots are tho cubes of the roots of 

x 4 — x 8 -|- 2x 2 -|- 3x + 1 — 0. 

[Ans. y 4 + 14</ 3 -f 50y s pGy-|- 1 =0. 

7. Verify by the method of Ex. 5 the result of Ex. 2 of Art. 39. 

8. Form tho equation whose roots are the cubes of the roots of 

ax 3 -|- 36x 2 -p 3 cx -f d = 0. 

[Ans. a 3 </ 3 4- 3(-.i “ d % 3 — ')abc)y 2 -j- 3(«d 3 -\ 9c 3 -9frcd)?/+cf 3 = 0. 

41. Transformation in General. In tlie general problem of 
transformation we have to form a new equation in y , whoso roots 
are connected by a given relation <p (x, y)=0 with the roots of tho 
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proposed equation /(#)= 0. The transformed equation will then be 
obtained by substituting in the given equation the value of x in 
terms of y derived from the given relation <p(a;, y)=0 ; or, in other 
words, by eliminating x between the two equations f(x) =0* and 
<p(x, i/)=0. For example, suppose it were required to form the equa- 
tion whose roots are the sums of every two of the roots (a, 3, y) of 
the cubic 

X s — pz 2 -\-qx— r=0. 

We have here 


2/ = P+Y = a+p + Y--a=p-a. 

The equation <p(#, 2/)=0 is in this case y=p—z ; for when x 
takes the value a, y takes one of the proposed values ; and when x 
takes the values 3 and y, y takes the other proposed values. The trans- 
formed equation is, therefore, obtained by substituting p— y for x in 
the given equation. 

Examples 

1. If a. p, y bo the roots cf the cubic 

x* —px l n qx — r - - 0, 
form the equation whose roots are 

Pr4-b'T«+ J .*?+ “■ 

Here 


_ 1 a i3y-|- 1 1-fr 

y=P T+ - = -- 1--— 

and the given relation is xy— 1 -f r ; the transformed equation 
by substituting f° r x i 11 f( x )~ 


is then obtained 


[Ana. 

2. Form, for the same cubic, the equation whose roots are 
aP+ay. aP + Py. Py + «y. 


Substitute - - for x. [Ana. y*— rgy*+fpr+g t )y+r # — pgr«0. 

Form, for the same cubic, the equation whose r jots are 

a P ^ y 

p + y-a * y-fa-P r a + P-y * 

Substitute for x. 

i -+ 

[Ans. (‘p*-4pq f 8r)v/J»-|-(^»-4p5-|-12r)y*+(6r— 

8. If a, P, y be the root3 of the cubic 

ax 3 -f 3 bx 2 -f- 3cx -f d= 0, 

prove that the equation in y whose roots are 

Py — a 8 yoc— aP-y* 

P4y-2a’ a + p-2y" 

is obtained by the homngraphic transformation 

axy+^x-f-yJ-H^O. 
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42. Equation of Squared Differences of a Cubic. — We shall 
now apply the transformation explained in the preceding article to an 
important problem, viz., the formation of the equation whose roots 
are the squares of the differences of every two of the roots of a given 
cubic. We shall do this in the first instance for the cubic 

x*+qz+r= 0 , ...( 1 ) 

in which the second term is absent, and to which the general equa- 
tion is readily reducible. Let the roots be a, P, y. We have to form 
the equation in y whose roots are 

(P-Y)*, (Y— <*)*, («-P) 3 . \ 

We may here observe that the method of Art. 39 can be applied 
to the solution of the general problem, viz., the formation of the 
equation whose roots are the squares of the differences of every two 
of the roots of a given equation ; for when the product 

{y — ( “(<*!- Oj)*{(y —(«! — a 4 } a • ■ • {y - (*2 - a 3 )*} • - 
is formed, the co-efficients of the successive powers of y will be sym- 
metric functions of cq, oq, a a , a 4 etc., and may, therefore, be expressed 
in terms of the co-efficients of the given equation. In the present 
instance, however, the method of Art. 41 leads more readily to the 
required transformed equation. This equation may be called for 
brevity the “ equation of squared differences” of the proposed equa- 
tion. Assuming y equal to any one of the roots of the transformed 
equation, e.g., 0 — y) a » we have 

y=(P-Y)* = * s +P' -Y*-a«- 2 - P - Y ; 

oc 

also 

The equation 9(3;, y)=0 of Art. 41 becomes, therefore, 

X 

or 

* s +(y+ 2 ff)»— 2 »’=o ; 

subtracting from this the proposed equation, we get 

(y+q)x->=0, or 

h.noe the transformed eque+*on in y is 

y*+6gy a +9 ? *y+43 3 +27r*=0. ...(2) 

If it he proposed to form the equation whose roots arc the 
rquerea of the differences of the roots (a, p, y) of the cubic 
a 0 **-f 30^*+ 3a,*-)- a,=0, 


...( 3 ) 
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we first remove the second term ; the resulting equation is 

a 0 U Q * 

and the required equation is the same as the equation of squared 
differences of this latter, since the difference of any two roots is 
unaltered by removing the second term We can, therefore, write 
down the required equation by putting 

3 H 0 


9= 

“o 

in the above. The result is 


r= 


<V 


*•+ “?-*+ x+~-(G*+4H>)=0. ...(4) 

Uq Uq Uq 

which has for roots 

(P-Y) 2 , (Y-oc) 2 , (*-P) a - 

The equation (4) can be written in a form free from fraction! by 
multiplying the roots by a Q 2 . It becomes then 

z°+18Hx*+81H*z+27(G*+4H 3 )=0, ...(5) 


whose roots are 

«o a (P-Y) 2 , a 0 2 (Y-<x) a , ^(a-pf. 

We can write down from this an important function of the roots 
of the cubic (3), viz. , the product of the squares of the differences, in 
terms of the co-efficients : — 

a 0 fl (P-Y) 2 (Y-a) a (a-P) a =-27(^+4^ ) . .. (6) 

It is evident from the identity of Art. 37 that G 2 +4.H 3 contains 
a 0 * as a factor. We have in fact 

G 2 +AH 3 =a 0 2 {a 0 2 a 2 ~ 6a 0 fi 1 a a a 3 + 4a 0 a 2 3 + ia^ - So/o, 1 }. 

The expression in brackets is called the discriminant of the 
cubic, and is represented by A ; giving the identities 
G 2 +4H 3 = a 0 2 A, HI—a 0 J = A* 


Examples 

1. Form the equation of squared differences of the oubio 

x*—lx+ 6=0. [ An s. x % — 42a; 1 -f- 44 hr— 400 =-0. 

2. Form the equation of squared differences of 

z»+02> a +7;r+2=O. 

First remove the second term. [<4*f. *• — 8G® 1 4-2200—68—0. 

3. Form the equation of squared differences of 

a;s + 6:c a +92:-|-4=0. [Ana. **-180*4-810-0. 

4. What conclusion with respect to the roots of the given oubio can bo 
dra vn from of the resulting equation in tlie last example* 
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43. Criterion of the Nature of the Hoots of a Cubic. We 

can from the form of the equation of differences obtained in Art. 42 
derive criteria, in terms of the co-efficients, of the nature of the roots 
of the algebraical cubic. For, when the equation (5) of Art. 42 has a 
negative root, the cubic (3) must have a pair of imaginary roots in 
order that the square of their difference should be negative ; and 
when (5) has no negative root, the cubic (3) has all its roots real, 
since a pair of imaginary roots of (3) would give rise to a negative 
root of (5). I 

In what follows it is assumed that the co-efficients of the pqua- 
tion are real quantities. Four cases may bo distinguished : — ^ 

(1) When G 2 --\- 4H 3 is negative , the roots of the cubic are all real 
For, to make this negative H must be negative (and 4 H 3 >Q 2 ) ; the 
signs of the equation (5) are then alternately positive and negative, 
and, therefore, (Art. 20), (5) has no negative root ; and consequently 
the given cubic has all its roots real. 

(2) When G 2 + 4 H 3 is positive , the cubic hast wo imaginary roots . — 
For the equation (5) must then have a negative root. 

(3) When G 2 -\-41P-~0 , the cubic has hco equal roots. — For the 
equation (5) has then one root equal to zero. In this case £=0, it 
being assumed that a 0 does not vanish. We may say, therefore, that 
the vanishing of the discriminant (Art. 42) expresses the condition for 
equal roots. 

(4) When G=0 , and II— 0, the cubic has its three roots equal . — 
For the roots of (5) are then all equal to zero. These equations may 
also be expressed, as can be easily seen, in the form 
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which relations among the co -efficients are, therefore, the conditions 
that the cubic should be a perfect cube. 

44. Equation of Differences in General. — The general pro- 
blem of the formation, by the aid of symmetric functions, of the equa- 
tion whose roots are the differences, or the squares of the differences, 
of the roots of a given equation, may be treated as follows 

Let the proposed equation be 

/(*) = (*-«!)(*-«,)(*- (X 3 ) O.) =0. 

Substituting *+«„ for x and giving r the values 1, 2, 3, n, 
fa succession, we have the equations 
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/(x+ «i) = + a i ~ a a)( a? + *i — a 3 ) . . » (x-± oq — a„)> 

/( a? +a a ) = a:(a:+a,-a 1 )(a;+a a — aJ.-.^+aa— a„), 

f ( x + «») = (x + a n — aj) (x + oc n — a*) . . (x + a n — ot« - a ) . 

Also, employing the expansion of Art. 6, and observing that 
/(a r )=0, we find the equation 

-^/(*+«')=/'(«,)+ 1 5 2 / , w + o ; 3 rw +...+*" 1 . 

Denoting the second side of this equation by <p(x, «,), and 
multiplying both sides of the identities (1), we obtain 

9(*» «a )...?(*» ®») = {** — (®i — * 2 )*} {** — (®i — * 3 )*} ••• 

■••{**— («n-l — «»)*}• 

To form the equation of differences, therefore, we oan multiply 
together the n factors <p[x, a 1 ), <p(a;, a 2 ), etc., and substitute for the 
symmetric functions of the roots which occur in the product their 
values in terms of the co- efficients. Or we may, as already explained 
in Art. 42, form directly the product of in(n~ 1) factors on the right- 
hand side of the above identity, and express the symmetric functions 
involved in terms of the co-efficients. The roots of the resulting 
equation of the w(»— 1) /A degree in x are equal in pairs with opposite 
signs. Since in this equation x occurs in even powers only, we may 
substitute y for x a , and thus obtain the equation of the Jn(w — 1) <A 
degree whose roots aro the squared differences. 

For equations beyond the third degree the formation of the 
equation of differences becomes laborious. We shall give the result 
in the case of the general algebraic equation of the fourth degree in a 
subsequent chapter. 

Examples 

1. The roots of the equation 

a:*— 6aj* -fils— 6=0 

are a, 0, y ; form the equation whose roots are 

F+Y*. Y a +“*> * , +P*- 

[Ans. y*— 28t/*+24fh/— 050=0. 

2. The roots of the oubio 

a:«-f-2aj»+3a? 4-1=0 

are a, p, Y I form the equation whose roots are 

_1_ 1 1 1 1 11 11 

P* + Y* _ «* ’ Y* + « T- l r ’ a* ^ Y* ’ 

[.4ns. y , 4-12y , — 172y -2072—0 

2. The roots of the cubic 

*■+ g*+r=0 




70 


TRANSFORMATION OF EQUATIONS 


are «, (i, y ; form the equation whose roots are 

0\+PY+Y*» Y , + Y*+* , » [A**, (y+9) ,ffl0 - 

4. The roots of the cubic 

a? 3 -f px 2 -\-qx+ r=0 

being a, p, y ; form the equation whose roots are 

0 a + Y a -a 2 , y’+a’-p*, a 2 + p*-Y*- 

[ Arts, y * — ( p z — 2q)y 2 — (p 1 — 4 p\ + 8 pr)y+ p* — 6 p*q + 8 p*r 

+8p ! V - lfipgr + 8 r*= ° . 

X 5. If a, p, Y b® fbe roots of the cubic 

X s — 3(1 +a-fa*^ + l -f 3a+3rt*4-2u 3 =--0 ; 

prove that (P~~yKY — i® a rational function of a. [Ana. ±8(1 + ® + ^“) 

i5. Find the relation between O and H of the cubic 

GqX* -\- 3u iX* -\-3uiX a , 

when its roots are so related that (P— Yi*» (y— a) 2 . (« — 3) 2 are * n arithmetical proy 
greBsion. [Ana. G*+2H*=0. 

7. If a, p, Y» 8 be the roots of 

c l x 4 — 2c*# 8 2a; — 1 — 0, 

find the value of 

(P *_ Y . ) .( B »._* , ) , + ( Y ._ B .,. + ( P ._ *•)«(«*_. p*)*( Y »- 8')*. [Ant. 0 

8. Prove that, if 

Py+Y“+“P+“ s +P*+ Y *= 0 ' 

{(P— Y)*(«— *>’+( Y — P^lY— *>*>“ 

=^lf'{(p , — Y , )’(a ! —S s j z -f( Y *—a , ; , (P , — 8 , )*+(B , —P , ) , (Y ,— **)}*■ 

9. Solve the equation 

x i —x 4 i 8x t —9x -15=0, 

which has one root of the form l-fary r --l - 

Diminish the roots by 1 ; substitute a V — 1 for x ; we find that a must 
satisfy a 1 — 3**— 4=0, and a 4 — 6cr*-»-8=0 ; hence a=±2. Hence the factor 
z % —2x +5. The other factors are (r*-|-l) and (x l — 3), as is evident. 

10. The root* of the cubic 

+ 30,#* + 3^2? -f a 9 = 0, 

are a, P, y > fonn the equation whose roots are 

P+y, Y+*' * + P- 

This question has bean already solved in Art. 41. We give here another 
solution which, although in this particular instance it is "ot the simplest, will he 
found convenient in many examples. Let the roots of the given equation he 
diminished by h . The transformed equation is (Art. 35). 

^oV* 4- 3 A x y 2 + 3 A %y -f A a = 0, 

whose roots are a —A, (J— h. y— A. Y/e express the condition that this equation 
should have two roots equal with opposite signs This condition is [see Ex. 17, 
Art. 24) 

8A l A 1 — Oq A j~0. 

This equation is a cubio in h whose roots are 
*10+Y). l(Y+*)» 1(«+P) ; 
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for the above condition is 


(P-fcM(r-A)=o. 

or 


2A=P4-Y» 

whore ft, y represent indifferently an;? two of the roots. From the equation id 
h the required cubic can be formed by multiplying the roots by 2. 

#1 1. The root 8 of the biquadratic 

o 0 a; 4 -|-4a 1 a;»+6a 2 a3*-f-4a l a;4 o,=0 
ftre ft. Y* ® ; form the sextic whose spots are 

P+Y» Y+«* «+P. «+&. P+«, Y+ a - 

Employing the method of Ex. 10, the required equation oan be obtained 
from the condition of Ex. 20, An. 24. 

The condition is in this case 

This is a sextic in h whose roots are J(ft + y), etc., from which the required 
equation can be obtained as in the last example. 

12. Form, for the cubic of Ex. 10, the equation whose rootB are 
J*Y-a 8 _Y*~P* aft— Y 1 
ft+Y- 2 “’ Y-H*-2p’ a + ft — 2y’ 

Diminish the roots by h , and express the condition that the resulting 
cubic should have its roots in geometric progression (see Ex. 18, Art. 24). The 
condition is 


^1^3-°oV = 0. 

This will be found to reduce to a oubic in h ; whose roots are the values 
above written, sinoe 

(«-*)»=((J-fc)( Y -/0. or 

13. Form for the same cubic the equation whose roots are 
2fty— aft-ay 2ya-fty— fta 2aft— ya— yft 
ft + Y~~2a • “y -f a- 2ft ' * a+p~-2y 

Diminish the roots by h, and express the condition that the transformed 
cubic Bhould have its rootB in harmonic progression {ace Ex. 19, Art. 24). We 
have 


or 


2 1 1 

* —h “ft— b^"y — h 

Y 

ft4-y-2a 

The equation in h is 


* t d,i-3A 1 4 a il a +2.V s0 ' 

which will be found to reduce to a cubic. 

/ 14. The roots of the biquadratic 

a 0 ® 4 + 4o j* 8 4- 6a t ** -f 4(7,® -f cr 4 = 0 


are a, ft, y, 8 ; find the cubic whose roots are 
fty— a& Y*“P 8 


«P-Y» 
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Diminish the roots by h t and employ the condition of Ex. 22; Art. 24. 
The oondition is in this case 

AfAi— a Q A 9 *=Q, 

which reduces to a cubic in h whose roots are the values above written. 

4.6, Find the equation whose roots are the ratios of the roots of the cubic 

x*+q%-\ r— 0. 

The general problem can be solved by elimination. Let/(£)=0 be the 
given equation v and p=-~L^=the ratio of two roots ; then since /(P)=0, we have 

/(pa)=0, also/(a)=^0 ; and the required equation in p is obtained by eliminating 
a between these two latter equations. For the- cubic in the present example^ the 
result is \ 

rV+P+l^+ffVfp+l) 1 ^. \ 

16. If p, y b® the roots of \ 

* 3 -fp**+g*+r=o, 
form the equation whose roots are 

P 2 +y a , Y*+ aB » **+&*• 

[Ana. x a — 2[p*— 2q)z*-\-{p*— 4p 2 g-j- 5g 2 — 2pr)x— (p^g 1 — 2p*r-f 4pgr — 2g»—r , )=0. 

17. Form for the same cubic the equation whose roots are 


A** 

y 


1-4 

a 1 y 


T+.’ 


[-4rw. r*s» — [pqr— 3r a )a; a + (p 3 r — 5pqr+3r*+ tp)x 
-(p*q»-2p*r+4pqr~2q*-r*)=:0. 

18. If a, 0, y be the roots of the cubic 

x*-\-qx-\-r=0, 

form the equation whose roots are 

Za-f-mp y» ZP4- m Y a » /Y+ fn *P' 

[A ns. y* — mqy 2 -f ( l z q -f - Zlmrjy -+■ l 3 r — l z mq* — 2lm*qr — mV 1 ® 0. 

19. If a, 0, y be the foots of the cubic 

OjC® -J- 3^2^ -('flu — 0 , 

term the equation whose roots are 

(«-$)(« -y), (p— y)(P— “). (Y-*)<T-P)- 

r . . , »H , 27<G*+4ff») „ 

I/ 1 "* »•+-. y* '=»- 

20. Form, for the cubic of Ex. 19, the equation whose roots are 

(P-Y) s (2 a -p-Y) s , (y-°0 2 (2P— Y— “<*■ («-P) 2 (2y-«-P)*- 

The requirod equation can be obtained by forming the equation of 
Mpiared differences of the cubic (4) of Art. 42, since 


(Y- a) a -(a-P) 2 -(P-Y)(2a-P“Y)- 

21. Form, for the cubic of Ex. 16, the equation whose rootB are 

«(P~Y) 2 ’ P(T “ a ) 2 ’ T( a “P^- 

Lot the transformed equation be x a + Px a +Qj; + .B=0. 

[Ans. P=^pg — 9r, Q=>q*— 9pgr+27r l +p 8 r. 

-r(49*H-27r*+4p , r-pV- Ifygr). 

22. Form, for the same cubic, the equation whose roots are 

**+2{J T , P*+2y<i, Y*+ 2 ®P- 

[.Ana. P— ~p a , Q=g(2p a — 3g), — N=4p*r— 18/igr+2g*-|-27r > 



CHAPTER V 

SOLUTION OF RECIPROCAL AND BINOMIAL EQUATIONS 

45. Reciprocal Equations. It has been shown in Art. 32, that 
all reciprocal equations can be reduced to a standard form, in which 
the degree is even, and the co-efficients counting from the beginning 
and end equal with the same sign. We now proceed to prove that 
a reciprocal equation of the standard form can always be depressed to 
another of half the dimensions. 

Consider the equation 

a 0 x a "+a 1 x 2j "“ 1 + -\-a m x m -\- +a x a;+o 0 =0. 

Dividing by z m , and uniting terms equally distant from the 
extreme, we have 

a o(x m +~ in )+a l (x^+- JL j+ +«„_,( *+4)+‘»=0. 

Assume x+ — =z, and let x*+ be denoted for brevity by 

x 

Vf, We have plainly the relation 

Giving in succession the values 1, 2, 3 etc., we have 
P^s-F^sP-2, 

v a =ve-r x ^*-te 9 

V 4 =V 3 z-V 2 =z*- 4*1+2; 
V b ~V 4 z~V 3 =z s —5z 3 -\-5z ; 

and so on. Substituting these values in the above equation, we get 
an equation of the m ih degree in z ; and from the values of z those ot 
x can be obtained by solving a quadratic. 

Examples 

1 . Find the roots of the equation 

X 1 5 -I- X* » + X' y 4- r 8 -f X 4* 1 = 0 . 

Dividing by x + 1 (see Art. 32), we have 
xHff a +l~0. 

This equation may bo depressed to the form 
z* -1=0, giving z= ±\ 

whence x f -- = l f a;-|— =^-l 
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•nd the root* of theae equations are 

1 ±V'=T -1 ±\/~=3 
2 ’ 2 

Find the roots of the rquation * 

x»0-3x 8 + 5x« - 5x 4 + 3x“- 1 =0 

Dividing by x*-l, which mav be done briefly as follows (•«$ Art. 8), 

1-35-53-1 
1-2 3-2 \ 

-2 3-2 1 0 

we have the reciprocal equation 

x®-2x # +3.t«_2x*+1=0. 

° f ( l 4 + ^)-<*+ir> 3 =°- 

Substituting for F 4 , z 4 — 4z a + 2 ; and for F |f r 1 — 2, we have the equation 
r«_6*> + 9=0, or (z»-3)*=0, 
v/heno * **=3,and2=±V3 i 

gmng x +-^~=V*f *+-~ = -V 3 f 

and the roots of these equations are 

V3±V-1 

2 9 “ 2 

These roots are double roots of the equation (l ). 

3. Solve the equation 

ar 1 — 1=0. 

Dividing by *-l we have 

a^-fa^+x 1 +x+l=0 ; 

from whieh we obtain 

z*+z — 1=0. 

Solving this equation , we have the quadratics 
* a +i(l+V6V* + l=0 

**+*(i-V 6 )*+i=<>. 

from which we obtain 

»-J{-l+8Vfi±(10+2flV’0)* V^^}. 

where 0 B -= 1. 

This expression gives the four values of*, 

4. Find the quadratio factors of 

*• + 1 = 0 . 

Transforming this, we have 

z*-3z«0. 

whenoe z=0, and z— ± 

The quadratic factors of the gi\ e i equation are, therefore, 

*■+ 1 = 0 , *"±*^3 + 1 — 0 . 

5. Solve the equations 

(1) (l+x)«=a(l+*4), (2) (!+*)• -o(l +»»). 
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0« Reduce to *n equation of the fourth degree in z 

(!+« y (!-»)■ 

1+X 5 1— x* ~ m 


* 2a. 


[Ana. (l-a)z«+(7+3o)z*-(4+o)®0. 

46. Binomial Equations. General Properties. In this and 
the following articles will be proved the leading general properties of 
binomial equations. 

Prop. I. — If a be an imaginary root of z n — 1=0, then a. m also 
will be a root , m being any integer. 

Since ot is a root, 


a n =l, and, therefore, (a") m = l, or (a m )" = l ; 
that is, a w jg a root of x n — 1 =0. 

The same, is true of the equation x n -|-l=0, except that in this 
case m must be an odd integer. 


47. Prop. II. — If m and n be prime to each other , the equations 
rm — 1 =0, x n — 1 =0 have, no common root except unity. 

To prove this we make use of the following property of 
numbers : — If m and n be integers prime to each other , integers a and 

b can be found such that mb—na= ±1. For. in fact, when ~ is turn - 

n 


ed into a continued fraction, is the approximation 


preceding the 


final restoration of — . 


Now, if possible, let a be any common root of the given equa- 
tion ; then 

a m =l, and a n = l ; 
therefore a m * = 1 , and a?® = 1 ; 


whence a< ma “" a) = l, or a ±l =1, or a = l ; 

that is, 1 is the only root common to the given equations. 

48. Prop. III. — If k be the greatest common measure of two in- 
tegers m and n, the roots common to the equations x m — 1=0, and x n — 1 
=0, are roots of the equation x * — 1 =0. 

To prove this, let 

m=km’ , n=kn f . 

Now, sinoe m f and n 9 are prime to each other, integers b and a 
may be found such that m'6— 1 ; hence 

mb—na=±k. 
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If, therefore, a be a common root of x™— 1=0, and x" — 1=0, 
a (m *“ no > = l, or ot*=l ; 

which proves that a is a root of the equation x*— 1=0. 

r 49, Prop. TV.— When n is a prime number , and a any imagin- 
ary root of x n — 1=0, all the roots are included in the series 

1* «. a 2 ,..., a* 1 ": 1 

For by Prop. I, these quantities are all roots of the equation. 
And they are all different ; for, if possible, let any two of them be 
equal, t ol p =ol q , j 

whence a (>-0) = l ; 

but, by Prop. II, this equation is impossible, since n is necessarily 
prime to (p—q), which is a number less than n. \ 

50. Prop. V. — When n is a composite number formed of the 
factors p, q , r, etc., the roots of the equations x*— 1=0, x* — 1=0, x* — 1 
=0, etc., all satisfy the equation x" — 1=0. 

For, consider a root a of the equation x p — 1=0 ; then o/=l ; 
from which we derive 

(a')*'... = l; or a" -1=0; 
which proves the proposition. 

51. Prop. VI. — When nis a composite number formed of the 
prime factors p, q, r, etc., the roots of the equation x n — 1 =0 are the n 
terms of the product 

(l + a+a > +...fa^)(l + H--' + n(l + T+-+lf f " 1 ) > 

where mis a root of x p — 1 =0, p of x 9 — 1 =0, Y °f I =0» etc - 

We. prove this for the case of three factors p , q, r. A similar 
proof applies in general. Any term, e.g., <x°P*Y c , of the product is 
evidently a root of the equation x n -1=0, since a°" = l, (J* n =l, 
Y f " = 1 , and, therefore, (a a PV) n = 1 * And no two terms of the 
product can be equal ; for, if possible let ot°^Y c be equal to another 
term a o 'p*'y«' ; then a°- o/ = p*“*'=Y*~*'- The first member of this 
equation is a root of x p — 1 = 0, and the second member is a root of 
z^_l— 0. Now these two equations cannot have a common root 
since p and qr are prime to each other (Prop. II) ; hence a fl P*Y* cannot 
be equal to a a/ (3*'Y e/ . 

52. Prop. VII. — The roots of the equation x n — 1=0, where 
n=p a q p i c , and p, q, r, are the prime factors of n, are the n products of 

the form a{&Yi where a is a root of = 1, P a rout of x q =1, and y of 

*"=1. 

This is an extension of Prop. VI to the case where the prime 
factors occur more than once in n. The proof is exactly similar. 
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Any such product otPy must be a root, since <x w = l, p n = l, y n = l, to 
being a multiple of p a 9 q b 9 r* ; and a proof similar to that of Art. 51 
shows that no two such products can be equal, since p a 9 q* 9 r* are 
prime to one another. We have, for convenience, stated this pro- 
position for three factors only of to. A similar proof can be applied 
to the general case. 

From this and the preceding propositions we are now able to 
derive the following general conclusion . — 

The determination of the n th roots of u*iity is reduced to the case 
where n is a prime number , or a power of a prime number . 

53. The Special Roots of tLe Equation x n — 1=0. Every 
equation x n — 1=0 has certain roots which do not belong to any equa- 
tion of similar form and lower degree. Such roots we call special 
roots * of that equation, or special n th roots of unity. If to be a prime 
number, all the imaginary roots are roots of this kind. If n=pP, 
where p is a prime number, any n th root of a lower degree than to 


must belong to the equation x —1=0, since every divisor of p a is 
aMivisor of p a ' 1 (except to itself) ; hence there are p* ^ 1 — ^ roots 
which belong to no lower degree. If, again, n=p a q b 9 where p and q 


are prime to each other, there are p a 




cial roots of x 7 * — 1 =0, and x qb — 1 =0, respectively. Now, if a and 
p be any two special roots of these equations, aP is a special root of 
1=0 ; for if not, suppose (ap) m = l, where m is less than to ; we 

pa 

have then ct m =P~ m ; but a m is a root of x —1=0, and P” m is a root 


of x q * — 1=0, and these equations cannot have a common root other 
than 1, as their degrees are prime to each other ; consequently m 
cannot be less than to, and aP is a special root of x n — 1 =0. Also, as 
there are 


V ' , 1 , 

i 1 \ 

/ _ 1 \ 

) Q*l 1 

), or to( 1 ) 

( 1 ) 

/ H \ q / 

\ p ) 

V q ) 


such products, there are the same number of special n th roots. This 
proof may be extended without diffculty to any form of to. 

All the roots of x n — 1=0 are given by the series 1 , a, a 2 ,..., a" -1 ; 
where a is any special n tk root .■ For it is plain that a, a® etc., are all 
roots. And no two are equal ; for, if <x*=a Q , a ( * -,) =l ; and, there- 
fore, a is not a special n tk root, since p— q is less than to. 

•The term "special root 1 ’ is here used in prefjrenoe to the usual terra “pri- 
mitive root," nnoe the latter has a different signification in the theory of 
numbers. 
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When one special n th root a is given , we may obtain all the other 
special n th roots of unity. 

• Since a is a special root, all the roots 1, a, a 2 ,..., a"" 1 are 
different n th roots, as we have just proved ; and if we select a root a 
of this series, where p is prime to n , the roots 

a*, a 2 *,..., a a n ^(=l) 

are all different, since the exponents of a when divided by n give 
different remainders in every case ; that is, the series of numbers 

0, 1, 2, 3, ,7i—l in some order ; whence this series of roots isithe 

same as the former, except that the terms occur in a different ord(er. 
To each number p prime to n and less than it (l included), corres- 
ponds a special n th root of unity ; for a m> cannot be equal to L wh^n 
m is less than n 9 for if it were we should have two roots in the series 
equal to 1, and the series oould not give all the roots in that case ; 
therefore, o/ is not a root of any binomial equation of a degree 
inferior to n ; that is, a* is a special n th root of unity. What is here 
proved agrees with the result above established, since the number 
of integers less than n and prime to it is, by a known property of 

numbers, n ^ 1— ~ 1 — * ) w ^ en n =P a Q b y which is also, as above 

proved, the number of special roots of a;" — 1=0. 


Examples 


1. To determine the special roots of as 8 — 1=0. 

Here 0=2x3. Consequently the roots of the equations a 1 — 1=0, and 
^-IbO are roots of a:* — 1=0. Now, dividing x 9 — 1 by *• — 1 we have®*+l ; and 

x %_ i 

dividing 1 by ~ p or x + 1, we have x 1 — * + 1=0, which determines the 

x — l 

special roots of x 9 — 1=0. 

Solving the quadratic, the roots are 


1-|V~3 _ l-V-3 . 


also since aa 1= 1 = a 1 , 

which may be easily verified. 

The special roots are, therefore, 

a a 1 
a, a 5 ; or aj*, a t ; or a, — • 
a 


2, To disouss the special roots of x 11 — 1=0. 

12 12 

Since 2 and 3 are the prime factors of 12, and — =0, =4, the roots 

2 3 

of x 9 — 1=0, and x 4 — 1=?0, are roots of x ie — 1=0; now, dividing x 11 — 1 by x 4 -1, 
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and *•— 1, and equating the quotients to zero, we have the two equations 
and x« +1=0, b< th of which may be satisfied by the speoial 
roots of x 11 — 1=0 ; therefore, taking the greatest common measure of ic | +x 4 -|-l t 
and 3 e +l, and equating it to zero, the special roots are the roots of the equation 
x«_x 8 +l=0. 

The same Tesult would plainly have been arrived at by dividing * l> — 1 by 
the least common multiple of a^— 1 and 3 6 — 1. Now, solving the reoiprooal equa- 
tion x 3 4 - 3 s +1=0, we have 3 + =* ±y3 ; whenoe, if a and be two speoial 


roots 



V*±V-1 

2 



-V3±V-1 

2 , 


are the four special roots of x ia — 1 = 0. 

We proceed now to express the four special roots in terms of any one 
them a. 


of 


Sinoe B+ L +ttj + J__o, or («+«,) (l + ^-)=0, 

we take aa 1 = — 1 (as consistent with the values we have assigned to a and «q) ; 

and since a and a x are roots of x # + l=0 f a 8 = — 1, and a 8 — -=« lt The roots 

a 

a, o,, JL may, therefore, be expressed by the series «, « 8 , a T , «», since 
o, a 

a ,2 = l. 

Further, replacing a by a 8 , a 7 , a 11 , wp have, inoluding the series just deter- 
mined, ihe four following series, by omitting multiples of 12 in the exponents 
of a : — 


a, 

a° 

a 7 

ail 


a, 

a 18 . 

a 7 , 

a 7 , 

a 18 , 

«k 

« 5 * . 

a 88 , 

a 7 . 

a 8 , 

a, 


where the same roots are reproduced in every row and column, their order only 
being changed. We have, therefore, proved that this property is not peculiar to 
any one root of the four special roots ; and it will be noticed, in accordance with 
what is above proved, in general, that 1, 5, 7 and 11 are all the numbers prime 
to 12, and less than it. We may obtain all the roots of i is -l*0 by the powers 
of any one of the four speoial roots or, a*, a 7 , a 11 , as follows : — 



•\ 

a*, 

« € , 

« 5 , 


a 7 , 

« B , 

a* # 

«», 


1 , 

**• 


a 8 , 

a s , 


a*. 

a“ 

a 1 , 

a 8 . 

«*. 


1 . 

a\ 

«*. 

*•» 

a 4 , 

« 11 , 

**» 

a, 

a 8 . 

a 8 , 



j. 

a 11 . 

■«, 

« f p 


a 7 . 

**» 

a 8 , 

«*» 

a*, 

a*. 

a. 

1 


3. Prove that the special roots of .t 18 — 1=0 are roots of the equation 

3 8 — 3 7 + 3 5 — 3* + 3* — x + l=0. 

4. Show that the eight roots of the equation in the preoeding example 
may be obtained by multiplying the two roots of 3 8 +3+l=0 by the four 
roots of 

3 8 + 3 l + X l +3+l=0. 

5. Foim the equation of the 12th degree whose roots are the speoial 

roots of 3 11 — 1=0, and reduce it to one half of the dimensions. 

[Ans. x 8 ^* 8 — 6x 4 +03* +8x*— 83+1*0, 



BO SOLUTION OF RECIPROCAL AND BINOMIAL EQUATIONS 

54. Solution of Binomial Equations by Circular Func- 
tions W© take the most general binomial equation 

x n =a-\-by/~ T> 

where a and b are real quantities. 

Let a=R cos <x, b=R sin a ; 

then z n =R(coa oc+\/ — 1 sin a) ; 

now, if r(cos 0+\/ — 1 sin 0) 

be a root of this equation, we have, by De Moivre’s Theorem, [ 

r" (cos I sin n8)—R [ cos a+\/~T fl in a) ; \ 

and, therefore, \ 

r n cos n0 =R cos a, 
r n sin n0 =R sin a. 

Squaring these two equalities, and adding, 
r 2n =R 2 , giving r n =R ; 

where we take R and r both positive, since in expressions of the kind 
here considered the factor containing the angle may always be taken 
to involve the sign. 

We have then 

cos 7i0 = cos a, sin tl0=b in a ; 

and, consequently, 

7i6 = oL-\-2kT: y 

k being any integer ; whence the assumed 7i ih root is of the general 
type 

( a+2^7T r . 0L-\-2kTZ \ 

08 BU1 — — } 

Giving to fc in this expression any n consecutive values in the series 
of numbers between — oo and -\ oo, we get all the 7i th roots, and no 
more than n, since the n values recur in periods. 

We may write the expression for the n ih root under the form 

\ V.R (cos^ + V^sin -fjjfcos 2 -^ +v /-l ein ^ ). 

If we now suppose 12 = 1, and ot=0, the equation s n =a+6\/— 1 
becomes s n =l+0\/ — 1 ; the general type, therefore, of an n th root 
of 1+0 -v/ — I , or unity, is 
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If we give k any definite value, for instance zero, 
y/?(cos^ + V~lsin “) 
is one n ih root of aA-b 

The' preceding formula shows, therefore, that all the n l h roots of 
any imaginary quantity may be obtained by multiplying any one 
of them'by the n th roots of unity. 

Taking in conjunction the binomial equations 
x n — a -\-by/ —1, and x n ~a — by/ — i, 
we see that the factors of the trinomial 

x in —2 R cos oi.x n -\-R 2 


are 


R/R 


oi-{-2kn 

cos — ---± v 


1 sin 


ot -j - 2Jcrc 


n n 

where k has the values 0, 1, 2, 3,...,n — 1. 


Examples 

1. Solve the equation x 1 ~~ I - 0. 

Dividing by x— 1, this is reduced to the standard foim of reoiprooal 
equation. 

Assuming z~x-\ * , wo obtain the cubic 
z 3 -bz 2 — 2z — 1 —0, 

from whose solution that of the required equation is obtaned. 

2. Resolve (x -|-] ) 7 -~z 7 - 1 into factors. \Ans. 7x(x-\- l)(z*-j~;t-|- 1)* 

3. Find the quin tic on whose solution that of the binomial equation 

x tl — 1= 0 depends. r Antt. 2 5 4 z* - 3z 2 -b3z-bl=0. 

When a binomial equation is reduced to the standard form of reci- 
procal equation {by division by x — 1, x-\ 1, or z*-l), show that the reduced 
equation has all its roots imaginary. (Of. Examples 15, 16, p. 26). 

5 „ When this reduced reciprocal equation is transformed by the substi- 
tution z — x- (- ^ ; show that the equation in z has all its roots real, and situated 
x 

between —2 and 2. 

For the roots of the equation in x are of the form cos a-f \/ —1 sin « (see 
Art. 54) ; hence z-j- - is of the form 2 cos a, and the value of this is real and 
between —2 and 2. 

Show that the following equation is reciprcca.. and solve it : — 

4 (i 2 z-f- 1) 3 — 27z a (z— l) a =0- 

[Ans. Roots : 2, 2, J, J, — 1, -1. 

*4. Exhibit all the roots of the equation jr* - 1 =?=0. 

The solution of this is reduced to the solution of the three oubics 

1 - 0 , = z 1 - w 2 ---0 ; 
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where, m, w 1 are the imaginary cube roots of unity. The nine roots may be re* 
presented as follows 


1 2 * B 

1, w , a* , u, w^, fa> T , u 1 , 


Excluding l f u, « 3 , the other six roots are special roots of the giver 
equation ; and are the roots cf the s sxtic 

x «-fx*+l=0. 

"6. Reducing the equation of the H th degree in Ex. 3, Art. 53, by the sub 
stitution z=x- 1 — - , we obtain 


z 4 — z»— 4z 2 +4z-f 1=0 
prove that the roots of th s oqi atiin are 


2 cos 


2 tc 
13 ' 


4tt o 8;t ‘ 

- - ,2 cos , , 2 coa 
10 lo 


15rr 

15 


9. Reduce the equation 

4x 4 — Sox" -f 357a: 2 — 340a; -f 54 = 0 
to a reoiprcail equation, ami solve it. 

x 2 

Assume z= --4. [ A ns. 

2 1 x ‘ 


V 

\ 


Roots : 4, i, 4 , 16 


10 Bolve the equation 

x * -f- mpx 8 -f m*qx 2 4- m*px 4- m 4 = 0. 

Dividing the roots by m, this reduces to a reciprocal equation. 

11. If a be an imaginary root of the equation x tl — 1=0. where a is a pume 
number ; prove the relation 

(l-a)(l -a 2 )(l -a ») (1 

^12. Show that a cubic equation can be reduced immediately to the reel-' 
prooal form when the relation of Ex. 18, Art. 24, exists amongst its co-ellicients. 

13. Show that a biquadratic can bo reduced immediately to Iho reciproca 
form when the relation of Ex. 22 ( Art. 24, exists among its cn-eflicionts. 


* 14. Form the cubic whose roots are 


at-l-a fl , a 3 -f a S a*-f-a s , 

whore a is an imaginary root of x 7 — 1 = 0. [Ana. x*+x x — 2x — 1«-0. 

When the roots of this cubic nre known, the solution of the equation 
*» — 1=0 may be completed by means of quadratics. For, suppose the throe root 
to be x v z a> x, ; then a and a 6 are the roots of % s — x^-f 1 = 0 ; a a and a* of 
**— x a x-f 1=0, and a 2 and a 6 of x 2 — XjX + l=0. It is easy to see that the roots of 
the cubic* are all real, and they may be readily found approximately by 
the methods of Chap. X . 

15, Form the cubic whose roots are 

oe + a®-f a l2 + a B , at 2 -j-x*-La ll -|-a 10 , a 4 -f a® -fa* 4 a T f 

where a is an imaginary lOot of x 1B — 1=0. [Ana. 4x-f-l=0. 

As in the preceding example, when the roots of the cubic (which are all 
real) are known, the solution of the binomial equation x 14 — 1 = 0 may be com- 
pleted by solving quadratics. Let x v x s , x 3 be the roots of the cubic, it is easily 
§een that a-f a 11 and a 0 4 a 1 are the roots of x 2 — -x 1 x-fx,=0; a 2 q a 11 and a 1 -fa 1 ® of 
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sc 1 — x t x+x t =0, and a*-j-a B nnd a c — a 7 zf x a — x a x-|-a? 2 =0. When these quadratics 
are solved, each pair of roots a, a- 2 : a 8 , a 5 , etc., may be found by the solution of 
another quadratic, as in the preceding example. 

16, Reduce to quadrutics the solution of x 17 — 1=0. 

Calling a one of the imaginary roots, we form the quadratic wjiose 
roots are • 

oq = a -|- -J- a 13 -f a 15 -f a ia -fa 8 -f a* -f a 2 , 

OC — | | g^5 a 11_| qt 16 

We easily find o 1 a 2 --4(a 1 -f a 2 )= — 4 ; hence u 1 and a t ■ are the roots of 
* 3 -fx — 4=0, and may be found by solving this quadratic. Assuming, again, 

P 1 =a-f-a 13 -f a 16 -{ ah 'I Y t = a 3 -f a 5 -}- a 14 -fa 12 , 1 
P 2 = a 9 -f-a 15 f a 9 f a 2 , J y 2 = a 10 -f a ll -j-a 7 -j-a 8 , J 

it is seen that p t , p a are the roots of x 9 - cqr — 1=0, and y t , Y* 
x l — a 2 x — 1=0. Separating again each of these into two parts, and forming the 
quadiatio who*e roots are, for oxample, a -f a lfl and a 1 *-}- a 8 , the sums of the rc ots 
in pairs are obtained ; and finally the roots themselveB, by the solution of quad- 
ratics, a a in the preceding examples. 

This and the preceding two aro examples of Causs’B method of solving 
algebraically the binomial equation x n — 1=0 when n is a prime number. The 
solution of such an equation can be made to depend on the solution of equations 
of degree not higher than the greatest prime number which is a factor in n — 1. 
When n=13, e.g. y the solution depends on that of a cubic, n— 1 boing=3 2 a in 
that case ; and when n=17, the solution is reducible in quadratics, n — 1 being 
then=2 4 . For the application of Gauss’s method it is necessary to arrange the 
n— 1 imaginary roots in a suitable cutler in each case according to the power® 
of any one of them. A “primitive root” of a prime number n possesses the pro- 
perty that when raised to successive powers from 0 to n — 2 inclusive, and divided 
in each case by n, the n— 1 remainders are all different. ( See Serret’s Cours d* 
Algebre Superieure, Yol, If. St c 3). There are several such primitive roots of any 
prime number ; e.g. f 2, 0, 7, and 11 of 13, and 3, 5, 6, 7, 10, 11, 12 14 of 17. Gauss 
arranges the imaginary roots qo that the successive indices of any one of them, 
*, are the successive powers from 0 ton-2 of ony primitive root of n. Taking, for 
example, the lowest primitive root of 13, and dividing the successive powers of 2 
by 13, we get the following series of remainders — 

124836 12 41 05 10 7; 

and these, therefore, are the s ire "=sive powers of a in order when the indices 
whieh exceed 13 are reduced by the equation a 13 = l. If the lowest primitive root 

af 17 be treated in the same way, we get the following series of remainders : 

1 3 9 10 13 5 15 11 10 14 S 7 4 12 2 6. 

On comparing these scries with the assumptions above made, it will be 
observed that in the former ca^e, viz , n=13, the twelve roots were divided into 
three sums of four each, and in iho latter case into two sums of eight each. The 
method of partition in any caa> depend* on the nature of the factors of n— 1 ; 
and it is not difficult to show in general that the product of any two such groups 

is equal to the sum < f two or more, as the student will have observed id 

the partioular applications given above, . 

The lowest primitive root in any particular case if the only one necessary 
to bs known for the applicaiioD of Gauss's method ; and this can usually 
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be found without difficulty by trial. It may be observed that one or other of the 
three simplest prime numbers 2. 3, 5, is a primitive root in the case of every 
prime number less s fhan 100, with exception of 41 and 71, whose lowest primitive 
roots are C and 7 respectively. Methods of finding all the primitive roots are 
given in the section of Sorret’s work above referred to. 

t 

17. Find by trial the lowest primitive root of 19, and hence show how to 
solve the equation x ,D — l ^=0. 

It is readily found that 2 is a positive root, and the remainders after 
division by 19 are given in the process of trial. Since 18 = 3*. 2, the solution will 
be effected by cubics and quadratics. The first cubic is found by forming the 
equation whose roots are I 

a-f a 8 -f a 7 -f a 19 -f a n -f a 1 *, \ 

0t ^ al ^ — j- Q[ 1 4 q^ 17 _j__ q^ 3 | flS 

a 4 _j- a i3^_ a 9 -fa 1 ' -fa" -fa 10 . ^ 

18. Show that of binomial equations whose degree is a prime number the 
lowest after x 17 — 1--0 whose solution depends on quadratics is a;* 67 — 1=0. 

The next prune number after 217 which satisfies the condition that n— 1 
is a power of 2 is 65537. We have, therefore, the series 3, 5, 17, 2.17, 65537, etc. , 
and Gauss remarks ( Disquisihonea AritkmcHcoe, Art. 365) that the division of a 
circle into n equal parts, or the description of a regular p 4ygon of n Bides can be 
effected by geometrical constructions when n has any of these values. 

ID. If a,, a> 2 . a 3 ...., a„ be the roots of the equation 

- Pn-i x +Pn = 0 . 

form the equation whoso roots are 

, 1 1 1 

”i+ „ • *i-r >n4 . 

a i a 2 a n 

We have here the identity 

a n -hP,r n - 1 i /V n -*+- ««)•(*-■■); 

and changing x into Art. 32), 


+ i (*- )(* - ^ )■ 

Multiplying together these identities, and dividing by x n , the factors on 

the right-hand side take the form x-f ^ ^ ; and assuming x -f i = z, 

the left-hand side cm be expressed as a polynomial of the n fh degree in z by 
means of the relations of Art. 45. 

2D. Find t' ie value of symmetric function 2’ a *^ 2 (y - the roots of the 

equation 


a 0 T* f 4a,x 3 ~| 6 o 2 x 2 -| Anyjr -fci f --0. 

This can be derived from the result of Ex. 19, p. 41, by changing the roots into 
_ f 1 IV 

their reciprocals, fanning ^ ^ J of the transformed equation, and multi- 


plying by which is equal to . 

[.4ns. ^ 0 2 i , ° l2 P*( , Y-8)*~ 48(0,* — «,«,). 
From the values of the syrnrn *tric functions given in Chapter III several 
others can bo obtained by the process here indicated. 
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* 21, Find the value of the symraetrio function ^oq-aj) 1 of the 

roots of the equation 

n(ft-l) 

a 0 x fl +no l x n "i+— j~ 2 - o 8 j; w - = + - -f«On-i®+ a e=0. . 

We' easily obtain - n \' n “l)( rt i a_fl Q a i) 1 an( l changing th? 

roots into their reciprocals we have 

€ 

22. Show that the five roots of the equation 
x 5 — 5jox® + bp 2 x 4 2g— 0 

are ^/a+R/6, 0 y<i-\ 0* */b, 0 2 S/a+O* */6, 

w*/a+o.yb, vya+vyb, 

where \/ab—p x a-\-b=—2q, and 0 is an imaginary fifth root of unity. 

N.B. — A quin tic reducible to this form can consequently be immediately 

solved. 

# 23. Write down trigonometric/;.’! expressions for the roots in the preceding 
example ; and, p being supposed essentially positive, prove — 

(1) when t? 5 <7 2 , the lOjts are one real and four imaginary; 

(2) when p*>q 2 , the ionts are all real ; 

(3) when p*-—q\ there :s a square quadratic factor. 

*24. Find the following product, where 0 is an imaginary fifth root of 
unity : — 

( a + P + Y)(<M Op 4 C 4 y)(a + 0 2 p -f- 0 3 y)(a j-0 3 p40 a y)(a4 0 4 P+0y). 

[Ans. a 6 4-P 5 -|-Y 6 — 5aPY(a s — Py). 
25. Form the biquadratic equation whose roots are 
ot 4-2iiS ol 2 +2 a 3 , a 3 +2a 2 , a* +2 a, 

where a is an imaginary root of a 5 — 1—0. [Ans. 37*4-31*—®*— 335 + 11=0, 
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55. On the Algebraic Solution of Equations. Before pro- 
ceeding to the solution of cubic and biquadratic equations we make 
some introductory remarks, with a view of putting clearly before the 
student the general principles on which the algebraio solution 
of these equations depends. With this object we give in the present 
Article throe methods of solution of the quadratic, and state as we 
proceed how these methods may bo extended to cubic and biquad 
ratic equations, leaving the subsequent Articles the complete deve 
lopment of the principles involved. 

(1) First method of solution — by assuming for a root a general 
form involving radicals . 

Since the expression p + y/q has two, and only two, values 
when the square root involved is taken with the double sign, this is 
a natural form to take for tho root of a quadratic. Assuming, there 
fore, x=p+y/q t and rationalizing, we have 
x 1 — 2px-|-p 2 — 9 — 0 . 

Now, if this be identical with a given quadratic equation 


we have 
giving 


x 2 +Px-\- Q=0, 


2 p=-P, p z -q = Q , 


* = P + V 7 ? — 


2 ‘ 


which is the solution of tho quadratic. 

In the case of the cubic equation we shall find that 

&p+ f * iVnc * fpWv V 3) 

v ip 

are both proper forms to represent a root, these expressions having 
each three, and only three, values when the cube roots involved are 
taken in all generality. 

In the case of the biquadratic equation we shall find that 

4 

y/p+y/q - f ,/pJq' y/ry/p+y/py/q 


80 
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Are forms which may represent a root, these expressions eaoh giving 
four, and only four, values of x when the square roots receive their 
double signs. 

(2) Second method of solution — by resolving into factors . 

Let it be required to resolve the quadratic x 2 -\-Px-\-Q into its 
imple factors. For this purpose we put it under the form 

sP+Pz+Q+e-e, 

and determine 0 so that 


x*+Px+Q+e 

may be a perfect square, i.e. 3 we make 


P 2 P a — 40 

*+<?=- 4 -. or *=- - t 4 V_ 


whence, putting for 6 its value, we have 

«•+*.+«-( «+4)'-(o, + ^2p3./ 


Thus we have reduced the quadratic to the form w 1 — v 1 ; and 
its simple factors are u-\-v, and u—v. 

Subsequently we shall reduce the cubic to the form 
(lar+m) 3 — (l'x-\ m') 3 , or w 3 — v 3 , 
and obtain its solution from the simple equations 
u - r— 0, u—u jv=0, u— w z v=0. 

It will be shown also that the biquadratic may be reduced to 
either of the forms 

(lx 1 + mx + n) 2 — (Vx 2 + m’x + n r )*, 
(x 2 +px+q){x 2 +p'x+q'), 

by solving a cubic equation ; and, consequently, the solution of the 
biquadratic completed by solving two quadratics, viz., in the first 
case, lz 2 -\-mx-\-n= ^=(l'x 2 -\-m f x-\-n') ; and in the second case, 
x 2 -\-px+q=z 0 , and x 2 +p'x-\-q'= 0 . 

(3) Third method of solution — by symmetric functions of the roots. 

Consider the quadratic equation x 2 +Px-\-Q=0, of which the 
roots are a, p. Wo have the relations 

a+P=-P, 

aP = Q. 

If we attempt to determine a and p by these equations, we fall 
back on the original equation (see Art. 24) ; but if we could obtain a 
second equation between the roots and co-efficients, of the form 


7 
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Za-fmp=/(P, Q), we could easily find a and P by means of this equa- 
tion and the equation a-bP— —P. 

Now in this case of the quadratic there is no difficulty in find- 
ings the required equation ; for, obviously, 

(a— P) 2 — P 2 - 4 Q ; and, therefore, ot — p = \/i >2 — 4Q. 

In the case of the cubic equation x 3 -\-Px 2 + Qx+R= 0, we 
require two simple equations of the form 

loL+n}$ + ny=^f(P, Q , R), 

jn addition to the equation a-fpdy— -i\ to determine the roots 
a, P, y. It will subsequently be proved that the functions 
(a + wp + a> 2 y) 3 , (a+a> 2 p + cuY) 3 

may be expressed in terms of the co efficients by showing the quadra- 
tic equation ; and w hen their values are known the roots of the cubic 
may be easily found. 

In this case of the biquadratic equation 

x 4 -f- Px 3 4- Qx 2 d Rx + S = 0 
we require three simple equations of the form 

hx+wP+ny+rS^/(P, Q , R , S), 
m addition to the equation, 

a+ P + y-h 8= — P i 

to determine the roots «, p, y, S It will be proved in Art. 60, that 
the three functions ' 

(P + y-a-8) 2 , (Yd-a-p-S) 2 , (a + P-y-*) 1 

may be expressed in terms of the co-efficients J>y solving a cubic 
equation ; and when their values are know n the roots of the biquad- 
ratic equation may be immediately obtained. 

56. The Algebraic Solution of the Cubic Equation. Let 

the general cubic equation 

ax 3 d~ 3fex 2 --f- 3cx -f- d — 0 

be put under the form 

c*d-3tfz+G=0. 

where 

z=ax-\-b, 11 ~ac — 6 2 , G — a 2 d — 3a6c-p 2c 3 (Art. 36) 
To solve tliis equation, assume* 

s/q ; 

♦This solution is usually culled Curdan’s tclvlun of the cubic. See note 
A at the end of the volume. 
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hence, cubing, 

z*=p+q+3Vpyq(Vp+ Vq) 

therefore, 


z 1 — 3 s/pVq . z-(p-\-q)*= 0. 
Now, comparing co-efficients, we have 


\'pVq=— H, p + q=-G ; 
from which equations we obtain 


P = H-Q + VU 2 + 4// 3 ), q = U-0- y/G 2 + *H*) ; 


and, substituting for y/ q its value 


-H 

s/p 


we have 


*>+ -fj 

as the algebraic solution of the equation 

z 3 + 3tfz fG = 0. 

It should be noted that if p be replaced by q this value of z is 
unchanged, as the terms are then simply interchanged ; also, Bince 
Vp has the three values v>, w s/p, a> 2 $'p 9 obtained by multiplying 
any one of its values by the three cube roots of unity, we obtain 
three, and on]y three, values for z, namely, 

Vp+ JI^P + UJ 2 oj 2 v>'p+ a> J/ ; 

v p v p v p 

the order of these values only changing according to the cube root of 
p selected. 

Now, if z be replaced by its value ax-\-b , we have, finally, 


ax+b= Vp + 


-H 

s/p 


(where p has the value previously determined in terms of co-efficients) 
as the complete algebraic solution of the cubic equation 


ax 3 + 3bx 2 + 3cz + d = 0, 

the square root and cube root involved being taken in their entire 
generality. 


57. Application to Numerical Equations. The solution oi 
the cubic which has been obtained, unlike the solution of the quad- 
ratic, is of little practical value when the co-efficients of the equation 
are given numbers ; although as an algebraic solution it is complete. 

For, when the roots of the cubic are real, Cr 2 -f- 4// 3 = — K 2 , an 
essentially negative number (see Art. 43); and, substituting for p and 
q their values 

i(-G±v-r) 
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in the formula & p + q, we have the following expression for a root 
of the cubic : — 

Now there is no general arithmetical process for extracting the 
cube root of such complex numbers, and consequently this formula is 
useless for purposes of arithmetical calculation. 

But when the cubic has a pair of imaginary roots, a numerical 
value may be obtained from the formula 

^ - 0+ V G 2 - 4Z7^ 1 + 0- y 

since CF-f 4/f 3 is positive in this ease. As a practical method, how- 
ever, of obtaining the real root of a numerical cubic, this process is of 
little value. 

In the first case, namely, where the roots are all real, we can 
make use of Trigonometry to obtain the numerical values of the roots 
in the following manner : — 

Assuming 2 R cos <£=—(?, and 2 R sin <p=2T, 

we have 

p—Re^ v/ ~ l , q=Re ^ v/ “ 1 j 

also tan <j>= - and R=\(G*+K*y = ; 


and finally, 


since 


271 — 

co — cos g ± V — 1 




the three roots of the cubic equation 

z*+3Hz+G=0, 

viz., Vp+ j/q, ajVp + tiPyq, + 

become 2(— i/)^cos — 2( — #)“cos ; 

o o 

from which formulas we obtain the numerical values of the roots of 
the cubic by aid of a table of sines and cosines. This process is not 
convenient in practice ; and in general, for purposes of arithmetical 
calculation of real roots, the methods of solution of numerical equa- 
tions to be hereafter explained (Chapter X) should be employed. 

58, Expression of the Cubic as the Difference of two 
Cubes. Let the given cubic 

aa^+3bx 2 +3cx+d = <f>(r) 

V 
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»1 


be put under the form 


z'+ZHz+Q, 


where z=ax-\-b. 

NoWy assuming 

z»+3 Hz+G= ^ {»i(z+v) s -v(z+/t)»}, ...(1) 

where a End v are quantities to be determined, the seoond side of this 
identity becomes, when reduced, 

Z 8 — 3/iVZ — /iv(fl + v). 


Comparing coefficients, 


fiv=— JI, ftv(fi+v)=-Q ; 

therefore 


M+v = 



V 


_ a V A 


where a 1 A =0 > -|-4£f 3 l as in Art. 42, 

*l«o (z+/i) (z+v) = z*+ -^-z— ...(2) 


Whence, putting for z its value, ax-\ -b y we have from (1) 
s^s 


/G+aA 

1 2A* 


^ ax+£»+ 


G — a A 
2 // 


*\* /G-«A 

2A* 


-)(ar+6+ 


G+aA^\* 
2H ) 


which is the required expression for <f>(x) as the difference of two 
cubes. 


By the aid of the identity just proved the cubic can {be resolv- 
ed into its simple factors, and the solution of the equation completed. 
We proceed to obtain expressions for the roots of the equation 
4>{x)=0 in terms of /x and v. Solving as a binomial cubic the equation 
(/i-v)flVW = K z +v) 3 -v(z|/i) 3 = o, 
we find the three following values for z=ax+b : — 


VP v^/x+^v), 

V P v /V (wv / p +oi 2 ^v), 

\f P \f v(aj 2 \f p +(V V v). 

If now V P and f v be replaced by any pair of cube roots select- 
ed one from each of the two series 
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it will be seen that we shall get the same three values of z, the order 
only of these values changing according to the cube roots selected. 
It follows that the expression 

‘ V> vj 

has three, and only three, values when the cube roots therein are 
taken in all generality. This form, therefore, is, in addition to that 
obtained in the last Article, a form proper to represent a root of a 
cubio equation [see (1), Art. 55]. 

The function (2) given above, when transformed and reduced, 
becomes, as may be easily seen, 

— b 2 )x 2 + (ad — bc)x + (bd - c 2 )}. 

This quadratic, therefore, contains as factors the two binomials 
ax-\-b-± ft, az+&+v, which occur in the above expression of <f>(x) as 
the difference of two cubes. 

59. Solution of the Cubic by Symmetric Functions of 
the Roots. Since the three values of the expression 

s {«+ P+T+^( a + ^PH- aj2 Y)+ 0 2 (a + w 2 P-f }, 

when 6 takes the values 1, oj, oj 2 , are a, p, Y, it is plain that if the 
functions 

0 (* -ha>p+oi 2 Y), 0 2 (a + to 2 p + a,y) 

were expressed in terms of the co -efficients of the cubic, we could by 
substituting their values in the formula given above, arrrre at an 
algebraical solution of the cubic equation. Now this cannot be done 
directly by solving a quadratic equation ; for, although the product 
of the two functions above written is a rational symmetric function 
of a, P, Yi their sum is not so. It will be found, however, that the 
sum of the cubes of the two functions in question is a symmetric 
function of the roots, and can, therefore be expressed by the co- 
efficients, as we proceed to show. For convenience we adopt the 
notation 

L = a + ajP + oj 2 Y, M = a+aj 2 p + a>Y- 
We have then 

( 0L) 3 =A + Ba>+Cco\ ( 6 2 M ) 3 = A + Bio 2 + Cw, 

^ ==a 3 + p3 +Y 3 +6a pY, £ = 3(a 2 p + p 2 Y+r 2 *), C , -3( a p 2 -|-Pr 8 +Ya > ) . 
from which we obtain 

Q 

L 3 + 2r« 3 - 3i:a 2 P + 1 2aPY = - 27 
( Cf . Ex. 6, p. 35 : Ex, 15, p. 40). 
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Again, 

(0L)( 0*3f)= LM = a* + P*+r 2 — PY Y<* - « P = - ■ 

whence (a + a)P + w 2 Y) 3 , (a+a> 2 (3 + c*rA 3 

are the roots of the quadratic equation 

C H 3 

f 2 + 3 3 , t- 3« a =0. 

' o 3 a fl 

Denoting the roots of this equation, viz,, 

Z (-0±V5 *+»>) 

by and f a , the original formula expressed in terms of the co-efficients 
of the cubic gives for the three roots 



y=-~ g < + co .7 t, y 

If will be seen that the values of a, (3, y here arrived at are of 
the same form as those already obtained in Art. 56. 

It is important to observe that the functions 
(pc+o)P-f oj 2 y) 3 , (a + o^P + cuY) 3 

are remarkable as being the simplest functions of three quantities 
which have but two values when these quantities arc interchanged in 
every way. It is owing to this property that the solution of a cubic 
equation can be reduced to that of a quadratic. Several functions of 
a, (3, y of this nature exist , and it will be proved in a subsequent 
chapter that any two such functions are connected by a rational 
linear relation in terms of the co-efficients. 

Having now completed the discussion of the different modes 
of algebraical solution of the cubic, we give some examples involving 
the principles contained in the preceding Articles. 

Examples 

Resolve into simple factors the expression 

(P-yH* -“)* My -*)’(*-- 3) a d (a- 3) 2 (.c-Y)*. 
bet 17 =:(P-y)(^- a). KHY-aMz-P). W -=(&- [})(*- y). 

[Ana. |(l7 + toF-h« a lP)(C;^^y + w VF) 

2. Prove that the several equations of the system 

(P-T) 8 ^- «) 3 = (y-«) s (* - y)’ 

"have two factors common. 
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II aking use of the notation in the last example, we have 


C7*=F>=TK* ; 

whence 

. u*— r»=(U- V)(u a +uv +v % ) =t(U-V)(U*+ r*+TT»> 

dnoe U-\-V-\-W = 0'; 

therefore, (P-y)*(a;— “) a + (Y~ a )*( a; “P) a +( a “ W*” ^ Y) 1 

is the common quadratic factor required. 

* I. Resolve into factors the expressions 

(1) (p-Y)»(*-« ) »+(r-«) i (*-P) , +(«-pj 1 (*-T) B . 

( 2 ) (p-Y)«( a! -a/+( T -a [ )‘(x-P)» + («-p) s (*-Y)‘* 1 

(3) (p— y) 7 (x— a)’ + (Y— jO'tx-pJH^-PVOe-Y)'- 

These factors can be written down at once from the results established In 
Ex. 40 f p. 4 V. Using the noration of Ex. 1, and replacing o lt p 1P yi* M the 
•cample referred to, by £7, I 7 , IK, we oovain tlie following : 

[Ans. (1) ZUl'W ; (2) s(l/'+ K*+TK 2 )17K1K ; (3) j (C/ a +^*-|- W*) % UVW. 

4. Express 

(a;-a)(j;-P)(a:-Y) 

I** «he difference of two cubes. 

Assume 


(*-a)(x-p)(x-Y ) = c,»- y,‘ 


irbcUM 


Adding, we nave 
and, therefore. 


V k —V i - - X(x — u), 

* + #* + *=0, Xa -fRp+vy^O ; 


a=pO — y)- ^=f(T _a )- v== p (*~P) ; 

but 1 ; whence 

p ! =(P-Y)(Y-“)(«-P)- 

Substituting these values of X, /*, v ; and using the notation of I. 
U x -V x =fU 9 id7 x -**V x =pV t u a V x -^V^ f W ; 


• hence 


3r7i=p(C7+w 2 K+wTF), 

-3F I -p(t/+«W+w ! W r ) ; 

and U x and V x are completely determined. 

6. Prove that L and M are functions oi the differences of the roots. 

We have L=oc -j- = ct— h-r w(£~ h)+ w*(y— A) 

lor all values of h , since 1 J-«-i w 2 — (J ; and giving to /i tho values a, y in suc- 
cession, we obtain three forms for h in terms of the differences p— y, y~«, «— t 
Similarly for M . 
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0. To express the product of the squares of the differences of the root* 
in terms of the co-efficients. 

We have 

L+Af =2at— p— y, L 4 w J A/=(2p— y— «)«*», L+wAf =(2y— «— P)«* ; 
and, again, * 

I»— Af=(P— Y)(w— «■»*), w 2 L— w M^(Y-a)(w-w s J, wL — w*Af— (a— p )(«—«% 
from which we obtain , as in Art. 26, 

L»+Af*=(2a-P-Y)(2?-Y-“;(2Y““-P). 

— ■M*= — 3 V" — 3 (P — Y)(y —■)(■— P) ; 

and since 

(L 3 -A/ a ) 2 = (L»n A/ a ) 2 -4L a Af 3 , 

we have, substituting the values of l- a 4 A/* and LAI obtained in Art. 60, 
a 6 (p — Y) 2 < Y “ «) a (* — P) v = — 27(L’ 2 -f 4H*) 

(C /. Art. 42.) 

7. ^l J rove the lolloping identities : — 

L a — Jf“== \/ - iiKP-yj* fly— ajM (tt-p) a j. 

Those are easily obtained by cubing and adding the values of 
etc. ; L— AT, etc., 

in the preceding example. 

8. To obtain expressions for L 2 , Af 2 , et in terms of the differonoes of 

P. Y- 

The following forms fur L ~ and M 1 are obtained by subtracting 

(a 1l -l-p J -|-Y 2 )(^ _ i“ w- *“ w2 )= Li<; from (ix4 wp-j-^YK and (*-j-M 2 p4*»Y) 1 ■' — 

- L- ifi — ■ YlM-w^Y-*)*-* 

- A/ - ^ ( p - y) a + M Y - “ )“ + « V - P)*- 

In a similar manner, mb mm from tlunu expressions 

-i^-ip-YW-* — P-Y) a + w (Y“ a )“<~P“Y“ a /4 ^(ac-Pl^Y-a-P) 1 , 
-Af^fP-YJi-a-P-yr + w^-p-aiyrp- Y-° t r + *-(»*-P) i (2Y— «—?)■- 

Also, without difficulty, we have the following forms for LM and L*M* : 

2/ J JV/=--^-y)--l (y-«) 2 H («-p) 3 , 

WM*- (a — P)=(o-y)- |-(P-Y)“(P- «t*4(Y— “)’(Y— P)*- 
H. There are six functions of the type of L or A/, vir., 

a-f-wp -f* w *y, w® + ^ 2 P+y, w 2 a4PH-wY t 
a-}- w 2 P-)-wy. wa4Pd w l 'y, t * ,2a 4‘ w P'Ty, 

to form tho equation whose roots are these six quantities. 

These functions may be expressed as follows : — 

L, wL, fc» 2 L, 

M t uM, ; 

hence they are the roots c»f the equation 

(9— L)(<p — wL( w-- cu"Z/)(9 — A/)(9 — 4 jA/)( 9— «*Af )=»0, 
or 9 h — (L 3 f A7 3 )9 s 4L 3 A1 j — 0. 

Substituting fur L and M from the equations 

n H G 

LM , L 3 4 Li a= - 27— , 

u“ U* 

we have this equation expressed in verms of the co-eiuCiOH Js as follows ; — 
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10. To form, in terms of L and Af, the equation whose roots are the 
squares of the differences of the roots of the general cubic equation. 

Let 

9 = (a-P)* ; 

hence, by former results, 

y/ — 3y=( t iL~ui t M. 

Rotaionalizing this, wo obtain 

I 

which is the required equation. 

In a similar manner, by tho aid of the results of Ex. 8, the equation of 
squared differences of this equation, or the equation whose roots are 

<P-Y) ! (2a-P-Y)*, ( Y — “)"(2p — ]'—«)*, (a-P) J (2Y-«-P) , ( 
is obtained by substituting — L 2 and ~M 2 for M and L y respectively, in the la^t 
equation ; and this process may be repeated any number of times. Finally, all 
these equations may be easily expressed in terms of the co-effioients of the cubic 
by means of the relations 


;io^ < 


LM= —9 


H 


and L 8 f Af* — -27 


O 


For instance, the first equation is 

»v 


”( 9 +*-*) 


+27 ”1+^0 


(C/ Art. 42.) 

11. If a, 3, y and a', 3', y' be the root* of the cubic equations 
ax* -f 3 bx 2 -f 3cx -f-d 0 f 


a'x 3 -f 3//x*4-3r/j (■ il '~ 0 ; 

to form the equation which has for roots the six values of the function 
<p = aac'+33'+yy\ 

The easiest, mode of procedure is first to form the corresponding equation 
for the rubies deprived of their second terms, riz., 

z 3 -{ 3 Hz j z*+ZH'z+G'=: 0, 

and thonce deduce the equation in tho general case ; for in the case of the cubire 
so transformed tho corresponding function 

q»o — ( aat t b)(a '<*' + &')+("P !-<>)(<*'£' + -}-(ay + fe)(oY+fc') 

= aa' <p - 3b//. 

Substituting for tho roots of tho transformed equations their values ex. 
pressed by radicals, we have 

9o~-( v'P -I- <0 ( V p + V" q') + {u y p-L** 2 i g)(w q‘) 

+ (*** v'7) (w 1 + y' 


?«-3( v vp? y + pp'q). 


which reduces to 
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Cubing this, we find 

9 0 *-27v / pqp Y" ?o- 27 (P? / H-P / ?)=0. 

Now, substituting for p and q t p' and q' t thoir values given by the equa- 
tions, 

x*+(7z-ff»=0, x t +Q'x-H‘*= 0, ' 

we have the six values of <p 0 given by the two cubic equations 

<p 0 *-27 HH'<p 0 ~ 2 J (GO'iaaVAA') =0, 


where 


a 2 A-G* + 4H 2 , and a' 2 A'=G'* + 4H''. 

Finally, substituting for <p 0 its value an' «p — 3 bb\ and multiplying these cubics 
together, we have the required equation. It may be noticed that if one of the 
cubics be x 3 — 1=0, <p=a-|-w3+M 2 Y, etc., which case has been alroady considered 
in Ex. 9. (Mr. M. Roberts, Dublin Exam. Papers , 1855) 


12. Form the equation whose roots are the several values of p, where 

P =“- p - . 
a-Y 

and a, 3, y are the roots of the equation aa; 3 4-3b.E 5 -f- 3cx-\- d=0. 

Since p involves only the differences, and the ratios of a, (3, y, the result 
will be the same if a, 3, y be replaced by the roots z lf z,, z g of the equation 
z 3 -\-3Hz+G— 0. We have, therefore, 

(2p— 1 iz 1 = — (p-f l)z 2i 




(2p-l)ip-2)_, 


(P+1) 2 


and similarly 


jj (p 2 -p+i) z s . 


whence, eliminating z lt the required equation is 

H3[p + l)(p-2)(2p-l}] 2 +(?*(p 2 -p + l)» = 0. 

13. Find the relation between the co-efficients of the cubics 
ax 3 + 3bx 2 -1- 3cx -j- d 0 , 
a'x' 3 +3b'z' 2 +3c'x'+d'= 0, 
when the roots ere connected by the equation 

*0 / -y')iP(T'- a/ )+T( a£, “P / )= () - 

Multiplying by « — w 2 , this equation becomes 
LM'—L'M. 


Cubing, and introducing the co-efficients, we find 
G 2 H' 3 =Q' 2 H 3 , 

the required relation. 

14. Determine the condition in torms of the roots and co-efficients that 
the cubics of Ex. 13 should become identical by the linear transformation 

x'=px + q. 

In this case 

«'=P<*+7, P'=PP+9, Y'=PY+S- 



98 


ALGEBBAIO SOLUTION OF THE CUBIC AND BIQUADRATIC 


Eliminating p and q , we have 

3Y / -P / T + Y“'-Y / « + ap / -a'P=0, 

which ia the function of the roots considered in the last example. This relation, 
moreover, is unchanged if for a, p, y ; a', 0', y' t we substitute 
Za+m, Z0 +m, Zy 
Z'a' + m', Z'P'-fm' Z'y'-j-m' ; 

whence we may consider the cubics in the last example under the simple forms 
z»+3tfz-)-(?=0, z'3+3H'z'+<7'= 0. 

obtained by the linear transformations z=ax-f-6, z'=a':c'-|-&' ; for if the condition 
holds for the roots of the former equations, it must hold for the roots of lihe 
latter. Now putting z'-f kz t these equations become identical if 

G' = k*Q ; 

whence, eliminating k , 

G Z H'*=Q' 2 H* 

is the required condition, the same as that obtained in Ex. 13. It may be observe 
ed that the reducing quadratics of the cubicR necessarily become identical by the 
same transformation, mz., 

g, (a'x'-\-b')^~{ax+b). 

60. Homographic Relation between two Roots of a 
Cubic. Before proceeding to the discussion of the biquadratic we 
prove the following important proposition relative to the cubic : — 

The roots of the cubic are connected in pairs by a homographic 
relation in terms of the coefficients. 

Referring to Exs. 13, 14, Art. 27, wc have the relations 
<{ (P-Y) 2 + (Y-*) 2 + (a-p) 2 } = 18(a 1 ’—a oaB ), 

a a*{ «(P— Y) 2 + P (Y— «) 2 +Y (a— P)*}"= 9 K a 3— °i a *)> 
ao 2 {« 2 (P-Y) 2 +P 2 (Y-«) 2 +Y 2 (a-P) 2 } = 18(a a »-a 1 o 3 ). 

Using the notation 

^o® 2 — cq 2 = H , a 0 a 3 — a 1 a z = 2H 1 , Qjflg q- 2 2 — H* , 
multiplying the above equations by a (S, — (a+P), 1, respectively, and 
adding , since, 

a 2 — a(a+P) + ap = 0, P 2 -P(a + P) + «P = 0 

we have 

V(P-Y)(Y-a)(a-p)*=18{£r«P+iy i («+p)+ff l }; 

but 

a 0 4 (P-Y) 2 (Y-«) 2 («-P) 2 =-27 a =10 S(HH t -H?) 

( see Art. 42) ; whence 

*V-t(^V- p+ ^- +w+ ^ 
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and, therefore, 

*«?+(*,+-* y-f>+ (fl,- >+"•-». _ 

which is the required homographic relation. It is to be observed that 
the coefficients in this equation involve one irrational quantity, the 
second sign of which will give the relation between a different pair 
of the roots. 

61 . First Solution by Radicals of the Biquadratic. Euler’s 
Assumption. Let the biquadratic equation 

ax 4 + 4 -f ticx“ + 4 dx -f- 1 — 0 

be put under the form (Art. 37) 

z' -\-Mlz 2 i-±Gz - f u 2 I- 3// 2 — 0, 
where z==ax-\-b, 

H = ac --b~, I = ae — 4tbd-\-3c 2 , G = d~d— 3a6c+26 3 . 

To solve this equation (a biquadratic wanting the second term) 
Euler assumes as the general expiession lor a root 

s=Vp- i-VH-v'* - - 

Squaring, 

z*-p-q-r^,2(\ / qVr+Vr\ / p+VpVq)- 

Squaring again, and reducing, we obtain the equation 

z'~ Hp + q-'r^z 1 - Hzy/pVqVr Mp-rS+r)* — 4 ( < Z r + r P + Pff)= s 0. 

Comparing this equation with the former, we have 

dr l G 

p-\-q-Vr — 'MI,qr-' r rp \-pq =-',lIP- 4 , VfV <lVr= — 2 • 
and consequently p, r/, r are the roots of the equation 

\-( , 0 . ...(l) 

or, since 

-G ,2 « 4 IP- u?HI-\ a*J< (Art. 37), 

where 

J ■E=ace-\-2bcd—ad' £ ^eb' i — c 3 , 
this equation may be written in the form 

H{t l-//) + aV- 0 ; 

and finally, putting t-\~ H = a 2 0, vvo obtain the equation 
4 cj 3 ^ 3 — lud-\-J =0. 


...( 2 ) 
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This is called the reducing cubic of the biquadratic equation ; 
and will in what follows be referred to by that name. When it is 
necessary to make a distinction between equations (1) and (2), we 
siiall refer to the former as Euler’s cubic. 

Also, since* f = fe 2 — ac-\-a 2 d ; if 0 U d 2 , 0 3 be the roots of the re- 
ducing cubic, we have 

p = b 2 —ac+a 2 6 l9 q = b 2 ~ac-\-a 2 6 2f r = 6 2 — ac+a 2 0 a ; 
and, therefore, ! 

z = y/b 2 — ac+a 2 0 1 -|-\/6 2 — ac-\-a 2 0 2 -\-\/b 2 —ac+a 2 9 3 . \ 

If this formula be taken to represent a root of the biquadratic 
in z, it must be observed that the radicals involved have not com^ 
plete generality ; for if they had, eight values of z in place of four 
would be given by the formula. The proper limitation is imposed by 
the relation 

VpVqVr=— 2 1 

which (lost sight of in squaring to obtain the value of pqr) requires 
such signs to be attached to each of the quantities Vp, \q , y/r, 
that their product nu\y maintain the sign determined by the above 
equation ; thus — 

VpVqVr=Vp[ - Vq)( - Vr)=(-Vp)Vq( - V?) ' 

={-Vp)(-Vq)Vr 

are all the possible combinations of y/ p, \/q , y/ r fulfilling this 
condition, provided that y/ p, \/q 9 y/r retain the same signs 
throughout, whatever those signs may be. We may, however, 
remove all ambiguity as regards sign, and express in a single 
algebraic formula the four values of z, by eliminating one of the 
quantities V p, yj q , y/r from the assumed value of z by means 
of the relation given above, and leaving the other two quantities 
unrestricted in sign. The expression for z becomes, therefore, 

a formula free from all ambiguity, since it gives four, and only four, 
values of z when y/ p and y/q receive their double signs : the sign 
given to each of these in the two first terms determining that which 
must be attached to it in the denominator of the third term. And 
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finally, restoring to p 9 q 9 and z their values given before, we have 
ax+b=^/b t —ac+a i d 1 + y/b*—ac-^a*Q % 

0 

2 y/b 2 —ac-\-a 2 dy ^/b t —ac-\-a i 6 t • 

as the complete algebraic solution of the biquadratic equation ; 6 1 and 0 % 
being roots of the equation 

4o 3 0 3 — 7a0+ J =0. 

To assist the student in justifying Euler’s apparently arbitrary 
assumption as to the form of solution of the biquadratic, we remark 
that, the second term of the equation in z being absent, the sum of 
the four roots is zero, or Zi+z 2 +z 3 +z 4 =0 ; and consequently the 
functions (Zj+Zg) 2 , etc., of which there are in general six (the combi- 
nations of four quantities two and two), are in this case reduced to 
three ; so that we may assume 

(Z2 + Z3) 2 =( Z L + Z i) 2 = ±P, 

( Z 3 + Z l ) 2 = (-2 + Z i ) 2 — fyi 
(z 1 +z 2 ) 2 = f 2 3 +z 4 ) 2 = 4r ; 

from which we have z l9 z 2 , z 3 , z x , included in the formula 

P+x'q- rV^* 

We now proceed to express the roots of Euler’s cubic (1), and 
also those of the reducing cubic (2), in terms of the roots a, p, y, & of 
the given biquadratic in x. Attending to the remarks above made 
with reference to the signs of the radicals, we may write the four 
values of z=ax+b as follows : — 

«a+6= V p—Vy— V r > 
ap+fc=— Vp+Vq— V r > 

°Y +b=-Vp-V9+Vr, 
a8+6= V p-\-Vq-\-V r \ 

from which may be immediately derived the following expressions for 
p 9 q 9 r the roots of Euler’s cubic : — 

P= W ( P+Y-a-S )l , 

?= fe 

r =Y e (*+P-y-S)*- 


...( 4 ) 
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Subtracting in pairs the equations (3), and making use of the 
relations above written between p, q, r .and 0 1? 0 2 , 0 3 , we easily estab- 
lish the following useful relations connecting the differences of the 
roqts of the cubics (1) and (2) with the differences of the roots of the 
biquadratic : — 

4 (q-r) =4fl*(ff 1 -«3) = -a*(p-Y)(a-8), 
4(r-p)=4a?(6,-6 1 ) = -a*(y-oi)(?> 8), ...(5) 

4(j* — ?) ~4a 2 (0 1 — 0 2 ) = fl 3 (a — P)(v— ^). 

Finally, from these equation, i, by aid of the relation 

we derive the values of f) lt 0 2 . 6, in terms of a. 3, y, 8. 
viz., , 

120j = (y a)(P 8) (a — P)(y — S), \ 

12S 2 = (a — P)(Y — 8) — (P — Y )(“ — 8), \ 

ll2®,=0-TXa-8)-(Y- -a)0-S). \ 

Examples 

1. When the biquadratic lias twu equal roois, tin 1 reducing cubic has two 
equal -roots, and conversely. 

2. When the biquadratic has three roots equal, nil the roots of the reduc- 
ing cubic vanish, and consequently J— 0, 0. 

3. When the biquadratic has two (list met pairs of equal rnnl^ tv o of the 
roots of Euler’s cubic vanish , and consequently it 0 u ’/. 1:2//’. o 

4. Prove the following relations Ik 1 ween the luqu.idi.i* w and Euler’s 
cubic with respect to the nature of tlie roots ■ — 

(t) When the roots of ti c biquadratic aic all r i . 1 1, (he root 4 ' of Euler’s 
cubic are all real and positive. 

(it) When the roots of the biquadratic arc all imaginary , the roots of 
Euler’s cubic are all real, two being negative and one positive. 

(iii) When the biquadratic lias tun real and two imaginary roots, Euler’s 
cubic has two imaginary roots and one real positive root. 

These results follow readily from equations (4) when the proper forms are 
substituted for a, p, y, 8 in the values of p r/, r It is to he observed that all 
possible cases are here comprised, the biquadratic being supposed no! to have 
equal roots. It follows that the converse of each of these propositions is true. 
Hence when Euler’s cubic has all ito roots real and positive, we may conclude 
that all the roots of the biquadratic arc real ; when Euler's cubic lias negative 
roots, we conclude that all the root* of the biquadrat tc are imaginary ; and when 
Euler’s cubic has imaginary roots, we conclude that the biquadratic has two 
real and two imaginary roots. 

5. Prove that the roots of the biquadratic and the rooi-s of the reducing 
Cubic an connected by the following relations : — 

y i) When the roots of the biquadratic are cithor all roal, or all imaginary, 
the roots of the reducing cubic are all real ; and, conversely, when the roots of 
the reducing cubic are all real, the roots of the biquadratic are either all real ot 
all imaginary. 
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(n) When the biquadratic has two real, and two imaginary roots, the 
educing cubic has two imaginary roots ; and, conversely, when the reducing 
cubic has two imaginary roots, the biquadratic has two real and two imaginary 
roots. 

These results follow readily from the preceding example, since the lbots 
of the two cubics (i) and (ii) are connected by a Teal linear relation. 

6. When H is positive, the biquadratic has imaginary roots. 

For in that case the roots of Euler’s cubic cannot be all positive, 

7. When / is negative, the biquadratic has two real and two imaginary 
roots. For the reducing cubic has in that case two imaginary roots (Ex. 12, 
P- 26). 

8. When H and J are both positive, all the roots of the biquadratic are 
imaginary. 

For since .7 is positive, the reducing cubic has a real negative root ; 
therefore, also Euler’s cubic has a real negative root, since f~a 2 0— 77, and H is 
positive ; and this is case ( ii ) of Ex. 4. It is implied in this proof that the lead- 
ing coefficient a is positive ; if a J be substituted for J in the statement of the 
proposition no restriction as to the sign of a is necessary. 

9. Show that the two biquadratic equations 

A -f 6.4 t x 2 ± 4 A 3 x + A 4 = 0 

have the same reducing cubic. 

10. Find the reducing cubic of the two biquadratic equations 

a: 4 — Gte 2 ±8xy/ 3 +m 3 -(-n 3 — 3/mn-}-3(4m?i— Z 2 )=0. 

[ Ana . 0»-3mn0-(m»+n»)=O. 

11. Provo that the eight roots of the equation 

\x4-Glx 2 + mmn -7=)] 2 =-_64(Z3-|- 7rc«-{-n 3 — 3lmn)x* 
are given by the formula 

VM-m+n+V’ 

(Compare Ex. 20, p. 27). 

12. If the expression 

•\fl -f m -f n -f- yfl + um + -f- V'Z -f w*m + un 

be a root of the equation 

z 4 +6Hz 2 +4Gz+a > /-3H 2 =0, 
determine ff, /, *7, in terms of I, m, n. 

[Ans. H— — 1 , <z 0 2 /=12mn, a 0 3 «7— — 4(m 8 +n 8 ). 

13. Write down the formulas which express the root of. a biquadratic in 
the particular cases when 7=0, and J= 0. 

14. Express, by the aid of the reducing cubic, I and J in terme. of the 
differences of the roots a, (3, y, 8, (See Exs. 16, 18, Art. 27.) 

15. Express the product of the squares of the differences of the roots 
a, 3, y, 8 in terms of / and J. 

By means of the equations (5) above given, and the equation (2), p. 66, 
we obtain the result as follows : — 

a # (3— y) 2 (y— a) 2 (a— 3) 2 ( b— S) 8 (P — 3) 8 ( Y “&) 8= 256(7*— 27 J 1 ). 
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16. What is the quantity under the final square root (viz., that which 
occurs under the cube root in the solution of the reducing cubic) in the formula 
expressing a root ? [Ans. 27 J 1 — i 1 . 

, 17. Prove that the co-efficients of the equation of squared different:! of 
the biquadratic equation o 0 x 4 -|- 4 o 1 i*-|- 6 o 1 ® B -|- 4 ajX-|-o 4 =.0 may be expressed in 
terms of a 0 , H , J, J. 


Removing the second term from the equation, we obtain 

2 7— 3 


t 6tf _ 40 a 0 2 /-3tf 2 A 

* t+ T/ y+ a<> y+ ' -* =° ; 


and changing the signs of the roots, we have 


y'+irr 


IQ 


' /r-4 


These transformations leave the functions (a— (3) 2 , etc., unaltered ; but G 
becomes — G, the other co-efficients of the latter equation remaining unchanged ; 
therefore, G can enter the coefficients of the equation of squared differences in 
even powers only. And by aid of the identity of Art. 37, G 2 may be eliminated, 
introducing a 0 , if, J, J. In a similar manner we may prove that every even 
function of the differences of. the roots, a, [J, y, S, may be expressed in terms of 
o 0 , J7, 7, J, the function G of odd degree not entering. 

62. Second Solution by Radicals of the Biquadratic. Let 

the biquadratic equation 

ax 1 - 1- 4 bx z + 6cx 2 + 4 dx +6=0 


be put, as before, under the form 

z* + 6 Hz 2 + 4Gz + a 2 / - 2 = 0, 

where z = oi+ 6. 

We now assume as the general expression for a root of this 
equation 

V r + y/r Vp + Vp V<b* 

a formula involving three independent radicals, y/ p, V q, y/r. 
Squaring twice, and reducing, we have 

(z 2 - qr - rp - pqf = 4 pqr[2z +p + q+r ) , 


or 

2 i _ 2 (qr + rp +pq)z 2 - 8 pqrz + (qr + rp +pq ) 2 - 4(p + q+ r)pqr=-- 0. 
Comparing this equation with the former equation in z, w'e 
easily find 

0 a 2 I—\2H 2 

qr+rp+pq= -3/7, pqr= — g~,p+q+r= 2Q l 

whence, p, q , r are the roots of the equation 

2Gt 3 +(l 2H 2 — a 2 I)t 2 — SHGt + G 2 = 0 . 

This equation may be readily transformed into Euler’s cubic, 
or making directly the substitution 
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H-a*e 

and putting for (T 2 its value in terms of H, 1 9 and J, we may reduce 
it to the standard form of the reducing cubic, viz., * 

4a 3 6 3 -IaB+J=0. 

It is important to observe that in the present method of solu- 
tion we meet with no ambiguity corresponding to that of Art. 61 ; 
for the expression here assumed as the value of z has, in virtue of 
the double signs of tne radicals contained in it, only four values , while 
the form assumed for z in the preceding Article has eight values. 
This appears from the identical equation 

2(VqV r ~\- V^Vp+VpV q) = (V p-\-V q+V r ) z "P~^ < i~~ r > 

which showB that the number of distinct values of the radical expres- 
sion of the present Article is the same as the number of values of 
(VlH- Vq+V r ) 2 > namely four. 

In order to express p, q, r in terms of the roots a, P, Y> 8 of 
the biquadratic, we have, giving to x the four values a, p, Y» 8, 

z 1 =acL^ r b = VqV r —V r Vp—VvV q> 

z 2 = afi-\-b= —y/'^Vr+VrVp — VpV <1> 

2 3 = ay (-6 = — V<lV r -V r VP+VpVq> 
z 4 = aS \-b^ VqV r +V r Vp+ V PV ! 7 - 
The student may easily satisfy himself that no combination of 
the signs of the radicals can lead to any value different from these 
four. 

From the values of z 2 -\-z 2 —z 1 ^z 4 , and z 2 z 3 — z 4 z 4 , we obtain 
a(p + Y-a -8) = — q\/ r' t 
a 2 (pY-a8)-r-a6(P -h7-*-8)= 4 J»vW r - 
From these and similar equations we have, employing the relation 
— 2pqr t the following modes of expressing p, q t r in terms of the 
roots a, p, Y> 8 

3y , . 8G 

“ P== °P+ Y -«-* ' a=(li+Y-a-S)=’ 

Ya - PS . 

-'1 y - j- a p- S 1 « 2 (y+ a- P - S)* ’ 

*3— yS 

r ~ a a }-p— Y— ^ <i 2 (a fP— Y— 8) 2 ’ 

63. Resolution of the Quartic into its Quadratic Factors. 

Let the quartic 


ax 4 - i- 46.E 3 -j- 6 cx 2 + 4 dx + 1 
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be supposed to be expressed as the difference of two squares* in the 
form 

(ax 2 + 2bx + c -f- 2a 0) 2 — ( 2 Mz + N ) 2 . 

Multiplying the given quartic by o, and comparing it with 
this expression, we have the following equations to determine M, N, 
and 6 : — __ 

M 2 =b 2 — ac-\-a 2 d, MN=bc-ad-\-2abd, N 2 ~(c+2ad) 2 —ae. 

Eliminating M and N from these equations, we find 
4a 3 0 3 — (ae— 46d+3c 2 )a0+ace+26crf— ad 2 -- eb 2 — c 3 =0, I 

which is the reducing cubic before obtained. \ 

From this equation, we have three values of 0(0 l9 0 2 , 0 3 ), with 
three corresponding values of M 2 , MN, N 2 ; and thus all the co-effiv 
cients of the assumed form for the quartic are determined in three\ 
distinct ways ; moreover, it should be noticed that to each value of 
M corresponds a single value of N , since 
MN=--bc-ad+2abd. 

The quartic 

(ax 2 +2bx+c+2a6) 2 -(2 Mar 4 N) 2 
may plainly be resolved into the two quadratic factors 
ax 2 +2(b-M)x+c+2a6-N, 
ax 2 |-2(6 + M )jr+r + 2a0~\-N 

When 0 receives the three values 0 L , 0 2 , 0 3 , we obtain the three 
pairs of quadratic factors of the original quartic, and the problem is 
completely solved. 

In order to make clear the connexion betweeen the present 
solution and the solution by radicals, let us suppose that the roots of 
the quadratic factors in the order above written are p, y and a, 5 ; 
and that the roots of the remaining pairs of quadratic factors 
are similarly y, a and p, S ; oc, p and y, 8. We have, therefore, 

P+y= — ^ (6— MJ, y+a— -- ~ (6— Jfj), a fP— — — (b— -Ws)i 

a+S= — ^ (6+Mj), P + 8=- 2 a (b+M 2 )< y + 8 = - a (b+M 3 ), 

•The reduction of the quartic to the difference of two squares was the 
method first employed for the solution of the equation of the fourth degree. 
This mode of solution is due to Ferrari , although by some writers ascribed to 
Simpson (see Note A). The method explained in the following Article, in which 
the quartic is equated directly to the product of two quadratic factors, is due to 
Descartes. 
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where 

M 1 = \/b 2 -ac-\-a 2 8 i , M 2 = \/b 2 —ac+a 2 d 2 , M 2 = \/b 2 —ac+a 2 6 3 . 
Subtracting the last equations in pairs, we find 

P+Y-r«— 5=4 Y+«- -p-8=4 «+p-Y-8=4-^ 3 

and since 

a+ P+Y+S--4 

we obtain av.+b=^ —M 1 -f M z + M 3 , 

ap-(-6= M t — M 2 -\~M 3 , 
ay+6= M x -\-M 2 — 

a^~{-b=—M 1 —M 2 —M 3 . 

It appears, therefore, that the roots of the biquadratic are here 
expressed separately by formulas analogous to those of Art. 61. The 
values of M 2 , viz., if 2 2 , Jlf 3 2 , are in fact identical with the roots 
of Euler’s cubic in the preceding Article. There exists also with 
regard to the signs of the radicals involved in M l , M 2 , M 3 , a restric- 
tion similar to that of Art. 61 ; since, in virtue of the assumptions 
above made with respect to the roots of the quadratic factors, 
we have the equation 

a 2 (?+Y-a~S)(Y+a-p--S)(a-fp--Y-S) = 64ilf r 1 ilf 2 3/3. 
which implies the following relation (.sec Ex. 20, p. 41) : — 

M x M 2 M 3 —\G ; 

and by means of this relation the signs of M u M 2 , are restricted 
in the manner explained in the previous Article. 

By aid of the equation last written we can eliminate Jf 3 from 
the expressions for the roots, and thus obtain, as in Article 61, all the 
root6 of the biquadratic in a single formula, viz., 

G 

ax+b=M 1 +M t — . 

in which the radicals M x = \/b 2 — ac-\-a 2 6 iy and M 2 = \/b 2 —ac+a 2 6 2 
are taken in complete generality. 

Examples 

1. Form the equation whose roots ftro X, /*, v, viz., 

py+aS, ya-tfJS, ap + yS. 

Adding the last co-efficients of the quadratic factors oi the quartic, we 

havo 

PY4-®& = ^0i"f 2 
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Y«-fp&=40 1 +2 


aP+YS^O.H^ -L, 


\ 


wharo 0 1P 0 a , 0 a are the roots of the reduoing cubio ; hence the required equation. 
(Cf. Exs. 4, 5, Art. 39). [Ana, (az-2c)®-4/(ax-2c) + 10J=O. 

2. Express, by means of the equations of the preceding example, the roots 
of the reducing cubic in terms of the roots of the biquadratic. 

2c 

Substituting for - - its value in terms of a, 3, y, 8 , wc find immediately 

120 1 =2^— v = (y — a)(3 — 3)—(a — P)(y— 3), 
l20 a =2/*— v— X=(a — p)(y— 8)— (p— y)(a— S), 

120 a =2v — X— Ms (p — y)(a — 8) — (y— a)(P — 8). 

[Cf (6). Art. 61]. 

3. Verify, by means of the expression for 0 lf 0 V 0 3 in Ex. 1, the conclu- 
sions of Ex. 5, Art. 61, with respect to the manner in which the roots of 
the biquadratic and reducing cubic are related. 

4 Form the equation whose roots are the functions 
HPy-«S)(P + y-a-S), i(y a -pS)(y + a c-3-8), J(ap-y8)(at+ P-y-8). 

From the quadratic factors of the quartic, we find 


43/. 2N 

a =P+Y-“-S> - =PY-“*. 


also 


MyN^bc —ad-\- 2abQ 1 — — 

the roots of the required cubic being represented by fl lt 

We obtain, therefore, the required equation by a linear transformation 
of the reducing cubio. (a 2 0-f 6c— od) s — 6®I(a B 0-f 6c— ad)— 2b*J=0. 

5. Form the equation whose roots are 

3y— a8 ya — 38 aP — y8 

3 “by — ® — 8 1 y-|- -a — p — 8 * a-t-p — y — 8 


If denote any one of these functions indifferently and 0 the corresponding 
root of the reducing cubic, we have, employing former results, 

MN bc-od+2abQ 

-20- u r=- b 2_ ac + a *Q ; 

and thus wo obtain the required equation by a homograpbic transformation of 
the reducing cubic. This formula may bo put under the moire convenient form 

* i° 


by means of which we obtain the required cubic in the following form : — 
2G(o0+6)»+(o a l-12H»)(a9+fc)*-6H(?(a9+&)-G a =O f 
which, expanded and divided by o s , becomes 

2G0 s -p (o 2 e + C6 a c — 9oc 2 -f- 2abd) 0 3 H- 2( abe +2b*d — 3acd)<f> 4 - b*e — od 1 0. 
(Cf. Ex. 14, p. 70). 
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6. Form the equation whose roots are 

“’-(p Y -«S) s , ~ ( T a-p«)», (ap-yS)*. 

These are the three values of N* in the foregoing Article. Representing, 
as before, one of these values by 0, we find that the required equation may’ be 
obtained from the reducing cubic by means of the homographie transformation 

2bcd—ad 2 —eb z -\-4abdQ 

— 0 ~ . 

* 7. Form the equation whose roots are 

Py — aS yoc — p8 afi— yS 

( P+f)®*— "l a + 5 )Py * (y + a ) PS - ( p + S )ya’ ~ (i-f P)y8-(y+Jj«p’ 

The required equation is obtained from the reducing cubic by the homo- 
graphic transformation 


cd—be-\-2ad0 

dr-ce-^acQ 


The result may be derived from Ex. 5 by changing the roots into their 
reciprocal, and making the corresponding changes in the coefficients. 


64. The Resolution of the Quartic into Quadratic Factors. 
Second Method. Let the quartic 

ax 4 + 4 bx 3 + 6 cx 2 + 4 dx + e 

be supposed to be resolved into the quadratic factor* 
a(x 2 -\-2px+q)(x 2 + 2px+q). 

We have, by comparing these two forms, the equations 

P+P' = 2^ , q+q'+*PP' = 6 pq'+p'q=2~,qq'= ...(1) 

If now wc had any fifth equation of the form 

F(p, q, p\ 

we could eliminate p , p\ q , q ; and thus find an equation giving the 
several values of <f>. 

The fifth equation might be assumed to be pp' = <f>, or q-\-q'—<f>; 
and in each case would be determined by a cubic equation, since 
each of these functions, when expressed in tenns of the roots of the 
biquadratic, has three values only. It is more convenient, hbwever, 
to assume 



the two functions of p 9 p', q 9 q her© involved being equal by the 
second of equations (1). We easily find, by the aid of those equa- 
tions, 

. , 4abc—2a 2 d 8 b</> 

pq+pq = +- a ; 
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and eliminating p, p\ q , q\ by means of the identical relation 

(2> 2 +i>'W+g' 2 ) = (pq'-p'qF+lpq+p'q')*, 

there results the equation 

4 a 3 ^ 3 — 0, 

which is the reducing cubic obtained by the previous methods of 
solution. 


Having thus found pp' , or q~\~q’ , we may complete the resolu- 
tion of the quartic by means of the equations (1). I 

The reason for the assumption above made with regard to the 
form of the fifth equation is obvious. From a comparison of the 
assumed values of with the equations of Ex. 1, Art. 03, it appears 
that <f) is the same as 0 in the preceding ArticJe ; and, therefore, we 
foresee that the elimination of p, p r . q , q\ must lead to an equation 
in (f> identical with the reducing cubic before obtained. In general, if 
<j, represent any function of the differences of 7^, v, and consequently 
an even function of the differences of a, y, 6 (net Ex. 18, Art. 27), 
the equation whose roots are the different values of </> cannot involve 
any functions of the coefficients except a, H,J, and 

If (f> be assumed equal to any of the expressions In the second of 
the following examples, the equation in 9 whose roots are the differ- 
ent values of this exjjression is formed as in the above distance by the 
elimination of p, p\ q , q. 

Examples 


i. Resolve into quadratic factors 

z* + mzt+Wz+a*! - 3 H*. 
Comparing this form with the product 

(z s b2j7z-hg)(z ! -2i)z+g'), 
we find the following equation for p : — 

4p'+l2Hp*+l2 (fl«- “jf ) p'--Q l =0 ; 

and putting 

+ H = g'-2H), 

this equation, when divided by a 3 , becomes 

4a 3 <p 3 -Li 9 j .7 0. 


[c/. (1), Art. 61] 


2. If a quartic be resolved into the two quadratic factors 
x'+px+q, p’x + q\ 

prove that 9 is determined by a cubic equation when it hu all possible values 
corresponding to each of the following types : — 

, q-q' pq'-p’q pq'-p'q 
q~rq » p — p' * p—p / " q — q' 

(p-p')*, (p-p')(g~q'). (q-q')\ (pq'-p'q )‘ ; 
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and by an equation of the sixth degree when it has all values corresponding to 

p> <b p-p'f q-q', pq'-p'q* or p--±q. 

Expressing these functions in terms of the roots, tlio number of possible values 
of each function becomes apparent. 

65. Transformation of the Biquadratic into the Recipro- 
cal Form. To effect this transformation we make the linear substi- 
tution x—ky-{- p in the equation 

ax 4 + 4bx 3 + 6cx 2 + 4d x + e =0 , 
which then assumes the form 

ak V + 4 UJsY+tUJPy* + 4 Ujcy + t/ 4 = 0, 

where 

U x = ap + b 9 C7 2 = ap 2 + 26p+c, ?7 3 = ap 3 +3&p a +3cp-|-d, etc. 

(see Art. 35). If this equation be reciprocal, we have two equations 
to determine k and p, viz., 

ak*=U i9 WXJ^kUi ; 

eliminating k, we have the following equation for p : — 

aUf-U*U € = 0 ; 

and since 

Lj\ _ rtp 3 +:Wp a +3cp+d 

U 1 " ap+6 

there are two values of fc, equal with opposite signs, corresponding to 
each value of p. 

The equation 

aU*-U*Ui--=0, 

when reduced by the substitutions (Arts. 36, 37) 
am^Uf+SHUi+G, 
a 3 U € = US + 6HU* - 1 - 4 GL\ + a z I - 3 H\ 

becomes 

2GUS + (a 2 1 — 1 2H 2 ) US — 6GH U 1 —G 2 =0, ...(1) 

which is a cubic equation determining U Y = ap-\-b ; and if we put 

op+6 “ cte-H' 

B is determined by the standard reducing cubic 

4a 3 0 3 ~lad+ J-0. 

This transformation* may be employed to solve the biquadratic; 
and it is important to observe that the cubic (1) which here presents 

♦This method of solving the biquadratic by transforming it to the recipro- 
cal form was given by Mr. S.S. Greatheed in the Camb. Math . Joum. Vol. I. 
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itself differs from. the cubic of Art. 62 only in having roots with 
contrary signs. 


We proceed now to express k and p in terms of a, p, y, S, the 
roots of the biquadratic equation. Since the equation in y, obtained 
by putting x=hy+ p, is reciprocal, its roots arc of the form y l9 

t/., — - . * : hence we may write 

V2 ’ yi 

«=^4P, ?=fcy*-rP, * -If, S=^i-+p; j 

Vi Vi 

and, therefore, 


(a— p)(S — p) = (P-p)(Y-p)=fc*, 

from which we find 


f+ T-a-S 


and 


„_(Y— a)(P— S)(a— p)(y — S) 
(p+y--'a-S) 2 


An important geometrical interpretation may be given to the 
quantities k and p which enter into this transformation. Let the 
distances OA, OB, OC, OD , of four points A, B, C\ D , on a right line 
from a fixed origin 0 on the line be determined by the roots a, P, y, 8, 
of the equation 

ax 4 +4&x 3 +6cz 2 + 4dx+ e = 0 ; 


also let Oj, 0 2 , 0 3 be the centres ; and .F/ ; F 2 , F 2 ' ; F 3 , F 3 ', the 
foci of the three systems of involution determined by the three follow- 
ing pairs of quadratics : — 

(*— P)(*-Y)=0, (x— a)(a;-8)=-0 ; 

(* — Y)(* — «) = 0, (z-(i)(x-8)=0 ; 

(x-a)(x-(J)=0. (a:-Y)(x-S)=0. 

We have then the equations 

0 1 5.0 1 C'=0 1 ^.0 1 Z>=0 1J F 1 2 , etc., 
which, transformed and compared with the equations 
(P — P)(Y — P) = (<* — p)(8 — p) = fc 2 , etc., 
prove that the three values of p are 00 19 00 2 , 00 3 , the distances of 
the three centres of involution from the fixed origin 0. Also since 
0 1 F?=k* i k has six values represented geometrically by the distances 
O x F l9 O x FJ ; 0 2 F 2i 0 2 F 2 ; 0 3 F 3 , 0 3 F 3 \ 
where + = 0, etc., as the distances are measured in opposite 

directions. 
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We can from geometrical considerations alone find the positions 
of the centres and foci of involution in terms of «, (J, y, 6, and thus 
confirm the results just established, as follows : — 

Since the systems {F^BF^C} and {F^F^D} are harmonic, 

2 1 1 1 _ 1 

F l F 1 ’~~F~B + ~FjO = ~F 1 Ar + F X D ’ 
and if x represents the distance of F x or F r ’ from the fixed origin O, 
we have 


1 11 1 

x— p x — y x — a x — 6 

Solving this equation, we find 

Pr-a5 , V-(Y~al(p-5)( a -p)(y~6) 
P+Y-a-S p+y-a-6 

or x=p=t k. 


whence 


n OF.+OF,' 

P= -6 ’ 


OF^OF^ 


^0,F V 


Example 

Transform the cubic 

ax* -\-$bx 2 +3cx -\-d 

to the reciprocal form. 

The assumption x =ky -{- p loads to the equation 

-GU*+3H 2 U 2 +H*= 0, where U x sap +6. 

The values of p are easily seen to be 

Py— ** ya— p 2 ap— y* 

P ’ Y+i-isp' a+p— 

The geometrical interpretation in this case is, that if three points 
A\ B f , C\ be taken on the axiB euch that A' is the harmonic conjugate of A 
with respect to B and C, B' of B with respect to Q and A, and C ' of O with res- 
pect to A and B ; then we have the following values of p and k 

OA+OA' . OA—OA' 

p 2 -fc 2 

For the vaiuos of OA', OB', OC', in berms of a, p, y, see Ex. 13, p. 71. 

66. Solution of the Biquadratic by Symmetric Functions 
of the Roots. The possibility of reducing the solution of the 
biquadratic to that of a cubic by the present method depends on the 
possibility of forming functions of the four roots a, P, y, 6, which ad- 
mit of only three values when the&e roots are interchanged in every 
way. It will be seen on referring to Ex. 2, Art. 64, that several func- 
tions of this nature exist. These, like the analogous functions of Art. 
59, possess an important property to be proved hereafter, viz., any 
two such sets of three are so related that any one function of either 
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set is connected with some one function of the other Bet by a rational 
homograph) c relation in terms of the coefficients. 

For the purposes of the present solution we employ the func- 
tions already referred to in Art. 55, since they lead in the most direct 
manner to the expressions for the roots of the biquadratic in terms 
of the coefficients. We proceed accordingly to form the equation 
whose roots are the three values of 

when the loots are interchanged in every way, and — 1. ^ 

These values are 

‘,.( P+ V T T ;\ 

and since 

(P+Y — a — 6) s = 2'a 2 -J-2A — 2/i — 2v, 

27(a — p) J = 3Z'a 2 — 2A — 2;* — 2v= — 48 H 

we find the following values of t u t 2 , t 3 

2A-p-v H *2fi — v — A II 2v-A-p. II 

12 " 2 12 a 2 12 

H 

whence t L -f 1 2 + f 3 = - 3 — r 

Again, since 

r(2/x--v-A)(2v-A-^)^-3(A 2 +^Hv 2 ^^v-vA-AH--|^(^-~v) 2 , 

and ^(/x— v) 2 ^=24-^ 3 , 

we hav^ 


V a + ^3^1 + Va — 3 - 


-96 


Hence the equation whose roots are t l9 t 3 becomes 
/ a 2 T\ G 2 

(a 2 0 3 +3#(a 2 l) 2 +( 3tf 2 - ^ J (aH)- =0 ; 

or, substituting for 0 2 its value from Art. 37, 

4(a 2 £ + H ) 3 - a 2 I(a*t +H)+a*J= 0, 

which is transformed into the standard reducing cubic by the sub- 
stitution a 2 t-\-H=a*Q, 
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To determine a, (3, y, 5 we have the following equations : — 

— a+P+Y— S=4-v/fi, a— P+ y— 5 = 4v / < 2 . a+P— Y— 8=4VV 

along with * + P+Y + 8=— 4 ^ ; 

^ • 

from which we find 

b 

a ~ cT~~ ^ + V *2 + V ^3’ 

a +V h ~ V ^2 -[‘V *3, 

T=- * +\/*i +Vh-Vh, 

6 =- — V*i v / t 2 -^t 3 . 

We have also from the above values of \/ ^ , V ^2 V *3 the 
equation 

G 

Vt\ \/ f 2 V ^3 2a s ’ 

by means of which one radical can be expressed in terms of the other 
two, and the general formula for a root shown to be the same as 
those previously given. 

It is convenient, in connexion with the subject of this Article, 
to give some account of two functions of the roots of the biquadratic 
v Inch possess properties analogous to those established in Art. 59 for 
corresponding functions of the roots of a cubic. Adopting a notation 
similar to that of the Article referred to, w r e may write these func- 
tions in terms of A, v in the following form : — 

^ = (pY + c'-S) + oj(Ya+p 6 )-f ai a (aP'fY 8 ), 

d/ = (PY + a5)-rOJ 2 (Ya-hP6) + cii(ap-br 8 ). 

By means of the equations of Ex. 1, Art. 63, these functions 
can be expressed in terms of the roots of the reducing cubic in the 
form 

\ L — 0 X + co6 2 o> 2 0 3 , \M—d l + oj a 0 2 + tu0 3 . 

They may also be expressed, by aid of the equation of the present 
Article connecting t and 0 , in terms of the values of t lf t 2 , as 
follows : — . 

~M —t x a^a- 

The functions L and M are as important in the theory of the 
biquadratic as the functions of Art. 59 in the theory of the cubic. 
The cubes of these expressions are the simplest functions of four 
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quantities which have but two values when these quantities are inter- 
changed in every way ; they are the roots of the reducing quadratic 
of the reducing cubic above written, and underlie every solution of 
the biquadratic which has been given. 

Examples 

1- Show that L and M are functions of the differences of a, p, y. 
Increasing a, p, y, 8 by h, L and M remain unaltered, since l-j-u+w 2 =0. 

2. To find in terms of the coefficients the product of the squares of . the 
differences of the roots a, p, y, 8. 

From the values of L and M in terms of 0 A , 0 a , 0 3 , we find easily 
120 1 ~ L- 1- M t L— M=(P — y)(a — &)(«* — w), 

120 2 — « 2 L-j-toilf, w 2 L — toilf — -(y— a)(p~ 8)(to 2 — to), 

120 a — toL -|-to a Jlf, toL — to z JVf— (a — p)(y — 8)(w 2 — to). 

Again, from these equations, multiplying the terms on both sides to- 
gether, and remembering that 0 r 0 8 , 0 a are the roots of 

4^ 3 O 3 -/n0 + 7-0, 

we find 

L’+M*=-M2 J ~, 
a 3 

£ 3 -^ 3 =3v / -3(P-t)(y-«)(«-P)(«-S)(P-S)(y-S); 

also, adding the squares of the same terms, wo have 

2LM=24 -(P -Y^a-Sj'+tY-aHP-S^+^-WY- 8 )* '• 

and, since 

(X3- M 3 ) 2 = (L» + >, 

substituting for the quantities their values derived from former equations, we 
have finally 

0 . ( p— Y)*(Y-«)>-P)*(«-S>*ip-S)»(Y- 8 r=256(l»-27J i ‘). 

3. Show by a comparison of the equations of Art. 50 with those of the 
present Article that the results of the former may be extended to the biquadratic 
by changing 

P-Y. Y~“> “-P into — (P— Y)(“— *)• — (Y — “HP— 8 )- — (« — P)(Y — *)» 

4 

respectively ; and, at the same time, H into — j /, and 0 into 10J. 

67. Equation of Squared Differences of a Biquadratic. 

In a previous chapter (Art. 44) an account was given of the general 
problem of the formation of the equation of differences. It was pro- 
posed by Lagrange to employ this equation in practice for the purpose 
of separating the roots of a given numerical equation ; . and with a 
view to such application he calculated the general forms of the equa- 
tion of squared differences in the cases of equations of the fourth and 
fifth degrees wanting the second term (see Traite de la Resolution 
des Equations Numeriques, 3rd ed. % ch. v., and note m). Although for 
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practical purposes the methods of separation of the roots to bo 
hereafter explained are to be preferred ; yet, in connexion with the 
subjects of the present chapter, the equation of squared differences 
of the biquadratic is of sufficient interest to be given here. We pro* 
ceed accordingly to calculate this equation for a biquadratic written 
in the most general form. It will appear, in accordance with what 
was proved in Ex. 17, Art. 61, that the coefficients of the resulting 
equation can all be expressed in terms of a, H , 7, and J. 

The problem is equivalent to expressing the following product in terms of 
the coefficients of the biquadratic 

r?-(P-Y) 2 ] [9-(Y- a )*J [9-(“-P) a ] [<P-(«-*) a ] [9-(P-S) 4 ] [?-(Y-S) 2 ]. 

The most convenient mode of procedure is to group these six factors in 
pairs, and to express the three products (which we denote by rr a , tt,) separately 
in terms of the roots of the reducing cubic, and finally to express the produot 
Wj tz 2 Wj in terms of o, H , /, J . 

i^bvMO-y )*+(«- » )*] 9 + (P - “ Y)^(* — * >■ ; 

and, by aid of the results of Art. 61 we easily derive the following expressions for 

<P-Y 



-V'-'WO 


hence, without difficulty, 

)c<+ 4 “r- 486 i 9 .- 




Introducing now for brevity the notation 

16 H=o 2 P, 4/=a J Q, 16 J = a*R, 9 *4-P<p+Q s ^ f 
becomes t p 4 8 ^ 9 — 480 a O s> 

Reducing the product tt 4 n a tt 3 by the result of Example 18, page 72, we 

obtain 


^3 + 3^*_ (4 g cp2 _ hl8 ^ ?) ^_ (8/2(p 3 + 1 2g2 (p 2_ f 3 6 Q i2(p _ f . 27i j2 )=:=0 

Finally, restoring the value of we have tho equation of squared differences ex- 
pressed in terms of P, Q % R, ** follows : - 

9 fl + 3P'P 5 + l3P 2 -h2Q)(p4-l-(^ s + 8^Q-^R)< P ® 

+(6P2Q-7Q 2 -18PP)9 l +&Q(PQ_6fl)9+4Q»-271P==0. 
Tlie following is the final equation in terms of tz, if, I, J * ■ — 


+ 48a «ff f s + 8<z*(96#* + a*iV + 32 ( 1 28H* 4- 1 6 a*HI - 1 
+ 16(384H-/-7a 2 P-288affJ)^ 2 -}-n5flC2H/-3oJ)/9 +256(P-27J«)=»0. 

It should bo observed that the value above obtained for n l can be 


expressed ad a quadratic function of Q 4 by aid of the equation 6,0,= 0^— 


I 

4a* 


and the subsequent calculation might have been conducted by eliminating 6, 
between this quadratic and the reducing cubic. 


* The equation of squared differences was first given in this form by 
Mr. M. Roberts in the Nouvelles Annales dt Mathema tiques, vol. xvi. 
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68. Criterion of the Nature of the Roots of the Bi- 
quadratic. Before proceeding with this investigation it is necessary 
to repeat what was before stated (Art. 43), that when any condition 
with respect to the nature of the roots of an algebraic equation is 
expressed by the sign of a function of the coefficients, these coefficients 
are supposed to represent real numerical quantities. It is assumed 
also, as in the Article referred to, that the leading coefficient does not 
vanish. 


Using as before a to represent that function of the coefficients 
(called the discriminant) which is, when multiplied by a positiv^ 
numerical factor, equal to the product of the squares of the differences 
of the roots, we have, from the results established in preceding, 
Articles, the equation 


afl (P — Y) 2 (Y — a ) 2 ( a — P) 2 ( a — S) 2 (P — 8) 2 (y— 8) a =25G A , 
where a=7 3 — 27J 2 . 


It will be found convenient in what follows to arrange the dis- 
cussion of the nature of the roots under three heads, according as — 

(1) a vanishes, or (2) is negative, or (3) is positive. 

(1) When a vanishes , the equation has equal roots. This is 
evident from the value of a above w r ritten. Four distinct cases may 
be noticed — (a) when two roots only are equal , in which case I and J 
do not vanish separately ; (|3) when three roots are equal , in which case 
7=0, and *7=0, separately (see Ex. 2, Art. 61) ; (y) when two distinct 
pairs of roots are equal , in which case we have the conditions Gr=0, 
a 2 I — 12// 2 — 0 (Ex. 3, Art. 61). It can be readily proved by means of 
the identity of Art. 37 that these conditions imply the equation 
A —0 ; hence these two equations, along with the equation a =0, 
are equivalent \Jo two independent conditions only. Finally, we 
may have — (8) all the roots equal ; in which case may be derived from 
Art. 61 the three independent conditions 0, 7=0, and J=0. 
These may be written in a form analogous to the corresponding 
conditions in case (4) of Art. 43. 

(2) When A is negative , the equation has two real and tivo ima- 

ginary roots . This follows from the value of a in terms of the roots ; 
for when all the roots are real a is plainly positive ; and when the 
proper imaginary forms, viz., hzt.ky — 1, h' ±k' — 1, are substituted 

for a, P, Y« it readily appears thitt a is positive also when all the 
roots are imaginary. j 

(3) When a is positive , the roots of the equation are either all real 
or all imaginary. This follows also from the value of a , for we can 
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show by substituting for at, |J the forms h±lcy/ — 1 that a is negative 
when two roots are real and two imaginary. In the case, therefore, 
when a is positive, this function of the coefficients is not by itself 
sufficient to determine completely the nature of the roots, for it 
remains still doubtful whether the roots are all real or all imaginary. 
The further conditions necessary to discriminate between these two 
cases may, however, be obtained from Euler’s cubic (Art. 61) as 
follows : — In order that the roots of this cubic should be all real and 
positive, it is necessary that the signs should be alternately positive 
and negative ; and when the signs are of this nature the cubic 
cannot have a real negative root. We can, therefore, derive by the 
aid of Ex. 4 Art. 61, the following general conclusion applicable to 
this case : When a is positive the roots of the biquadratic are all 
imaginary in every case except when the following, conditions are ful- 
filled, viz., H negative , and a l I — 12H 2 negative ; in which case the roots 
are all real. 

Examples 

I. Show that if H be positive, or if H=0 (and 0 not=0), the cubic will 
have a pair of imaginary roots. 

Show that if H be negative, the cubic will have its roots — (1) all real 
and unequal, (2) two equal, or (3) two imaginary, according as O'* is — (1) 
lees than, (2) equal to, or (3) greater than -4 H». 

3. If the cubic equation 

a#:* + 3o t * s -f 3(1^ + a 8 = 0 

have two roots equal to a ; prove 



where a 0 a 0 a t -a L a 2 = 2 H u a 1 a B -a l >aff l . 

4- If oa; 3 -l-36aj | -l-3ca5-hd-|-Jfc(x-.r)» 

be a perfect cube, prove 

(ac— b a )r* + (ad— bc)r -f(6d— c*)=±0. 
5. Find the condition that the cubic 
ax 1 + 36x* + 3cx -fd 

may be capable of being written under the form 

where p 1# Yj **© the roots of the cubic 

Oi®* -f- 36|® a -f" 3cjX -j-dj— 0. 
Comparing the forms we have 

- 6=?«,+»ftp l +»Y 1 , 
e=i“i , +* n Pi , +ny, , J 
-</=/«,»+ mpj'+nyi*. 
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Atoo c 1 a4»H-36 1 « 1 l -|-3ci«i-hci 1 =0, etc. 

Whence, multiplying these equations by d lt Sc t , S6 lt a u respectively, and adding, 
wfi find the required condition 

[ad x — a x d) — Z[bc x — b x c) = 0. 

6. If a, p, y be the roots of the cubic equation 

rationalize the equation 

V ®-a+ \f *-£ + ^ x-"y*=0 ; 

and express the result in terms of coefficients a* a lt a u a 3 . I 

[Ane. 126C7 1 *+30OHt7 l 1 +128OC; i -48H t ^O. 

7. If a lf p 4 and a a , p, be the roots of the quadratic equations \ 

a 1 af , -J-26 1 x+c 1 =0, a 2 x 2 -f2b a x-|-c a =0 ; 
find the equation whose roots are the four values of a x n 9 . 

Lot H x ma x c x — b x * § — 6, 2 , 

[ Ans . 2b x b t y+c x c t )*— 4£T l H t q> a =0. 

N.B . — This and the two following Examples may be solved by expressing 
by radicals involving the coefficients. 

8. Employing the notation of Ex. 7, form the equation whose roots are 
the four values of 

Let 2/£ &s 5a 1 c l -{-a l c 1 +2& 1 6 1 . 

[A ns. [2o 1 o 1 9 l +2(a 1 6 1 +a t 6 I )<p + K lt ]*- H X H % = 0. 
In this Example the resulting biquadratic is such that G=0. 

9. In the same case, if 9=| (*i— s*) 1 , form the equation whose roots are 
the several values of 9. 

Let M = a x b t —a % b Xl 2fl ll sa 1 c l + o,c 1 - 2b x b t . 

[Ana. [ ( 2a 1 a 2 9 -f if 13 )* — 2Af *9 -f H X H B ] , = 4H X H l (a 1 a 2 9 

10. Show that when the biquadratic has a double root, the cubic whose 
roots aro the values of p (Art. 65) has the same double root ; and find what this 
cubic becomes when the biquadratic has three roots equal. 

11. If H and J be both positive, prove directly (without the aid of Euler’s 
cubic) that the roots of the biquadratic are all imaginary. 

It appears from the expression for H in terms of the roots (Ex. 19, p. 42) 
that when H is positive there must be at least one pair of imaginary roots 
h±k yHT. Now diminishing all the roots by h , and dividing them by k (which 
transformations will not alter the character of the other pair of roots y, nor 
the signs of H and J), the biquadratic may be put under the form 

(*"+4|w+«)(* , + 1 ), 

or af 4 + 4p»*-|-6cx*+4px-bg, where 0c=g+ 1 ; 

whence H=c— p*, /=g— 4p a 4 3c*, 

J=gc-f2p*c— p 2 {q+l)-c*=c(q—ip % — c # ), 

?- 4p.^c» + y 


and, therefore, 
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or 

proving that y and S are imaginary when H atad J are positive (c/, Ex. 8. 
AH. 01). 

12. If the biquadratic hai two distinct pairs of equal roots, prove dirfectly 
the relations 


a 0 8 I= 12/I 2 , afJ=SH*. 

In this case the biquadratic divided by o 0 assumes the form 


where and = — ’ 

whence, comparing the forms 


*•— 2 fcV + fc 4 

and z* + 0Hz* + 4Gz + a 0 *I - 3 tf a , 

we find 3H=— fc 1 , G=0, a 0 a /-3ff 2 =:fc\ 

from which the above relations immediately follow. The student will easily 
establish the identity of these relations with those of Ex. 3. Art. 61. Also 
it should be noticed that in this case only one square root is involved in 
the solution of the biquadratic [coming from the solution of the biquadratic 
(*-■;(*-)})]. 

13. Find the condition that the biquadratic maybe capable of being put 
under the form 


Z(x 2 +2px 4-$) 2 4-m(x l +2p.x +g) +n. 

In this case the secund and fourth co-efficients are removed by the same 
transformation, and the general solution involves only two square roots.! 

[Ana. 0=0. 

14. Prove that J vanishes for the biquadratic 


m[x— n)*— n(x— m) 4 . 

15. If the roots of a biquadratic, a, p, y, 3 ropresent the distances of four 
points from an origin on a right line ; prove that when these points form 
a harmonic division on the line the roots of Euler’s cubic are in arithmetic pro- 
gression, and the roots of the Art. 02 in harmonic progression. 

16. Form the equation whoso roots are the six anharmonio functions of 
four points in a right line determined by the equation 

a 0 x 4 -f 4ojX« + 6a a x 8 -f-4a 3 x + o 4 = 0. 

The six anharmonio ratios are 


1 1 1 
?i’ 9, ’'9l ’ ,s ’ ?V 


where 


T,= (Y-«)(P-*I A-v 9,-9,’ 

__<P— Y)(“— ®> J*—? ®«ZL e * 

9,— <*— Pi(y — * > ~ X ~~ 9,-97’ 


_(Y-«) (P-S ) v-X 9,-B, 

<p— Y)(«-*j " v-J* 9,-9, 1 
alio the equation whose roots are 

(p-Y)(a-*), (y-«j(P-»), («-p)( Y -J| 
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is one of the oubics 

«*»<»— 12a e Z*±16\/i 8 — 21J*=0. 

The equation whose roots are the ratios, with sign changed, of the root* 
of fithtr of these cubica is 

4A(9 2 -? + l)»-27IV(<p_l)»=0 (*se Ex. 15, p. 72), 

where A = / 8 — 27J 2 . 

Th® roots of the equation in 9 are the six anharmonio ratios. This equa- 
tion can be written iu a more expressive form, as will appear from the following 
propositions : — 

(а) The six anharmonic ratios nvy be expressed in terms of any one o^ 

thjm, as follows : — ^ 

_ i , 1 9—1 <p 

9 ’ <P ’ 1 — 9 9 ~ * 9^1' 

From the identical equation 

we have the relations 

which determines all the anharmonic ratios in tormB of any one of them. 

(б) If two of the anharmonic ratios become equal, the six values of <p are 
“ « ftQ d — « a , each occurring three times ; and in this case 7=0. 

For suppose ? A =<p a ; we have then from the second of the above relations 

< Pi , -9i+l=0 i 

whence 91 ^ — to, or — w* j 

and substituting either of these values for 9 in (a), we find all the anharmonic 
ratios. 

Also Bince 

X — /* — V 

+j^5T =°. or 2 (M-v)*=0, 

we have 

7 2 <i 0 a 4 — 4a l a s 4- 3a B 2 = 0. 

(c) When one of the ratios is harmonic, the six values of 9 are —1, 2, 
each occurring twice ; and in this case J=0 ; for if 

, X-p. 

?i“ — 1, x _ v = — 1, or 2X-/*-v=0, 
one of the factors of J (see Ex, 18, p. 41). 

(d) These results, as well as the converse propositions, may be proved by 
writing the sextic in 9 under the following form {see Ex. 12, p. 97). 

^ r(9 + 1 )(9 -2)(9 - J)] 2 - 27 J*\ (9 -I- W )(9 +co 2 >] 3 
17. Show that the equation 

3 9 -fl4.T + l \ 8 x(x— l) 4 
pM-TV+T ) p a -l)< 

is satisfied by the solutions which follow : 


( 


(i 1 _Jvp) 4 * wh ® r8 °‘ =1 - 
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18. Express j9) 4 (Y— 5) a as a rational function of 8 lf 0 I? 0, ; and ulti- 
mately in terms of the co-efficients of the quartic. 

r / 2 if \ 00 

[An*. -128J(0 1 -0 3 )i(0 1 + o2 -j = — ^ (4H/+3oJ). 

19. Express 

'(pa_ T 2 ) 2 (aa _ S i )2 + ( Y l_ flt *) , ( pS_J 2 ; . + ( (X *_p 2 )t( T 9 _ 8 Y 

as a rational function of 0 lt 0 3t 0 S . 

This symmetric function is equivalent to 

(/4,*-v«)*+(^-X > J>+(>.*-/**)* = 250i'(e,_0,)» (fl,- 

20. Form the equation whose roots are the several products in pairs of 
the roots of a biquadratic. 

The required equation is the product of three factors of the type 

1 (9-0Y)(9 — aS)=9 2 — Xq>4- a ^<p 2 — 2 a ~ 9 + ~ a 4<p9 r 

[Ana. (a 9 2 — 2c(p+e) a — 4/<p z (a9* — 2c9-)-e)-|-16J9 # =0. 


21. Form the equation whose roots are the several value? of — » where 
®» P. Y. & are the roots of a biquadratic. 

The required equation is the product of throe factors of the type 

( P+Y \/ a +S \ 6 #*+v b c 

2 ) = ^+ 2 a * + 4 

[Aria. 4(o9 2 + 26cp-l-c) 8 — /(a9 z -|-2&9+C)-l- .7=0. 

22. Prove 


1 91 /3aJ-2HI \ 

£ (a-P ) 2 _ 2 V i 3 -27J2 ) 

From the expressions for a 5 p, S in terms of 0 lt 0 2j 0 3t we have 
1 1 p 2 0 1 + 2f/ a z 0 a -h2/7 a=0 s +2 H\ 

* (*~P)* = ~2n4.(8«— 0j)“ + («i-8,)’ J’ 

which may be expressed in terms of a, H, /, J, as above. 

23. Prove “°- 

if /sO, and m of the form 3p or 3p + l t p being a positive integer. 

24. Prove that 

U = ax z -f ci/ 8 + ez 2 -f- 2di/z -f- 2cz® -f 2bxy 


can be resolved into the sum of difference of two squares if 


J=ace-\-2bc<l — ad z — c6 z — c 3 =0. 


Here aU&(ax+by-\-cz)'*-\-(ac—b 2 )y 2 -{-2(ad—bc)yz+(ae—c 2 )z*. 
and ( ac — b*)y 2 + 2(od — bc)yz -j-(cte — c^z* 

is a perfect square if 


or .7=0. 


{ac—b 1 )(ae—c 3 ) = (ad—bc) i t 


25. If a, p, y. $ b© ^ ie roof 8 of the equation 
a^-J^cqa* + Oog®* +4a 3 ® + a 4 =0, 
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solve, in terms of the co-efficients a 0 , a u etc., the equation 
V x— a + y/z~ y-f- y/x— B=0- 

When y'oc+yp-f y'y-fV^O 

is rationalized, and the co-efficients substituted for a, p, y, 8 , we have 
(3a 0 a t '—2a 1 z ) 2 —a 0 a a i . 

Now, substituting U U u C7 a , l/ 3 , U 4 for a 0 , a x , a t , a 3 , o 4 , and reducing, we find 

1 / a 0 2 /\ 

0 ^ + 01 =-^ 3H* - 4 - / 

26. To obtain the equation of differences of a biquadratic, the equation 
of semi-sums (Ex. 21, p. 123), and solve the biquadratic by one and the same 
transformation. \ 

Substituting x'-j-p for x, and using the notation of Art. 65, we have \ 
ax'* + W x x + 6t/ a x' 2 + 4C7 a x' + U t = 0. \ 

We can suppose x' and p to have such values as satisfy the two equations 

«s'*+6C7 8 x' a +r 7 4=0, U^+U^O ; 

from winch it appears that corresponding to any value of p there are two values 
of x' equal with opposite signs, and when x' 2 is eliminated wo find an equation, of 
the sixth degree for p. To obtain the values of p and x/ in terms of the roots 
** P, T, of the biquadratic, assume 

o^-x^— a, pi— x/=p, whence 2p 1 = a+P, 2x 1 '=a-p. 

The equation in x\ therefore, obtained by eliminating, p, is the equation 
of semi-differences, and the sextic in p the equation of sumi-sums. By the mode 
of reduction of Art. 65 the latter equation can be readily expressed in the form 
4C/ 2 3 — (Compare Ex. 21.) 
To solve the biquadratic, we have from the last equation U 2 =nQ, whore 0 
is a root of the reducing cubic ; hence 

l7i=ap+&=Y o2 0-ff ; x' 2 =-(j^ = =~tf( i U i 2 +3 H +7J7 ) ' 
from which, finally, 

c + b=U 1+ cx'=V^'-H +\/ -o 5 6-2/r-^— - ■ 

an expression. with only four values, in which the root of tho biquadratic is ex- 
pressed in terms of a single root of the rcducii g cubic. 

27. Prove that every rational algebraic function of a root 0 of a given 
cubic equation can in general be reduced to the form 

go+A j 

D'+bp 

Let the given function be ^ , where 9(8 ) and <p(9) are rational integral 

functions of 6 of any degree. By successive substitutions from the given cubic each 
of these may be reduced to a quadratic. Hence the given function is reducible 
to the form 

q 4-Cifl't’qO* 

c£q + cij0 -I - dj0* 
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Equating this to the form written above, and reducing by the given cubic, we 
obtain an ideiitictel equation, viz. t L 9 4-L l 0-fL a 0 a 3O, where L 0 , L u L % are linear 
functions of C 0i C u D 0t D v We have, therefore, the three equations L § = 0, L x =* 0, 
L a =0, to determine the ratios of (7 e , C l9 D 0 , D v 

28. Prove that the solution of the biquadratic does not involve the ex- 
traction of a cube root when any relation among the roots «, p, y # 8 exists which 
can be expressed by the vanishing of a rational function of a root 0 of the reduc- 
ing cubic. 

Any rational function of 0 can always be depressed to the second degree, 
as in the preceding example. Hence the determination of 0 will not involve the 
extraction of a cube root ; c.nd the formula of Ex. 2G shows that the expression 
for the root of the biquadratic will not then involve any cube root. 

29. Find in each case the relation which connects the [roots of the 
biquadratic when the equation 

4p 3 — /p-f- .7=0 

is satisfied by any of the following values of p : — 


H \/ac—c I—J tax \ 1 tn 

(1) -5T. (2) «. (3) 0, (4) 2 (5) ? 4 ’ (6) V 13 ’ ( * 3/’ (8) " 


ad— be 
2b ’ 


[Ans. (1) P-j-y-a-S^O, (2) p+y^0, (3) (y— oc)(P— S)— (a— P)(y— *)= 
(4), (8) py— a8=0, (5) (y-«)(P-S)- U («-p)(y-8)=0, (6), (7) (P-y)=0. 

30. Prove the identity 

<(P- 27»7 2 } = (« 0 2 / — 3H 2 )(rr 0 -/ — 12// ? ) 2 -| 27 G*(Q n --\ 2<i b *J). 

This may be proved as follows . — Putting <^=0 in the values of I and J, and ex- 
panding, it readily appears that the part of A independent of a l may be thrown 
into the form 

'ViK ' 7 4 - $ a t*Y +2la 0 n 1 -(2a o a l a l - a t aj - 2a a s ). 

Now, replacing a a , a 3i « 4 by A it A 3 , A 4 , and substituting for the latter 
quantities the values of Art. 37, we obtain the result. —Mr. M. Roberta. 

31. When a biquadratic has two equal roots, prove that Euler’s cubic 
has two equal roots whose common value is 

3aJ-2H7 
21 1 


and hence show that the remaining two roots of the biquadratic in this case are 
real, equal, or imaginary, according as 2HI—$aJ is negative, zero, or positive. 

32. Prove that when a biquadratic has —(l) two distinct pairs of equal 
roots the last two roots of the equation of squared differences (Art, 67) vanish, 
giving the conditions A=0, 2HI—'3oJ=Q ; and when it has —(2) three roots 
equal, the last three terms of this equation vanish, giving the conditions /=0, 
J=0 ; and show the equivalence of the conditions in the former case with those 
already obtained in Ex. 3 Art. 61, and Ex. 12, p. 121. Prove also that the equa- 
tion of squared differences reduces in the former case to 9 1 (o*9-|-122?) 4 . and in 
the latter case to 9 s (a B 9-f~16i7) 3 . 



CHAPTER VII 

PROPERTIES OF THE DERIVED FUNCTIONS 

69. Graphic Representation of the Derived Function. 

Let APB be the curve representing the polynomial f(x), and P the 

point on it corresponding to any 
value of the variable x—OM. We 
proceed to determine the mode 
of representing the value of /'( jt) 
at the point P. Take a second 
point Q on the curve, correspond 
ing to a value- of x which exceed^ 
OM by a small quantity h. Thus' 
OM--x, MN=h, ON ~x-\-h ; also 
PM ~-f(x), QN-f(x-' r h). 

Fig. 5 . The expansion of Art. 6 



f(x+h) ==/(*) +f(x)h 


or 

But 




Now, when h is indefinitely diminished, the point Q approaches, and 
ultimately coincides with, P ; the chord PQ becomes the tangent PT 
to the curve at P ; the angle PRN becomes PTM. Also all terms of 
the right-hand member of equation (1) except the first diminish 
indefinitely, and ultimately vanish when A= 0. The equation (1) 
becomes, therefore, 

tan PTM=---f'(x ) ; 

from which we conclude that the value assumed by the derived func- 
tion f(x) on the substitution of any value of x is represented by 
the tangent of the angle made with the axis OX by the tangent at 
the corresponding point to the curve representing the function f(x). 


70. Maximum and Minimum Values of a Polynomial. 
Theorem. Any value of x which renders f(x) a maximum or 
minimum is a root of the derived equation /'(z)=0. 
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Let a be a value of x which renders f(x) a minimum. We pro- 
ceed to prove that f'(x)= 0. Let h represent a small increment or 
decrement 6i x. We have, since /(oc) is a minimum, 
f(ct)<f(oL+h) } also /(a) <f(a.—h) ; 

hence /(a+.A)— /(a), and /(a — h)— /(a) are both positive, t.e., the 
following two expressions are positive : — 

f'(«)h+- r $ W- 

Now, when h is very small, we know (Art. 5) that the signs of 
these expressions are the same as the signs of their first terms ; hence, 
in order that both should be positive, /'(a) must vanish ; and, more- 
over,/"^) must be 'positive. An exactly similar proof shows that 
when /(a) is a maximum /'(oc)-=0, and]" {on) is negative. Thus in order 
to find the maximum and minimum values of a polynomial f(x), we 
must solve the equation 0, and substitute the roots in f(x). 

Each ropt will furnish a maximum or minimum, the criterion to 
decide between these being the sign of J*(x) when the root is substi- 
tuted in it— token f*(x) is negative , the value is a maximum ; and when 
J"(x) is positive , the value is a minimum. 

The theorem of this Article follows at once from the construc- 
tion of Art. 69 ; for it is plain that when the value of f(x) is a 
maximum, as at P , P' (Fig. 6), or 
a minimum, as at p , p , the tan- 
gent to the curve will be parallel 
to the axis OX , and, conse- 
quently, 

tan PTM =f'(x)=Q. 

Fig. 6 represents a polynomial of 
the 5th degree. Corresponding 
to the four roots of /'(*)= 0 
(supposed all real in this case), 
viz., OM , Om , OM', Om', there 

are two maxima, MP, M'P' ; and two minima, mp 9 m f p\ 

Examples 

1. Find the max. or min. value of 

f{x) = 2x 2 +x—6* 

/'(*)=* ac+l,/"(*)=4. 

1 . , - 4 # 

*=*— makes /(*)— — g — a minimum* 

(See Fig. 2, p. 120 
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2. Find the max. and min. values of 

/(a 0 = 2x»— 3x a _36z + 14, 

f'{x)= tt(x 2 — X — 6), /' 1(£C) = o(2a; - 1 ) . 
x— —2 makes /(ay) =68, a maximum. 
z= 3 makes /(x)= — 67, a minimum. 

3. Find the max. and min. values of 

f{x ) = 3** — 1 6x s + 6a;2 - 48a- + 7 . 

Heie/'(.c)- 0 lias only one ieu.1 root, ; and it gives a minimum value, 
/(*)=- 345. 

4. Find the max. and min. values of 

f(x)=E 10a; 3 — 17a: 2 -|- a; +6. 

The roots of/'(ac) are, approximately, -0302, 1*1031. The lormer gives a 
maximum value, the latter a minimum. [ See Fig. 3, p. 12]. 

71. Rolle’s Theorem. Between two consecutive real root\ a 
and b of the equation f(x)=0 there lies at least one real root of the eqikm- 
tionf'(x)=0 . 

For as x increases from a to b , f(x) 9 varying continuously from 
/(a) to /(&), must begin by increasing and then diminish, or must 
begin by diminishing and then increase. It must, therefore, pass 
through at least one maximum or minimum value during the passage 
from/(a) to f(b). This value (/(a), suppose) corresponds to some value 
oc of a: between a and 6, w hich by the theorem of Art. 70 is a root of 
the equation f'(x) =0. 

The figure in the preceding Article illustrates this theorem. 
We observe that between the two points of section A and B there are 
three maximum or minimum values, and between the two points B 
and C there is one such value. It appears also from the figure that 
the number of such values between two consecutive points of section 
of the axis is always odd. 

Corollary. Two consecutive roots of the derived equation may 
not comprise between them any root of the original equation , and never 
can comprise more than one. 

The first part of this proposition merely asserts that between 
two adjacent zero values of a polynomial there may be several 
maxima and minima ; and the second part follows at once from the 
above theorem ; for if two consecutive roots of /'(x)- 0 comprised 
between them more than one root of /(:r) = 0, w e should then have two 
consecutive roots of this latter equation comprising between them no 
root of f'(x) =0, which is contradictory to the theorem. 

72. Constitution of the Derived Functions. Let the roots 
of the equation f(x) = 0 be oc lf ocg, a 3 , a n - We have 
fix) = (x—a^z — a z ){x — <x a ) . . . (z— a„) ■ 
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In this identical equation substitute y-\-x for x ; 

f{y+x)=(y+x- a 1 )(y+x-« J )...(y+x-a„) 

where 

=x— <x,+x— a 2 +x— ct 3 +...4x— 

«* =(*— — otj)+(* — KiK^— *3) + ••■ + ( ar— 


?n-i=(*-a 2 )( a; -as)-"( a: -'«n) + (a:-a,)(a;-a3)...(a:-a n ) + ... 

+(*—«i)(*— **)••■(* 
q n =(*-a,)(a;-(x a )(a:-a 3 )...(a:-a„). 

We have, again, 

f{y+x) =/(*) +/'(*)y + 4^*1 y* + • . . + y " . 


Equating the two expressions for /(i/ + x), we obtain 
/(a5)=(x-a,)(x-o,). 

/'(x) = (x— a 2 )(x-a 3 ).. .(x — a„)+ as above written, 

/*(*) 

-r^'^the similar value of q n 2 in terms of x and the roots, 

1 . u 


The value of /'(*) may be conveniently written as follows 


/»= 


/(*) 

X — oq 


+ 


./(*). 

x-a 2 


+-+i 


/<*) 


a n 


73. Multiple Roots. Theorem. A multiple root of the order 
m of the equation /(x) = 0 is a multiple root of the order m— l of the first 
derived equation /'(x)=0. 

This follows immediately from the expression given for f'(x) in 
the preceding Article ; for if the factor (x- a!) 1 " occurs in/{x), i.e., if 
oq= «,= =<x m ; we have 

x oc A ' x— a w+1 x -a n 

Each term in this will still have (x— 0L x ) m as a factor, except the 
first, which will have (x— a 1 ) m " 1 as a factor ; hence (x— a j)” 1 * 1 is a 
factor in /'(x). 


Corollary 1. Any root which occurs m times in the equation 
/(x) = 0 occurs in degrees of multiplicity diminishing by unity in the first 
wi— 1 derived equations . 
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Since f(x) is derived from f'(x) in the same manner as f(x) is 
from f(x ) 9 it is evident by the theorem just proved that f”(x) wiJI 
contain (x — a j)" 1-2 as a factor. The next derived function, /"'(x), will 
contain (x— oq)” 1 ' 3 ; and so on. 

Corollary 2. If f(x) and its first m — 1 derived functions all 
vanish for a value a of x, then (x — a) m is a factor in f(x). 

This, which is the converse of the preceding corollary, is most 
readily established directly as follows : — Representing the derived 
functions by f Y (x), / 2 (x),..., f m -i[z) (see Art. 6), and substituting 
ot+x— a for x, we find that f(x) may be expanded in the form 


/(«)+/,(«)<*-*)+ ■■ + , .^m-1 


+ <*->’+■••+ iT.» 


fn(a) 


from which the proposition is manifest . 


74. Determination of Multiple Roots. It is easily inferred 
from the preceding Article that if f(x) and f'(x) have a common factor 
(x— a) m '\ (x— a) m will be a factor in f(x) ; for, by Cor. 1, the m — 2 
next succeeding derived functions vanish as well as f(x) and /'(x) 
when x=a ; hence, by Cor. 2, a is a root of f(x) of multiplicity m . 
In the same way it appears that if f(x) and f'(x) have other common 
factors 

(*— (x-Y) ,_1 , (* — etr., 

the equation /(x)=0 will have p roots equal to (3, q roots equal to y, 
r roots equal to 8, etc. 

In order, therefore, to find whether any proposed equation has 
equal roots, and to determine such roots when they exist, we must 
find the greatest common measure of f(x) and /'(x). Let this be 9 (x). 
The determination of the equal roots will depend on the solution of 
the equation <p(x)=0. 

Examples 

1. Find the multiple roots of the equation 
ac*+x 3 —16x +20—0. 

The Q.C.M. of J(x) and /'(a?) is easily found to be x— 2 ; henoe (x— 2) 1 is a 
faotor in f(x) m The other factor is x -| 5. 

Whenever, after determining the multiple factors of f(x), we wish to obtain 
the remaining factors, it will be found convenient to apply by repeated operations 
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th© method of division of Art. 8. Here, fop example, we divide twice by as — 2 
be calculation being represented as follows : 

1 1 -16 20 

2 6 -20 

1 3 -10 0 

2 10 

1 5 0 

Thus 1 and 5 being tho two cQ-officionta left, the third faotor is *+5- 
This operation verifies the previous result, the remainders after each division 
vanishing as they ought. 

2. Find the multiple roots, and the remaining factor, of the equation 

x s — 10x 2 }-15x — 6=0. 

The G.C.M. of f(x) and J'[x) is found to bo x 5 — 2x4-1. Hence (x~l)» is 
factor in/ (a;). Dividing three times in succession by x — 1, we obtain 
/(*) = {*- 1 ;*(z 2 +3*+6). 

3. Find tho multiple roots of the equation 

x 4 — 2x 3 — 1 lx 2 -|-12x 4-36=0. 

The G.G.M. of / (x) and f'(x) is x 2 ~ x— 0. The factors of this aro x p2 
and x— 3. Hence 

/(x) = (i-|2) s (x-3)*. 

4. Find all the factors of the polynomial 

/(x)^x 6 — f>x 5 { 5x 4 4-9x a — 14x 2 — 4x4 8. 

[Ana. /(x) = (x- 1 )(x f l)*(x-2)». 

The ordinary process of finding the greatest common measure 
of a polynomial and its first derived function may become very 
laborious as the degree of the function increases. It is wrong, 
therefore, to speak, as is customary in works on the Theory of 
Equations, of the determination in this way of the multiple roots of 
numerical equations as a Bimplo process, and one preliminary to 
further investigations relative to the roots. It is chiefly in connexion 
with Sturm’s theorem that the operation is of any practical value. 
The further consideration of multiple roots is referred to Chap. X, 
where this theorem will be dicussed. It will be shown also in Chap. 
XI that the multiple roots of equations of degrees, inferior to the 
sixth can, in any particular instance, be determined from simple con- 
siderations not involving the process of finding the greatest common 
measure. 

75. This and the succeeding Article will be occupied with 
theorems which will be found of great importance in the subsequent 
discussion of methods of separating the roots of equations. 

Theorem. In passing continuously from a value %—h of 
x a little less than a real root a of the equation /(x)=0 to a value a+A 
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a little greater , the polynomials f(x) and f'(x) have unlike signs immedi- 
ately before the passage through the root, and like signs immediately after. 

Substituting a — h in f[x) and f'(x ), and expanding, we have 

/ (.-*)=/(«)-/'(«)*+ ^' ( 2 a) A»- ... 

/'(«—*)= /'(«)-/"<«)*+,- 

Now, since /( a)=0, the signs of these expressions, depending on those 
of their first terms, are unlike. When the sign of h is changed, the 
signs of the expressions become the same. The theorem is, therefore, 
proved. 

Corollary. The theorem remains true when a is a multiple root 
of any order of the equation f(x)—0. 

Let the root be repeated r times. The following functions 
(using suffixes in place of accents) all vanish : — 

f(*),M*hf%M, ,/,.,(*)■ 

In the series for /(a — h) and /'(a — h) the first terms which do 
not vanish are, respectively, 


frM 

1 . e...r 




1 . 2...r— 1 




These clearly have unlike signs ; but when the sign of h is 
changed the signs of the terms will become the same. Hence the 
proposition is established. 

76. Extending the reasoning of the last Article to every con- 
secutive pair of the series 



we may state the proposition generally as follows ; — 

Theorem. When any equation f(x)=0 has an r -multiple root 
a, a value a little inferior to a gives to this series of r functions signs 
alternately positive and negative , or negative and positive ; arid a value a 
little superior to it gives to all these functions the same sign ; and this 
sign is, moreover, the same as the sign of f r ( a), the first derived function 
which does not vanish when a is substituted for x. 


In order to give a precise idea of the use of this theorem, let us 
suppose that / 5 (a) is the first function which does not vanish when g 
is substituted, and let its sign be negative ; the conclusion whiefy may 
be drawn from the theorem is, that for a value a —h of x the signs of 
the series of functions f,f l9 f 2 , f % , / 4 , f s , are 

4 — I 1 — ; 
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and for a value x+h of x they are 


for before the passage through the root the sign of f i must be differ- 
ent from that of / 5 ; the sign of / 3 must be different from that of / 4 , 
and so on ; and after the passage the signs of all the functions must 
be the same. It is of course assumed here that h is so small that no 
root of / 5 (x)=.~0 is included within the interval through which r 
travels. 

Examples 

1. Find the multiple roots of the equation 

/^a:) = x 4 -|-12x 3 -| 32x* — 24x-f4 -0. 

\Ans. /(x)s(a: l +6x-2> , . 

2. Show that the binomial equation 

x n ~ c/ n — 0 

cannot have equal roots. 

3. Show that the equation 

x n - nqx -f (n - l)ri=-0 

will have a pair of equal roots if q n — r n ~ l . 

4. Prove that the equation 

.7^ f 5/j.r 3 ] r)p*x r q — 0 

has a pair of equal roots when q 2 -|-4p r, --0 : and that if it has one pair of equal 
roots it must have a second pair. 

5. Apply the method of Art. 74 to determine the condition that the cubic 

z*+SHz+G=0 

should have a pair of equal roots. 

The last remainder in the process of finding the greatest common 
measure must vanish. f Arts. 

0. Apply the same method to show that both G and H vanish when the 
cubic has three equal roots. 

7. If a, (3, y, $ be the roots of the biquadratic /(x)=0, prove that 

/'(«)+/'( p)+Ay)+m 

can be expressed as a product of three factors. 

[Ans. (a + P-Y-~ 8 )(“+Y - P _ *K a +*-P-Y)- 

8. If a, p, y, 5. etc., be the roots of /(.r)=0, and p', y', etc., of/'(x)=0, 

prove 

/'(«)/'(P)/'(Y)/'(S) -»”/(«') fm AY) 

and that each is equal to the absolute term in the oquation whose roots are the 
squares of tlio differences. 

9. If the equation 

Pj* n-, + +Pb- 1 *+P»=0 

have a double root a, prove that a is a root of the equation 
p l x n - 1 +2p l x n ~*+3p t x n ~* + +np„=0. 
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10. Show that the max. and min. values of the cubic 

ox 3 -f 86x f +3cx+d 

are the roofte of the equation 

— 2Gp-{- A=0| 

where A is the discriminant. 

If the curve representing the polynomial /(x) be moved parallel to the 
axis of y (see Art. 10) through a distance equal to a max. or min. value' p, the 
axis ofx will become a tangent to it, i.e., the equation /(x) — p=0 will have 
equal roots. Hence the max. and min. values are obtained by forming the 
discriminant of /(x)— p, or by putting d — p for d in G a -|-4H S =0. 

11. Prove similarly that the max. and min. values of 

ax 4 + 46x 3 + 6cx 2 -f 4 dx + e 
are the roots of the equation 

a s p 3 — 3(a*I — 9H 2 ) p 2 +3 (a /*- ISHJp - A=0, 
where A is the discriminant of the quartic. 

12. Apply the theorem of Art. 76 to the function 

/ (x) = x 4 — 7x 3 + 15x a -13x+4. 

We have 

/,(£)— 4x 3 — 21x*-f 30x —13, 

/ a (x)^2(6x z -21x+15) j 
/ 1 (z)=2(12x~ 21 ), 

/.(*)= 24. 

Here/ a (x) is the first function which does not vanish whonx=l ; and 
/ 8 (1) is negative. What the theorem provos is, that for a value a little less^ than 

1 the signs of/, j u / f ,/ 3 are 1 — , and for a value a little greater than 1 they 

are all negative. We are. able from this series of signs to trace the functions /, 
f lf etc., in the neighbourhood of the point x— 1. Thus the curve representing f(x) 
is above the axis before reaching the multiple point x^=l, and is below the axis 
immediately after reaching the point, and the axis must be regarded as cutting 
the curve in three coincident points, since (xr-1) 3 is a factor in/(x). Again, the 
curve corresponding to fi(x) is below the axis both before and after the passage 
through the point x=l. It touches the axis at that point. The curve represent- 
ing/,(x) is above the axis before, and below the axis after, the passage, and cute 
the axia at the point. 
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SYMMETRIC FUNCTIONS OF THE ROOTS 
77. Newton’s Theorem on the Sums of the Powers of the 
Roots. We now resume the discussion of symmetric functions of the 
roots of an equation, of which a short account has been previously 
given (see Art. 27) ; and proceed to prove certain general proposi- 
tions relating to these functions : — 

Prop. I. The sums of the similar powers of the roots of an equa- 
tion can he expressed rationally in terms of the coefficients. 

Let the equation be 

f(x) = X » +p 1 X n ~ 1 + PzX"-* + +Pn 

= (z — Oil ) (X — ol 2 ) ( x — *a) (z— <Xn)=0. 

We proceed to calculate 2<x 2 , Za 3 , , 27a m ; are, adopting 

the usual notation, s 2 , s 3 , s mt in terms of the coefficients 


Pn- 


We have, by Art. 72, 

/»=-&» +M+ + i!5L 

v x— aj 1 x—au t J x— ot n 

= ^ + (n — 1 )p l x n ~ 2 + (n — 2)p a x n “ s + . . . + 2p„_ 1 x 


and we find, dividing by the method of Art. 8, 

^W-i + a 
z— a 

+Pi 


+ P «-1 


'- 2 + a 2 

I a: n ” 3 + a 3 

p"- 4 +...+a"-» 

+2>i« 

+Pi« s 


+Pi j 

+i>a* 

+y,a"-* 


+ P3 

+ 








If, in this equation, we replace a by each of the quantities 

ttl> a , a„ in succession, and put «>=2'a > =a 1 > +a a > +...+a fl > , we 

have, by adding all these results, the following value for f'(x ) : — 


f'(x)=nx— 1 +8 l 

*"-*+*» 

3 + a, a:" _4 +... 


+ «f» i 

+ 2Vi 





J rP % 9 1 

+JV«-» 



+«Pi 





+«P*-i 



136 


SYMMETRIC FUNCTIONS OF THE ROOTS 


whence, comparing this value of f'(z) with the former, we obtain the 
following relations : — 

*i+Pi=0, 

5 2+Pi s i+2p 2 =0, 

S 3 + P 1 5 2 4" Pz 8 l + &P 3 — 0 » 

' S4 + PlS 3 +p 2 S2 + P3Sl + 4Pi = 0, 
5 n - i +^' n _ 2 + P 2 ^_ 3+...+^ n _ 2 .? 1 + ( n ~ l )^ n . 1 = 0 . | 

The first equation determines ^ in terms of p l9 p s , p u ; the 

second s % ; the third s 3 ; and so on, until « n . x is determined. We find\ 
in this way 

*i= “Pi. s 2 =Pi*-Zp2> s 3= -pi 3 +ZpiP 2 -ZPi, 

si = Pi* - *Pi 2 P z + *PiP 3 + 2p z 2 - 4p 4 , 

h=-P\-\r^PiP2—^P\P3-^(P z -Pi)Pi+^(P z P3-Pb ) ; etc - 

Having shown how' s l9 s 29 s 3 , can be calculated in terms 

of the coefficients, we proceed now to extend our results to the sums 
of all positive powers of the roots, viz., s n , s n+1 , ,s m . For this pur- 

pose we have 

x m - n f(x) = x m +p l x m - 1 +p 1 x - 2 + -\-p n x m ~ n . 

Replacing, in this identity, x by the roots a x , oq, a B , in 

succession, and adding, we have 


\ 


5 « + 1 , 1' S «-1+^2 5 w- 2+ + Pn 5 »-n = 0- 

Now, giving m the values n, n+ 1, n+2, etc., successively, and 
observing that s 0 ^n, we obtain from the last equation 

Sn +PlSn-i + P2*n- Z + +^p n = 0, 

s n+l + Pl*n + P 2 5 n-i + + Pn* 1=0, 

S n h 2 + 2 ? l ,s »»fl + ^ 2 ,? n + 4“ pn *2 = 0, etc. 

Hence the sums of all positive powers of the roots may be 
expressed by integral functions of the coefficients. And by transform- 
ing the equation into one whose roots are the reciprocals of 

oq, * 2 , oc 3 a n , and applying the above formulas, we may express 

similarly all negative powers of the roots. 

78. Prop. II. Every rational symmetric function of the roots 
of an algebraic equation can be expressed rationally in terms of the 
coefficients. 

V is sufficient to prove this theorem for integral functions only 
;mcc fractional symmetric functions can be reduced to a single 
fraction whose numerator and denominator are both integral sym- 
metric functions. Every integral function of oq, a a , a 3 ,...,a B is the sum 
of a number of terms of the form Na x p *£* 3 ...; where N is a numerical 
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constant ; and if this functioh be symmetrical we can write it under 
the form NZoi 1 p oL 2 g oL 3 r ..., all the terms being of the same type. There- 
fore, if we prove that this quantity can be expressed rationally in 
terms of the coefficients, the theorem will be demonstrated. We 
shall first establish the following value of the symmetric function 

Z oq'a** = Sps q -s,+ q . . . . ( 1 ) 

To prove this, w e multiply together s p and s q , where 

^ = ai > +a 2 ^+a 3 ^-j- ...a n > , 

*q = *i g + a 2 9 + a 3 ’ + . . . a n 9 , 

whence 

= *i >+q + */ +q + . . . + + <Xi V + <*i V + etc. , 

or SpS q = s Mq + Z a/a 2 9 , 

which expresses the double function Z'a/a^ 1 in terms of the single 
functions Sp, s q , sp +q , in the form above written. 

We proceed now to prove a similar expression for the triple 
function, viz., 

V«sV=V ? «r-V s > — -*J »H.,«,+2^ +fl+r ...(2) 

Multiplying together Zol^olJ and s r , where 
Z a/oc^ = a/a./ f oq 9 ^ + a/ccg 9 + . . . 
s r = ai r + a 2 r -f- ot3 r + + a« r j 

we obtain an expression consisting of three different parts, viz., terms, 
of the form £<x/ +r a 2 9 > Zol^ol/, and Zol/ol^ol/. 

Hence 

t Vl , a l V=^«/ +r a 2 q +^ai q+r a2 / +-Sa/a 2 %3 r , 
a formula connecting double and triple symmetric functions. 

But, by (1), 

Z a /+ V = f r , 

^«l ,+ r «2 * = 8 q +r Sp -8p+ q +„ 

Zdftf =s p s q -Sp+ q . 

Substituting these values, we find the triple function Z ? a 1 ^o 2 9 a 3 r 
expressed as above in terms of single functions in the series 
s 2> s 3> e f°- 

In the same manner the quadruple function 
can be made to depend on the triple function Zol^ oc 2 9 a 3 r , and ultima- 
tely on s 1# s 2 , s 2 , etc. ; and so on. Whence, finally, every rational 
symmetric function of the roots may be expressed in terms of the 
coefficients, since, by Prop. I., s lt s 2 , & 3 , etc., can be so expressed. 
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The formulas (1) and (2) require to be modified when any of 
the exponents become equal. 

Thus, if p=q, a 1 > a 2 fl = a 2 *oq Q , an d the terms in (1) become equal 
two and two ; therefore, <Ta 1 > a 2 *=2i7a 1 > a 1 > ; whence 
Za. i *a./=\(sp % -8 tp ). 

Similarly, if p=q=r in Z , a 1 Ax 2 Q a 3 r , the six terms obtained by 
interchanging the roots in become all equal ; hence 

^ flt i^ or a^ a 3^ = 2^ (s^ 3 — 3 sjS 2 0+2s3^). 

And, in general, if exponents become equal, each term is 
repeated 1.2.3 ... t times. 

Examples 

1. Prove 

^ ot i Pflt 2 <7at 3 ra i ,=1 8 p a q 8 r 8 n — H a p f 'q a r+s~^-^‘2 9 p a q+r+ a + 2 a p+ q 8 r+a ~ ^p+fl+f+r 

2. Prove 

= „ m 4 _ 68 m *s im + 8 8 m 8 3m 4 3^ m 8 - &W 

79. Prop. in. The value of s r , expressed in terms of p x p 2 , 
...p n , is the coefficient of y r in the expansion , by ascending powers of y , 

of —r log y* 

Since 

X n + Pi n - 1 + P 2 X * 2 + ■ ■ • + Pn = (*— oti)(x - a*) . . . (X - a n ) , 
putting -i— for x in this identical equation, we find 

l+Piy+^2y 2 +P32/ 3 +-*- + ^n2/" = (l-a 1 2/)(l-a 2 y)...(l-a ll y). 

Now, taking the Napierian logarithms of both sides, 

y*+Ps y 3 +y* y*+P5 iy 5 + etc.,... + P r y r +ett- 

~~ P 1 P 2 ~~PiPz P 2 P 2 

+ -\-Pi S + l Pf +PiP* 

+Pl*pt +p 1 t p 3 

_ 4 Pi -PIPl 
- Pl 3 p% 

+-: pi 

= -ysi— 2 y i s i - g y»s,— y r s r - etc. 
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Therefore, equating coefficient 0 of y r in both expansions. 

where P r is the coefficient of y in log y n f 

From the above identical equation it may be seen that s r (r less 
than n) involves the coefficients p l9 p 2i p 3 ,..., p r only ; and, therefore, 
Pr+ 1 , p r+a ,..., p n may be made to vanish without affecting the form of 
the expression of s r in terms of the coefficients. 

80. To express the coefficients in terms of the sums of the powers • 
of the roots. 

Since 

i+Piy+P2y 2 +--+Pny n =(i-*iy)(i-<x 2 y)...(i-<x n y) t 

we have 

log (l+p I y+...+p n y n )=z-ya 1 — ~ y*s 2 - ... — --y'a ,- ...(!> 
and, therefore, 

1 + Piy +p 2 y 2 + • ■ • f p n y n se-y’ 1 -W**- w ** — ■ , 

which becomes by expansion 


— 2 a * y l — 


y- 4 *4 


+ 172* 1 "*'1.2^* 


— . s, a. 


2.3.4 a * 4 

Now, comparing the coefficients of the different powers of y, we 
obtain values for p l9 p 2 , p 3 ,..., p n , in terms of s lt s 2 ,...s n ; and we see 
that p r involves no sum of powers beyond s f . 

If the identity (1) be differentiated w ith regard to y, the equa- 
tions of Art. 77 connecting the coefficients and sums of powers may 
be derived immediately from the resulting identity. 

It is important to observe that the problem to express any 
symmetric function to the roots in terms of the coefficients, or any 
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coefficient in terms of the sums of the powers of the roots, is perfectly 
definite, there being only one solution in each case. 

General expressions, due to Waring, for 8 m in terms of the 
coefficients, and for p m in terms of the sums of the powers of the 
roots, will be given in a subsequent chapter. 


Example* 

1. Determine the value of 

9(«i)+?(«, ) + •••+<?(«„). ^ 

"where x lt a,, ot 3 ...., a n are the roots of/(j?) — 0, and <p(.c) is any rational and integ- 
ral function of 

We have \ 

''<*> _ 1 , JL . \ 

f(x) a--*, 1 -E-a, 1 • h a— a„ 

«n<l /'( x )9 ( x ) _ 9(a) 9(a) J9( x ) 

j(x) ' x- i, a-«, + - + x-x n ' 

Performing the division, anti retaining only the remainders on both sides 
of this equation, we have 

S '#'*- 1 -|- A iZ n -* + . . 9(«i) _j_ 9(«a) ?(®ri) 

f(x) ~ X -oq X — ot a + “ X* — * n * 

whence ... ■■(■»- “») J 

and. comparing the coefficients of # n_1 on both sides of the equation, 

tfo-i’TK)- 

2. ' Provo that s p is the coefficient of \ in the quotient of the divi- 
ion of f\x) by f(x) arranged according to negative powers of x. 

3. Prove that s_ p is the coefficient (with sign changed) of x*~ x in the 
same quotient arranged according to positive powers of x. 

4. If the degree of <p(a:) does not exceed n — 2, prove 


r — n 

2 

r— I 


9(at r ) 
/'(« r) 


= 0 , 


r—n 

whore 2 denotes the sum obtaired by giving r all values from 1 to n inoluaive. 
r— 1 

We Lave, by partial fractions, 

9(a) A i . A ’- , - ■ 

f(x) ' x~a L + x-a, + -~ > ~ x-a„ 

ami, multiplying aoross by f(X). and putting x—x v a, in succession. 


9(«) 

X 


9(«hi>_ 1 9(»« ) 

/'(«,) + /'(«,) 


+ ...+ 


9(« n _) 1 . 

/'(“») ’ 


iC — %, 
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whence 


jrq>(x) 

/<*) 


' r £i 7(^)\ 1+ '* 4 V+"J* 


When y{x) is of the degree n— 2 * expressing the first side of the equetion 
as a function of-i , it readily appears that there is no term without ^ as a mul- 
tiplier. We have, therefore, comparing coefficients, 

T 2 n _*<5e> — ol 

r= 1 A-r) 


As may be any rational and integral function of degree not higher than 
n— 2, we have the following particular oases which are worthy of special 
notice : — 


#«■ * a"-* 

= 0 , X = 0 

2 /'<«) j 1 n*) 




9. Given the following n — 2 equations between n variables x v x a , 


Z x r =0, Z 2 «r"' lx r=0, 

r=l r=l r=l 

express the n variables in terms of two new variable X{, X z . 


■*» 


\ A ns. 

L /'(« r) 

81. Order and Weight of Symmetric Functions. The 

degree in all the roots of any term of a symmetric function of the 
roots [«ee Art. 21] is called the weight of the function. The highest 
degree in which each root enters the function is called its order. The 
weight, for example, of 2 , ap 2 y 3 is six, and its order three. It has been 
proved (Art. 28) that in the value in the terms of the coefficients of 
any symmetric function of the roots the sum of the suffixes in each* 
term is equal to the weight of the function. We now prove another 
proposition relating to symmetric functions, viz ., — The degree in terms 
of the coefficients p l9 p a> ..., p n of the i?alue of any symmetric function is 
equal to the order of symmetric function . 

This can be readily inferred from the equation of Art. 23, since 
the value of each coefficient in terms of the roots contains any root in 
the first power only, and, therefore, the highest degree in the coeffi- 
cients will be the same as the degree of the corresponding symmetric 
function in any individual root. The value of Z'a 2 ^ 2 , for example, is 
p t 2 — 2p 1 p 3 +2p 4 . The degree of this function of the coefficients is two, 
which is also the order of the symmetric function. 

As the proposition just stated is of importance, we add another 
proof, in which the symmetric function multiplied by a suitable power 
of a 0 is expressed as a homogeneous and integral fuhetion of the 
coefficients a 0 , a lf 02 ,.-, the form in which the result will usually 
appear in subsequent applications. 
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Replace the coefficients 


I Ot dm dm 

by -- 1 , ~ - 

°0 a 0 a o 

Now, if <?(«!, a 2 ,..., a n ) dehote any rational and integral sym- 
metric function of the roots, we have 

« 0 4< p(“i» a„ )=F(a 0 , a„ a 2 ,..., a„), 

where h is the degree, in the coefficients, of F(a 0 , a l9 o 2 ,..., a n ) 9 a 
homogeneous and integral function of the coefficients not divisible by 

i J 

I 


We require now to show that h is the order of q>. For 
purpose change the roots into their reciprocals, and, therefore, 


..., into 

. . ., <2q. 

Whence 

4 / 1 I 

1 > 

| =.? (a„, a n _ 1? 0*_ 2 ,...,a o ) I 

fl n A <p( ’ ,■ 

V a l «2 

a n j 

also 

1 

1 \ = 0(“l" a 2- > “») 

, . . . 

<*2 

’’ “» / (ai“2 a 3 *n)* 



where p is the order of <p, and ij, an integral function not divisible by 
the product of all the roots ; (a 1 a 2 a 3 ....a TI ) / being the lowest common 
denominator of all the terms. Substituting in (1), we have 

a 2 »"-» a n)~ h ^( a n> a o)- 

From this equation it follows that p is equal to h ; for if p were 

greater than h , ^(oq, oq, , oc„) would be divisible by the product 

oqa 2 <x n , and if it were less, the function of the coefficients 

F(a n , a n <J 0 ) would be divisible by a n , both of which suppositions 
arc contrary to hypothesis. 


82. Calculation of Symmetric Functions of the Roots. 

Any rational symmetric function can be calculated by aid of the pro- 
position of Art. 78. In practice, however, other methods are usually 
more convenient, as will appear from the examples which follow the 
present Article. We shall show also, when this subject is resumed in 
the second volume of this work, that use may be made of methods 
founded on the principles there explained to facilitate in many ins- 
tances the calculation of symmetric functions. 


The number of terms in any symmetric function of the roots is 
easily determined. For example, the number of terms in Z'a 1 3 a a 2 a 3 of 
the equation of the n th degree in n(n — l)(n — 2), this being the 
number of permutations of n things taken three together. If the ex- 
ponents of the roots in any term be not all different, the number of 
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terms will be reduced. Thus ZorfiY for a biquadratic oonsists 
of twelve terms only ( see Ex. 6, p. 39), and not of twenty- four, sinoe 
the two permutations otpy, ayP give only one distinct term, viz., a a Py, 
in Za 2 £y. The student acquainted with the theory of permutations 
will have no difficulty in effecting these reductions in any particular 
case. When two exponents of ro^ts are equal, the number obtained 
on the supposition that they are all unequal is to be divided by 1.2 ; 
when three become equal this number is to be divided by 1.2.3 ; 

and so on. In general, the number of terms in Za 1 ^a 2 9 oc 3 r , of the 

equation of the n ih degree, each term containing m roots, and v of 
the indices being equal, is 

n(n — \)(n —2) . . .(n 1) 

" 1.273!.. v 

When the highest power in which any one root enters into the 
symmetric function of the roots is small, i.e., when the order of the 
function (see Art. 81) is low, the methods already illustrated in Art. 
27 may be employed with advantage for the calculation of the 
symmetric function. 

It is important to observe that when any symmetric function, 
whose degree in all tho roots (i.e., its weight) is n, is calculated in 
terms of the co efficients p 1 ,p 2 i--’,Pn f° r the equation of the n th degree, 
its value for an equation of any higher degree (the numerical 
co-efficients being all equal to unity) is precisely the same ; for it is 
clear that no co efficient beyond p n can enter into this value, and the 
equation of Art. 77, by means of which the calculations can be 
supposed to be made, have precisely the same form for an equation 
of the n th degree as for equations of all higher degrees. It is also 
evident that the value of tho same symmetric function for an 
equation of a degree m (lower than n) is obtained by putting 
Pmn> Pm+ 2 * ->Pn all equal to zero in the calculated value for an 
equation of the n th degree, since the equation of lower degree can be 
derived from that of the n th by putting tho co-efficients beyond p m 
equal to zero ; and the corresponding symmetric function reduces 
similarly by putting the roots a^ fl , a m+2 , each equal to zero. 

Examples 

1. Calculate 2 , a 1 2 a 2 a 3 of the roots of the equation 

X n +p x Z n - s +p z X n -*-\- +Pn-I x +Pn °* 

Multiply together the equations 

=-Pi* 
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In the product the term occurs only once ; the term oc & o a a a a 4 

occurs four times, arising from the product of s, by a,a 3 a 4 , of a t by of a a 

by a 1 a t a 4 end of a 4 by aqoqoq. Hence 

i'«,’a,“i+4J« 1 «,« 1 «4=PiP, ; 

therefore 

2 , «i l a l a a =PiP a — 4p f . (Compare Ex. 6, Art. 27.) 

If the calculation were conducted by the method of Art. 78, we should 

have 

= kv - v» - iV+ *4> 

which leads, on substituting the values of Art. 77, to the same result ; but it is 
dear that in this case the former process is much more simple, since the values 
of fj, s 2 , etc., introduce a number of terms whioh destroy one another. 

2. Calculate 2***%* for the general equation. \ 

Squaring \ 

2*i*%=P%, 

In squaring it is evident that the term a, o. a a a a 4 will arise from the 
product of oq a, by ot 3 a 4 , or of oq a 3 by a a * 4 , or of oq a 4 by a a a t ; hence the co- 
efficient of a s a a a 4 in the result iB 6, since each of these occurs twioe in the 
square. The result differs from the similar equation of Ex. 8, Art. 27, only in 
having 2* before the term oq a a oq aq. Hence, finally, 

2V«. ! =P« S - 2/), p, +2p t . 

3. Calculate 2***% f° r the general equation. 

We have, as in Ex, tt. Art. 27, 

2**2' a f a 2 + 2*i *%** . 

Hence, employing previous results, 

2* l *tL..=p l , p i -2p, , -p L p,+4p t . 

4. Calculate 2*i**t**% for the general equation. 

The result will be the same as if the calculations were made for the equa- 
tion of the fifth degree. 

To obtain the symmetric function we multiply together 2*i*i and 
2*i*t*i y and consider what types of terms, involving the five roots oq* at a , o 3 , oc 4 , 
can result. The term aq*a s *« 3 will occur only once in the product, since it 
can only arise by multiplying oqoq by aqoq^. Terms of the type a 1 , « 1 * 3 or 4 will 
occur each three timeB ; since oq 2 oqaqaq will arise from the product of oqa 2 
by eqo,^, of oqoq by aqaqoq, or of oqoq by oqaqoq ; and it cannot arise in any other 
wa y a The term loqoqoqaqoq will occur ten times in the product, since it will arise 
from the product of any pair by the other three roots, and there are ten combi- 
nations in pairs of the five roots. We have, then, for the general equation, 

2* 1*8 2 , *i*i*3=I a i 2a a fa a + 3 i’ai*a a a 3 a 4 + 102 , oc 1 a 2 a 3 a 4 . 

[We can verify this equation when n— 5, just a? in Ex. 9, Art. 27 ; for the 
product of two factors, each consisting of 10 terms, will contain 100 terms. 
These are made up of the 30 terms contained in 2*\*i*^ along with the 
20 terms contained in 2 , oq*a l a a oq, eft °h taken three times, and the term oqoqoqoqoq 
taken 10 times,] 
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Thus the calculation of the required symmetric function involves that of 
; for which we easily find 

2* x 2’a 1 a|a J ot | -=2 ,Qt i la *a*« 4 -|-fi2 , aia 1 flt > a 4 ai # . 

Hence, finally, we obtain 

-P*P»+ 3 PiP t -&Pf 

The process of Art. 78 would involve the calculation of s B ; and many 
terms would be introduced through the values of a lt etc., which disappear in 
the result. 

5. Find the value of 2 , *i >a i* a a a 4 for the general equation. 

We multiply together yo^otj and ^“i 0 ^**®** and consider what types of 
terms can arise involving the Bix roots a lf a a , a s , a 4 , a 6 , a fl . The term a 1 l ac l 1 a l a 4 
can ocour only onco. Terms of the type a 1 2 a l a 3 a 4 a 6 will each ocour four times, 
this term arising from the product of by a 1 a l a 4 at 6 or of by or of 

■ t a 4 by or of x 1 a ft by a 1 a 2 a 3 a 4> The term a 1 a 3 a s a 4 a B a 4 will occur fifteen 

times, this being the number of combination in pairs of the six roots. Hence 

2a 1 «2* 3 flt 4« |t i^2 ,a i ,a a !a 3 a 4 + 4 2 , ®i a **a»*4*»+152 , « 1 a 1 a i at l «4a4 

We have again, for the calculation of 

2 , *i*i«3 a 4*5=2 , a 1 a aaa 3 * 4 “5 + 6 2 ,a i*f*3 a 4 a 5*e 

Hence, finally, 

=PtPi— 4PiPi+ 9 f>»- 

6. Find tho value of in terms of the co-efficients of the genera) 

equation. 

Squaring ^“i**®*, we have 

2 1 *!***! 2 , ® l “* at j=i , *i* a * ,a J 1 + 22 , Qc 1 , a i a a a a 4 + fl2 , Qt 1 , a i a J a 4 Qt 6 + 20i , a 1 a 1 a 3 o 4 « 6 a t 
from which we find 

2*i W*% l =P* 2 2 Pl p 4 + 2 PlPi 2 Pe . 

83- Homogeneous Products. There are, in general, several 
symmetric functions of n quantities a lt « n which have the same 

weight, and amongst these may be included two or more which have 
the same order as well as weight. Of any n letters there are, for 
example, the following symmetric functions whose weight is four : 

ZV-i 4 , 2 T a 1 3 a a , Ta^ota 2 , Za^ag, Z , a 1 a a a 8 a 4 . 

The sum of all such symmetric functions of weight r is called the 
“sum of the homogeneous products of r dimensions” of then letters. 
This sum we denote by II r . It is easy to see that II r is the co efficient 
of x r in the following product of n factors : — 

(l + oqz-f oci 2 a;*-f- ...)(l-|-a 2 it+ a^ 2 * 2 + .(l + an^+a* 1 **^ ...). 

The examples which follow include the most fundamental pro- 
positions connecting the sums of the homogeneous products with the 
co efficients of the equation whose roots are a Jt a a ,..., a*. 
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1 . Provo 


We havo 
x n 




Examples 

a n+r-i 


A*) 


f(x) ( 1 -«!?/)( 1 - a ,y) . . . ( 1 - a n i/ ) 


, where y - 


x f 


= (H-«iF+*iV+ --)( 1 4- a 2*/ i-®nV h ■■ 


Also 


;c n-i 


/(*) ^/'(*) ' *-■ 


whence 


a;» 


1 


i 

- a 

Z* + T- 


}(*) * /'(“) ' i /'(«) 


; 


troin which the result follnwB by comparing co-efficients of y f . ' \ 

2. Express the sums of the homogeneous product of the roots in terms 
of the co-efficients of an equation, and vice versa. 

Since 


(l-*i.y)(A -**U) ■(! - a «.V) 1 I ?V' i P a V 2 f -.-i PfiV”, 

we have immediately, from tho preceding example, 

(1-fPiV ■■ fPw.v T, )(H-» 1 y h^*v* < )sl, 

whence 

Pi+TTi-.O, p^-TT.^ 2W «. P 8 f-^+Pi** l-p*«, = 0, etc. 

These equations (m which p p p 2 , etc., and jt 1p tt 2 , etc., are interchangeable 

determine p x , p t ,p n in terms of 7T p r 2 , . w n , and vice versa. 

By means of this and the preceding example the values of the following 
symmetric functions may be found in terms of the co-efficients : — 


a /i-i a n a »^l 

2 /'(*)' 2 )' («)’ 2 fW e °' 

3. Express n r by the sums of the powers of the roots. 

1 

Representing by — the product (1 —« lt V)(l “*!?/)••• t 1 and differentiating, 
we 6nd 

l du a 

u dy ~^I- a y~ 8 i+ g iy ^~ 8 *y * 

also **= 1 + w i.V+ 7t tF*+ 


We have, therefore, 

(1 +"|V + "aF* + ■ ■ ■ )(*i + *ii/ + W 2 f ■ ■ ■ ) s *i f 2 ” t y + 3jt, y # + . . . 


Now, comparing the several co-officients of the different powers of y. we 
have a number of equations by means of which the sums of tho homogeneous 
products 7T|, w a , Tr 3 ,..., may be expressed in terms of s 2 , s 3 , etc. 

4. Provo the following formula for calculating tho sums of the homo- 
geneous products in terms of the co-officionts : — 


, l /l r+i 

dp r 


-(' + »>.-■ 


Differentiate both sides of equation (I) in Art. 80, and introduce n v rr t . 
etc. by the equation of Ex. 2, 



CHAPTER IX 

LIMITS OF THE ROOTS OF EQUATIONS 

84. Definition of Limits. In attempting to discover the 
real roots of numerical equations, it is in the first place advantageous 
to narrow the region within which they must be sought. We here 
take up the inquiry referred to in the observation at the end of Art. 
4, and proceed to prove certain propositions relative to the limits of 
the real roots of equations. 

A superior limit of the positive roots is any greater positive 
number than the greatest of these roots ; an inferior limit of the 
positive roots is any smaller positive number than the smallest of 
them. A superior limit of the negative roots is any greater negative 
number than the greatest of them ; an inferior limit of the negative 
roots is any smaller negative number than the smallest ; the greatest 
negative number meaning here the number nearest to -x. 

When we have found limits within which all the real roots of 
an equation lie, the next step towards the solution of the equation is 
to discover the intervals in which the separate roots are situated. 
The principal methods in use for this latter purpose will form the 
subject of the next chapter. 

The following Propositions all relate to the superior limits of 
the positive roots ; to which, as will be subsequently proved, the 
determination of inferior limits and limits of the negative mots can 
be immediately reduced. 

85. Proposition I. In any equation 

X* + Pi*"- 1 + P 2 X n ^ 2 + ■ • - ' + Pn -l*+ Pn = 0 , 
if thefirst negative term be —p r x n ~ r , and if the greatest negative coeffi- 
cient be —Pfr then r y /p k + 1 is a superior limit of the positive roots. 

Any value of x which makes 

x n -'+ l l 

x n > p k (x n ~ ' + x n ~ r ~ l + . . . + x + 1 ) > p k 

will, a fortiori, make f(x) positive. 

Now, taking x greater than unity, this inequality is satisfied by 
the following : — 

x n ~ r + l 
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or x n + l —x n >p i z"~ r + 1 , 

or x r -\x— l)>p k , 

which inequality again is satisfied by the following : — 

(*-l) , ’- 1 (x-l) = 01 >p k , 
since plainly x r ~ 1 > (x— l)' -1 

We have, therefore, finally 

(x-l) r =or >Pt, 

or or >\-\-xJPm- i 

86. Proposition II. If in any equation each negative co- 
efficient he taken positively , and divided by the sum of all the positive 
coefficients which precede it, the greatest quotient thus formed increased 
by unity is a superior limit of the positive roots. 

Let the equation be ^ 

-f a x x n - 1 + a 2 x n ~ 2 — ~ 3 + ... — a r x n ~ r + . . . -f a n = 0, 
in which, in order to fix our ideas, we regard the fourth coefficient as 
negative, and we consider also a negative coefficient in general, 
viz., —a r . 

Let each positive term in this equation be transformed by 
means of the formula 

a„x m =a m {x--l){x'*- 1 +x m -*+... + z+l)+ a m , 
whioh is derived at once from 


= x m - 1 +x'»-*+...+x-\ 1 ; 

x — l 

the negative terms remaining unchanged. 

The polynomial f(x) becomes then, the horizontal lines of the 
following corresponding to the successive terms of f(x ) : — 
a t (x — 1 )x "~ 1 + 0 ,( 3 : — 1 )£«-*+ a 0 (x — 1 )x”~ 3 + . . . + a 0 (x — 1 )x*~ r + . . . +a 0l 
+a 1 (x-\)x*-*-\-a i {x-\)x n - i +...+a l (x-\)x*- r +...-i r a i , 

+«*(* - 1)*"“* + — +«*(*- 1 )*"“'+■■■+ o*. 

— a**" -8 , 

+ 


+<*■• 

We now regard the vertical columns of this expression as 
successive terms m the polynomial ; the successive coefficients of 
*" -1 , etc., being 

«„(*-!), (a 0 +f» 1 )(x-l), (a,+a, +<*,)(*■ -!)-<*„ etc. 
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Any value of x greater than unity is sufficient to make positive 
every term in which no negative coefficient Oj, a r , etc., occurs. To 
make the latter terms positive, we must have 

(fl 0 +ai+a a )( a; - 1 )> a 3 S 


K + + etc. 


Hence 


z> 


+ l,...x> 


z "h 1 » etc. 


a O + °l + a i ' ’ a 0 + a iH" a 2+ a 4+ +®r-l 

And to ensure every term being made positive, we muBt take the 
value of the greatest of the quantities found in this way. Such a 
value of x, therefore, is a superior limit of the positive roots. 

87. Practical Applications. The propositions in the two 
preceding Articles furnish the most convenient general methods of 
finding in practice tolerably close limits of the roots. Sometimes one 
of the propositions will give the closer limit, sometimes the other. It 
is well, therefore, to apply both methods, and take the smaller limit. 
Prop. I will usually be found the more advantageous when the first 
negative coefficient is preceded by several positive coefficients, so 
that r is large ; and Prop. II when large positive coefficients occur 
before the first large negative coefficient. In general. Prop. II will 
give the closer limit. We speak of the integer next above the 
numerical value given by either proposition as the limit. 

Examnles 


1. Find a superior limit of the positive roots of the equation 

x* _ 5x a +40x 2 -Sx + 23 = 0. 

Prop. I gives 8 + 1, or 9, as limit. 

5 

Prop. II gives +1, or 6. Hence 6 is a superior limit. 

2. Find a superior limit of the positive roots of the equation 

x 6 -\-3x* + x* — 8®*— Six -f- 18=0. 

Prop. I gives %/ 5T+ 1 ; and 5 is, therefore, a limit. 

51 

Prop. II gives ,+1, and 12 is a limit. 

1 + o + l 

In this case Prop. I gives the closer limit. 

3. Find a superior limit of the positive roots of 

x 1 + 4s® - 3x 8 + 5x* - 9x> — 1 lx * + Sx — 8 = 0. 

Of the fractions 

3 9 11 8 

1+4’ 1+4+5 1 1+4+5 ’ 1 +4+6+0 ’ 
the third the greatest, and Prop. II gives the limit 3, Prop. I give* 5. 
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4. Find a superior limit of the positive roots of 

x B +20x 7 +4 x*— 11x b — l20x 4 -f 13x— 25=0. 

[Ana. Both methods give the limit 6. 

5. Find a superior limit of the positive roots of 

4x> - 8x B f 22x B +98x*-73x + 5=0. 

[Ana. Prop. I gives 20, Prop. II gives 3 

It is usually possible to determine by inspection a limit closer 
than that given by cither of the preceding propositions. This method 
consists in arranging the terms of an equation in groups having a 
positive term first, and then observing what is the lowest integer 
value 1 of x which will have the effect of rendering each group positive. 
The form of the equation will suggest the arrangement in any parti- 
cular case. \ 

6. TIjo equation of Ex. 2 can bo arranged ag follows : - ^ 

f .r(3x a 51 ) i-xH 18—0. 

x=3, or any greater number, renders eacli group positive ; hence 3 is a superior 
limit. 

7. The equation of Ex. 4 may be arranged thus : 

a 5(j.s__ |i)_j_20x 4 (x* G) -f 4/’ |~13.e — 25 — 0. 
x- 3, or any greater number, renders each group positive ; hence 3 is a limit. 

8. Find a superior limit of the roots of the equation 

x 4 — 4x* f 33x 2 — 2x+18=0. 

This cun be arranged in the form 

x^x 2 — \ 5)-j 28x(x- 18 0. 

Now the trinomial x l - 4x f5, having imaginary roots, is positive for all 
values of x (Art. 12). Hence x--l is a superior limit. 

The introduction in this way of a quadratic whose roots are imaginary, 
or of one with equal roots, will often be found useful. 

9 Kind a superior limit of the roots of the equation 
5x B - 7x B - 1 C. a - 23x z - 90x - 3 1 7 - 0 

fn examples of this kind it is convenient to distribute the highest power 
of x among the negative terms. Here the equation may be written 
x 4 (x— 7)-i x*(x 2 ~ 10) +x 2 (x a — 23) | x(x 4 - 90) |-x 5 -317=0, 
so that 7 is evidently a superior limit of the root?. In this case the general 
methods give a very high limit. 

JO. Kind a superior limit of the roots of the equation 
x* x 3 *2x z 4x — 24 0. 

When there ar^ seM*ral negative term's and the coefficient of the highest 
term unity, it is convenient to multiply the whole equation by such a number 
ae will enable ub to distribute the highest term among the negative terms. Here, 
multiplying by 4, we can write the equation as follows : — 

x*(x — 4) l-x 2 (a: 2 — 8) f x(x* — Ifi)-)-# 4 — 90=0, 
and 4 is a superior limit. The general methods give 25. 

88. Proposition III. Any number which renders positive the 
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polynomial f(x) and all its derived functions fi(x), / a (a?),... ,/„(£) w a 
superior limit of the positive roots of the equation f(x) = 0. 

This method of finding limits is due to Newton. It is much 
more laborious in its application than either of the preceding methods ; 
but it has the advantage of giving always very close limits ; and in 
the case of an equation all whose roots are real the limit found in this 
way is, as will be subsequently proved, the next integer above the 
greatest positive root. 

To prove the proposition, let the roots of the equation f(x)=0 
be diminished by h ; then x- h~y % and 

/(y+A)=/(A)+/ 1 (%+^ < 2 ) y iJ r •■•+ {*£ h \ n y n - 

If now h be such as to make all the coefficients 

/W» /iW> .AW*- “>fn(h) 

positive, the equation in y cannot have a positive root ; that is to say, 
the equation in x has no root greater than h ; hfcnce' h is a superior 
limit of the positive roots. 

Example 

f{x) = r*~ 2a:*--3x a - 15a: 3. 

In applying Newton’s method of finding limits to any example the general 
mode of procedure is as follows: — Take the smallest integer number which renderB 
fn-ii*) positive.; and proceeding upwards in order to f^x), try the effect of sub- 
etituting this number for x in the other functions of the series. When any func- 
tion is reached which becomes negative for the integer in question, increase tho 
integer successively by units, till il makes that function positive ; and theq 
proceed with tho new integer as before, increasing it again if another function in 
the series should become negative ; and ao on, till an integer is reached which 
renders all the functions in the Bories positive. In the present example the Berios 
of functions is 

J(x)=*x*— 2a: 1 — 3x* — 1 5a: - 3. 

— 4a:* — Ox*— 6.r - 15, 

Here x--l makes /,(£) positive. We try then the effect of the substitution 
x^\ in/ 2 (x). It makes f t (x) negative. Increase by 1 ; and a?=2 makes/ l (a;) 
positive. Try the effect of a:— 2 in / 2 ( x) ; it gives a negative result. Increase by 
1 ; and £=3 makes ^(a:) positive. Proceeding upwards, the substitution £=3 
makes f(x) negative ; and increasing again by unity, we find that £=4 makes 
/(£) positive. Hence 4 ie the suporior limit required. 

It is assumed in this mode of the applying Newton's rule, that when any 
number makes all the derived functions up to a certain stage positive, any higher 
number will also make them positive ; so that there is no occasion to try the 
effect of the higher number on the functions lower down in the series. This is 
evident from the equation 

h ■ 

*(<«+*) 12 + 
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[taking 9(2) to represent any function in the aeries, and using the common nota- 
tion for derived functions], which shows that if 9(0), 9 / (a), <p"(a), ...are all posi- 
tive, and h also positive, 9(<s+A) must be positive. 

It may be observed that one advantage of Newton's method is that often, 
as in the present instance, it gives us a knowlodge of the two successive integers 
between which the highest root lies. Thus in the present example, since /(*) is 
negative for 2=3, and positive for z = 4, we know that the greatest root of the 
equation lies between 3 and 4. 

89. Inferior Limits, and Limits of the Negative Roots. 

To find an inferior limit of the positive roots, the equation must be ( 

first transformed by the substitution x=— . Find then a superior 

limit h of the positive roots of the equation in y. The reciprocal of \ 
1 

this, viz., , will be the required inferior limit ; for since 

- 1 1 ■ 1 
y<K y > h’ ie ’ x> -r 

To find limits of the negative roots, we have only to transform 
the equation by the substitution x=—y. This transformation changes 
the negative into positive roots. Let the superior and inferior limits 
of the positive roots of the equation in y be h and h' . Then —h and 
— h f are the limits of the negative roots of the proposed equation. 

90. Limiting Equations. If all the real roots of the equation 
f'(x)=0 could be found , it would be possible to determine the number of 
real roots of the equation f(x)=0. 

To prove this, let the real roots of f(x )= 0 be, in ascending order 
of magnitude, a', , yV--> V ; and let the following series of values 

be substituted for x in f(x) : — 

— °°t «' 5 P\ YV-, V,+ o°- 

When any successive two of these quantities give results with 
different signs there is a root of f(x )= 0 between them ; and by the 
Cor., Art. 71, there is only one ; and when they give results with the 
same sign, there is, by the same Cor., no root between them. Thus 
each change of sign in the results of the successive substitutions 
proves the existence of one real root of the proposed equation. 

If all the roots of /(x)=0 are real, it is evident, by the theorem 
of Art. 71, that all the roots of /'(x) = 0 are also real, and that they lie 
one by one between each adjacent pair of the roots of f(x)=0. In the 
salne case, and by the same theorem, it follows that the roots of f”(x) 
=0, and of all the successive derived functions, are real also ; and the 
roots of any function lie severally between each adjacent pair of the 
roots of the function from which it is immediately derived. 
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Equations of this kind, which are one degree below the degree 
of any proposed equation, and whose roots lie severally between each 
adjacent pair of the roots of the proposed, are called limiting 
equations. 

It is evident that in the application of Newton’s method of find- 
ing limits of the roots, when the roots of f[x)—0 are all real, in 
proceeding according t the method explained in Art. 88, the function 
f(x) is itself the last which will be rendered positive, and, therefore, 
the superior limit arrived at is the integer next above the greatest 
root. 


Example* 


1. Prove that any derived equation } m {x) = 0 cannot have more imagine 
ary roots, but may have more real roots, than the equation /(i)=0 from which it 
is derived. 

From this it follows that, if any of the derived functions be found to have 
imaginary roots, the same number at least of imaginary roots must enter the 
original equation. 

2. Apply the method of Art. 90 to determine the conditions that the 
equation 

x* — qx+r=0 

should have all its roots real. 

3. Determine by the same method the nature of the roots of the 
equation 

x n — nqx + (n — 1 )r = 0. 


mg 


[An*. When n is even, the equation has two real roots or none, acoord- 


q n > or <r n * 1 . 

When n is odd, the equation has three real roots or one, according as 
^ fl > or <r"" 1 . 

4. The equation x n (a; — l) n =0 has all its roots real; hences show, by 
forming the n* h derived function, that the following equation has all its roots real 
and unequal, and situated between 0 and 1 : — 

r ,., " fo- 1 ) "("- 1 ) 


n 2n *" 


x n eto.=0. 


ns 


1.2 2n(2n — 1) 

5. Bhow similarly by forming the derived of (x*— l) n that the follow- 
ing equation has all its roots real and unequal, and situated between —1 and 1 : 

n(n-_l| n(n-l) n(n -l)(n-2)(n-3) ^ - * _ efcc =Q t 

2n(2n — l) x + 2n(2n-l)(2n-2)(2n-3) 

0. If any two of the quantities, /, m, n in the following equation be put 
equal to zero, show that the quadratic to which the equation then reduces is a 
limiting equation ; and hence prove that the roots of the proposed are all roal ; — , 
(x—a)(x—b)(x—c)—l 2 (x— a) —m 2 (x — b) —n 2 (x—c)—2lmn—0. 

7. Discuss the nature of the roots of the equation 
x* + 4x*' — 2x 1 — 1 2x + p = 0, 


according to the different values of p. 

Applying Art. 90. When p is less than —7, two roots are real and two 
imaginary ; when p lies between —7 and 9, all the roots are real ; and when p is 
greater than 9, the roots are all imaginary. The equation has two equal roots 
wheb p= —7, and two pairs of equal roots when p— 9. 



CHAPTER X 

SEPARATION OF THE ROOTS OF EQUATIONS 

91. By the methods of the preceding chapter we are enabled 
to find limits between which all the real roots of any numerical equa- 
tion lie. Before proceeding to the actual approximation to anjr 
particular root, it is necessary to separate the interval in which it it 
situated from the intervals which contain the remaining roots. Thd 
present chapter will be occupied with certain theorems whose object^ 
is to determine the number of real roots between any two arbitrarily \ 
assumed values of the variable. It is plain that if this object can be \ 
effected, it will then be possible to tell not only the total number of 
real roots, but also the limits within which the roots separately lie. 

The theorems given for this purpose by Fourier and Budan, 
although different in statement, are identical in principle. For pur- 
poses of exposition Fourier's statement is the more convenient, while 
with a view to practical application the statement of Budan will be 
found superior. The theorem of Sturm, although more laborious in 
practice, has the advantage over the preceding that it is unfailing in 
its application, giving always the exact number of real roots situated 
between any two proposed quantities ; whereas the theorem of Fourier 
and Budan gives only a certain limit which the number of real roots 
in the proposed interval cannot exceed. 

92. Theorem of Fourier and Budan. Let two numbers a 
and b 9 of which a is the less , be substituted in the series formed by f[x) 
and its successive derived functions, viz., 

/(*),/ \(*)*fJL x ) »/«(*) » 

the number of real roots which lie between a and b cannot be greater than 
the excess of the number of changes of sign in the series when a is 
substituted for x, over the number of changes when b \s substituted for 
x ; and when the number of real roots in the interval falls short of that 
difference, it will be by an even number. 

This is the form in w hich Fourier states the theorem. 

It is to be understood here, as elsewhere, that, when we apeak 
of two numbers a and 6, of which a is the less, one or both of them 
may be negative, and what is meant is that a is nearer than b to — oo 
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We proceed to examine the changes which may occur among the 
signs of the functions in the above series, the value of x being suppos- 
ed to increase continuously from a to b. The following different 
cases can arise : — 

(1) The value of a; may pass through a single root of the equa- 

tion f(x)=0. 

(2) It may pass through a root occurring r times in/(*)=0. 

(3) It may pass through a root of one of the auxiliary functions 
Sn 1 (a?)=0, this root not occurring in either f m _ 1 (:e)=0 or 
/■+!(*) = 0 . 

(4) It may pass through a root occurring r times in 

and not occurring in f m =0. 

In what follows the symbol x is omitted after / for convenience. 


(1) In the first case it is evident, from Art. 75, that in passing 
through a root of the equation f(x)~ 0, one change of sign is lost ; for 
/and/j have unlike signs immediately before, and like signs immedi- 
ately after, the passage through the root. 

(2) In the second case, in passing through an / -multiple root of 
f(x) = 0, it is evident that r changes of sign are lost ; for, by Art. 76, 
immediately before the passage the series of functions 

/>/'.» /2> »/r-l>/' 

have signs alternately -j- and — , or — and -| , and immediately after 
the passage have all the same sign as f^ r . 

(3) In the third case, the root of f m (x)— 0 must give to f m l 

and either like signs or unlike signs. Suppose it to give like 
signs ; then in passing through the root tw o changes of sign are lost, 
for before the passage the sign of f m is different from these like signs, 
and after the passage it is the same (Art. 76). Suppose it to give 
unlike signs ; then no change of sign is lost, for before the passage 
the signs of f m _ Xl f m , f m . {l must be cither I- -I- , or - - + and 
after the passage these become + — ,and [ i ■ On the 

whole, therefore, we c onclude that no variation of sign can be gained, 
but two variations may be lost, on the passage through a root of 

/*(*)=<>■ 

(4) In the fourth case x passes through a value* (let us say a) 

which causes not only /*,, but also J m \ 1 ,f m \ 2 Sm\r-\ to vanish* 

It is evident from the theorem of Art. 76 that during the passage a 
number of changes of sign will always be lost. The definite number 
may be collected by considering the series of functions 

f m-l> f m* f w+l» f*n+r 1 
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The following results are easily established : — 

(o) When f^^x) and f m¥r (a) have like signs ; 

If r be even, r changes are lost. 

If r be odd y r- 1-1 changes are lost. 

(6) When f m _ 1 (a) and f^t («) have unlike signs : 

If r be even, r changes are lost. 

If t be odd, r— 1 change* are lost. 

We conclude, therefore, on the whole, that an even number of j 
changes is lost during the passage through an r-multiple root of 
/«(*)• 

It will be observed that (1) is a particular case of (2), and (3) of 
(4), i.e., when r=l. Since, however, the cases (1) and (3) are those of 
ordinary occurrence, it is well to give them a separate classification. 

Reviewing the above proof, we conclude that as z increases 
from a to b no change of sign can be gained ; that for each passage 
through a single root of f{x) = 0 one change is lost ; and that under 
no circumstances except a passage through a root of /(x) = 0 can an 
odd number of changes be lost. Hence the number of changes 1 st 
during the whole variation of x from a to 6 must be either equal to 
the number of real roots off(x)=0 in the interval, or must exceed it 
by an even number. The theorem is, therefore, proved. 

93. Application of the Theorem. The form in which the 
theorem hasHbeen stated by Budan is, as has been already observed, 
more convenient for practical purposes than that just given. It is as 
follows : — Let the roots of an equation f(z)=0 be diminished, first by a 
and then by b , where a and b are any two numbers of which a is the less ; 
then the number of real roots between a and b cannot be greater than the 
excess of the number of changes of sign in the fit it transformed equation 
over the number in the second. 

This is evidently included in Fourier’s statement, for the two 
transformed equations are (sez Art. 33) — 

/<«H /i(«)y+ / o~ yi+ + \JZ.~n yn==0> 

/(fc)+/i(%+ + ' 

from which, assuming the results of the last Article, the above pro- 
position is manifest. 

The reason why the theorem in this form is convenient in 
practice is, that we can apply the expeditious method of diminishing 
the roots given in Art. 33. 
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Examples 

1. Find the situations of the roots of the equation 
**-3a*-24x*+95**—4flx— 101-0. 

We shall examine this funetion for values of p between the intervals 
-10, -1, 0, I, 10; 

these numbers being assumed on account of the facility of calculation. Diminu* 
lion of the roots by 1 gives the following series of coefficients of the transformed 
equation : — 

1, 2, -20, 15, 05 -78. 

In diminishing the roots by 10, it iB apparent at the very outset of the 
calculation that the signs of the co-efficients of the transformed equation will be 
all positive ; so that there is no occasion to complete the calculation in this case. 

. In diminishing the roots by —10 and —1, it is convenient to change the 
alternate signs of the equation, and diminish the roots by +10 and +1; and then 
in the result change the alternate signs again. The coefficients of the transformed 
equation when the rootB are diminished by —1 are 

1, -8, -2, 130, -291, 60. 

In diminishing by —10 we observe in the course of the operation, as 
before, that the signs will be all positive in the result, i.e. t when the alternate 
signs are changed they will be alternately positive and negative. 

Hence we have the following scheme : — 

(—10) -| H H , 

( — 1) H 1- — +. 

(0) + — — + — the equation itself 

( 1 ) + + - + + 

( 10 ) + + + + + +. 

These signs are the signs taken by f(x) and the several derived functions 
fi'Jvfv/vf* on ^ ie substitution of the proposed numbers; but it is to be observed 
that ihey are here written, not in the order of Art. 92 but in the reverse order, 
viz . , J | . , /j, f. 

From these we draw the following conclusions .—All the real roots must 
lie between — 10 and +10; one real root lies between —10 and —1, since one 
change of sign in lost ; one real root lies between — l and P, since one change of 
sign is lost ; no real root lies between 0 and 1 ; and between 1 and 10, sinoe three 
changes of sign are lost, there iB at least one real root ; but we are left in doubt 
as to the nature of the other two roots : whether they are imaginary, or whether 
there are three real roots between 1 and IP. 

We might proceed to examine, by further transformations, the interval 
between 1 and 10 more closely, in order to determine the nature of' the two 
doubtful roots ; but it is evident that the calculations for this purpose might, if 
the roots were nearly equal, become very laborious. This is the weak side of 
the theorem of Fourier and Budan. Both writers have attempted to supply this 
defect, and have given methods of determining the nature of the roots in doubt- 
ful intervals ; but as these methods are complicated, we do not stop to explain 
them ; the more especially as the theorom of Sturm effects fully the purposes 
for which the supplementary methods of Fourier and Budan were invented. 
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2. Analyse the equation of Ex. 1, p. 81, viz., 

x i -\-x t — 2x—\ =0. 

The Dots of this are all real, and lie between —2 and 2 (see Ex. 5, p. 81). When- 
ever the roots of an equation are all real, the signs of Fourier's functions dete - 
mine the exact r umber of real roots between any two proposed integers. We 
obtain the following rosult : — The roots lie in the intervals 
(-2, -1); (-1,0); (1,2). 

3. Analyse the equation of Ex. 3, p. 81, viz., 

x*+x*—4x*~ 3a; 1 -f- 3a; 4 - 1=0. 

Two roots in the interval (—2, —1), and one root in each l 
of the intervals ( — 1, 0) ; (0, 1) ; (I, 2). 

4. Analyse the equation 

x* _ SOa? + 1998a; 1 - 14937a- +5000=0. 

The equation can have no negative root?. Diminish the roots by 10 several times 
in succession till the signs of the coefficients become all positive. We obtain the 
following result : — 

(0) +- + -+, 

( 10 ) + — + + —» 

( 20 ) + 0 - + + . 

(30) + + + -+■ 

(40) + + + + +. 

Thus, there is one root between 0 and 10, and one between 10 and 20 ; no rcot 
between 20 and 30. Between 30 and 40 either there are two real roots, or there 
is an indication of a pair of imaginary roots. That the former is the case will 
appear by diminishing the roots of the third transformed equation by units. 
This process will separate the roots, which will bo found to lie between (2, 3) and 
(4, 5); so that the proposed equation has a third real root in the interval (32, 33), 
and a fourth in the interval (34, 35). 

94. Application of the Theorem to Imaginary Roots. 

Since there exist only n changes of sign to be lost in the passage of t 
from — oo to -foo, if we have any reason for knowing that a pair of 
changes is lost during the passage of x through an interval which 
includes no real root of the equation, we may be assured of the 
existence of a pair of imaginary roots. Circumstances of this nature 
will arise in the application of Fourier’s theorem when any of the 
transformed equations contain vanishing coefficients. For we can 
assign by the principle of Art. 76 the proper sign to this coefficient, 
corresponding to values of x immediately before and immediately 
after that value which causes the coefficient to vanish ; the whole 
interval being so small that it may be supposed not to include any 
root of the equation f(x)= 0. 

Examples 

1. Analyse the equation 

f{x)mx*— 4.r 8 — 3a; +23*0, 
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We shell examine this f (motion between the intervals 0, 1, 10 The 
transformed equations are 

i A 4/4(0)® 4 +i/.(0)x*+i/,(0)**+/,(0)*+/(0) 

hU 1 )*' +}/,(> )*' + i /,( i )** +/,( i )* +/ ( i ) — o, 

T*f /»( * 0 1 1 * + » /»( 1 0)x> -|- J/ t ( 1 0 ) 3 :* 4 /,( 10)*4/( 10)=0, 
the first of these being ih“ proposed equation itBelf. 

Making the calculations by the method of the preceding Article, we find 
that the coefficient / 3 (1 )=0, and we have the following soheme * — 

(0) + - 0 - +, 

(1) + 0 - - +. 

(10) + + + + +• 

We may now replace each of the rows containing a zero coefficient by 
two, the first corresponding to a value a little less, and tiie second to a value a 
little greater, than that which gives the zero coefficients, the signs being deter- 
mined by the principle established in Art. 76. It must be remembered that in 
the above scheme the signs representing the derived functions are written in tne 
reverse order to that of the Article referred to. The scheme will then stand as 
follows, h being used to represent a very small positive quantity 



-ft 

-f 

- + - -K 

(0) 


+ 7* 

-i- 


( 

' 1 -ft 


i 

(1) ] 

( 

; n-ft 

b 

+ - - -h 

(10) 


-f 

b *b b + » 


where the signs corresponding to — and -f/a are determined by the condition 
that the sign of the coefficient which is zero when must, when x «*— . h, be 
different from that next to it on the lefc-hand side . nd when x^= -f-7i those signs 
must be the same. The signs corresponding to l -h and 1 -f h are determined in a 
similar manner. 

Now since a pair of changes is lost in the interval (— h , + ft), and Bince 
Dhe equation ha* no real root between —h and -f- ft, we have proved the existence 
of a pair of imaginary roots. Two changes of sign are lost between l -f ft and 10, 
so that this interval either includes a pair of real roots, or presents an indication 
of a pair of imaginary roots. Which of thote is the case remains still doubtful. 

2. If several coefficients vanish, we may be able to establish the exis- 
tence of several pairs of imaginary roots. This will appear from the following 
exmaple : — 

*• — l=r0. 

The signs corresponding to —a and -fft are, oy the theorem of Art. 76, 

(— ^) — -4“ — nl - — — • 

(+“) + + + T- + + — 

Hence, s ; noo no root exists botwoen — ft and -f ft, and since 4 changes of 
sign are iost in passing from a value very liulo loss than 0 to one very little 
greater, we are assured of the existence of two pairs of imaginary roots. The 
other two roots are in this case plainly real (see Art. 14). 
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The number of imaginary roots in any binomial equation oan be deter- 
mined in this way. 

3. Find the character of the roots of the equation 

*•+ 10x*-i-x— 4*0. 

In passing from a Small negative to a small positive value of x we obtain 
the .following series of signs : — 

(-*) +- + - + + - + -. 

(0). + 0000 + Q+-, 

(+h) “h 4- 4- + 4- 4- + + — - 

Since six ohanges of sigD are here lost, there are six imaginary roots. The 
remaining two roots are, by Art. 14, real : one positive, and the other negative. 
The negative root lies between —2 and — 1, and the positive between 0 and I. 

4. Analyse completely the equation \ 

x«-3x»-x + l = 0. \ 

There are two imaginary roots. Whenever, as in the present instance! 
the roots are comprised within small limits, it is convenient to diminish by^ 
successive units. In this way we find here a root between 0 and 1, and another 
between 1 and 2. Proceeding to negative roots, we find on diminishing by — J 
that — 1 js itself a root, and writing down the signs corresponding to a value a 
little greater than — J, we observe an indication of a second negative root between 
— 1 and C. 

5. Analyse the equation 

x s -|-x 4 -|-x l — 25x — 30 — 0. 

There are two imaginary roots ; one real positive root between 2 and 3; 
and two real negative roots in the intervals ( — 3, —2), ( — 2, —1). ✓ 

95. Corollaries from the Theorem of Fourier and Bndanu 

The method of detecting the existence of imaginary roots explained 
in the preceding Article is called The Buie of the Double Sign. A 
similar rule, due to De Qua , was in use before the discovery, of 
Fourier's theorem. This rule and Descartes’ Rule of Signs are 
immediate corollaries from the theorem, as we proceed to show. 

Cor. 1. De Qua* a Rule for finding imaginary Roots. 

The rule may be stated generally as follows : — When 2m sue- 
cessive terms of an equation are absent , the equation has 2m imaginary 
roots ; and when 2m +1 successive terms are absent , the equation has 
2m +2 , or 2m imaginary roots , according as the two terms between which 
the deficiency occurs have like or unlike signs. This follows, as in case 
(4), Art. 92, by examining the number of changes of sign lost during 
the passage of x from a small negative value — h to a small positive 
value h. 

Cor . 2. Descartes ’ Rule of Signs. 

When 0 is substituted for x in the series of functions 
/« (x),..J l {x),f l (x),f(x), the signs are the same as the signs 

of the coefficients a 0 , a u a,.,, a n , of the proposed equation ; 
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and when f oo is substituted the signs are all positive. Fourier's 
theorem asserts that the number of roots between these limits, viz., 
the number of positive roots, cannot exceed the number of variations 
lost during the passage from ,0 to o°, that is the number of changes 
of sign in the series a 0 , a l9 a 2 , a n . This is Descartes’ rule for 
positive roots ; and the similar rule for negative roots follows in the 
usual way by changing the negative into positive roots. 

Cor. 3. N no ton' s Method of finding Limits . 

When a number h has been found which renders positive each 

of the functions f n (x), fn.^x), J 2 (x), f^x), f(x) ; since +oo also 

renders each of them positive, it follows from Fourier’s theorem that 
there can be no root between h and -f 00 , that is to say, h is a superior 
limit of the positive roots ; and this is Newton’s proposition (Art. 88) 

96. Sturm’s Theorem. We have already shown (Art. 74) 
that it is possible by performing the common algebraical operation of 
finding the greatest common measure of a polynomial f(x) and its first 
derived polynomial to find the equal roots of the equation f(x)— 0. 
Sturm has employed the same operation for the formation of the 
auxiliary functions which enter into his method of separating the 
roots of an equation. 

Let the process of finding the greatest common measure of 
f(x) and its first derived be performed. The successive remainders 
will go on diminishing in degree till we reach finally either one which 
divides that immediately preceding without remainder, or one which 
does not contain the variable at all, e.e., which is numerical. The 
former is, as we have already seen, the case of equal roots. The latter 
is the case where no equal roots exist. It is convenient to divide 
the discussion of Sturm’s theorem into these two cases. We shall 
in the present Article consider the case where no equal roots exist ; 
and proceed in the next Article to the ease of equal roots. The per- 
formance of the operation itself vill of course disclose the class to 
which any particular example is to be referred. 

The auxiliary functions employed by Sturm are not the remain- 
ders as they present themselves in the calculation, but the remain- 
ders with their signs changed. In finding the greatest common measure 
of two expressions it is indifferent whether the signs of the remainders 
are changed or not : in the formation of Sturm's auxiliary functions 
the change is essential. We shall suppose, therefore, in what follows 
that the sign of each remainder is changed before it becomes the 
next divisor. 
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Confining our attention for the present to the case where no 
equal roots exist, Sturm’s theorem may be stated as follows : — 

Theorem. Let any two real quantities a and b be substituted 
for x in the series of n -\- 1 functions 

f( X )> fl( Z )y /st 2 ’)* 

consisting of the given polynomial f(x), its first derived f x (x) 9 and the 
successive remainders (with their signs changed) in the process of finding 
the greatest common measure of f(x) and fx(x ) ; then the difference bet - 1 
ween the number of changes of sign in the series when a is substituted 
for x \ and the number when b is substituted for x expresses exactly the 
number of real roots of the equation f(x)=Q between a and 6. 

The mode of formation of Sturm’s functions supplies the follow- 
ing series of equations, in which q lf q %9 . . , q n ^ represent the successive 
quotients in the operation : — 

/(*) =<h /i(*) -/*(*), 1 

am =?./»(*)-/»(*), 1 

fr-i 

These equations involve the theory of the method of finding 
the greatest common measure ; for it follows from the first equation 
that if f(x) and f x (x) have a common factor, this must be a factor in 
f % (x) ; and from the second equation it follows, by like reasoning, that 
the same factor must occur in f 3 (x) ; and so on, till we come finally 
to the last remainder, which, when f(x) and f x (x) have common factors, 
will be a polynomial consisting of these factors. In the present 
Article, where we suppose the given polynomial and its first derived 
to have no common factor, the last remainder f n (x) is numerical. It is 
essential for the proof of the theorem to observe also, that in the 
ease now under consideration no two consecutive functions in the 
series can have a common factor ; for if they had we could, by rea- 
soning similar to the above, show from the equations that this factor 
must exist also in f(x) and f x (x) ; and such, according to our hypo- 
thesis, is not here the case. In examining, therefore, what changes 
of sign can take place in the series during the passage of x from a to 
b 9 we may exclude the case of two consecutive functions vanishing 
for the, same value of the variable ; and the different cases in which 
any change of sign can take place are the following : — 

(1) when x passes through a root of. the proposed equation 
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<2) when x passes through a value which causes one of the 
auxiliary functions to vanish, 

(3) when x passes through a value which causes two or more 
of the series to vanish together, no two of the 

vanishing functions, however, being consecutive. 

(1) When x passes through a root of f(x)= 0, it follows from 
Art. 75 that one change of sign is lost, since immediately before the 
passage /(x) and f x (x) have unlike signs, and immediately after the 
passage they have like signs. 

(2) Suppose x to take a value a which satisfies the equation 
/ r (x)=0. From the equation 

fr-l(z)=-qrfr{z)-fr+l(*)> 
we have fr-i(*)= -/ r+1 (a), 

which proves that this value of x gives to / r-1 (x) and / r+1 (x) the 
same numerical value with different signs. In passing from a value 
a little less than a to one a little greater, we can suppose the interval 
so small that it contains no root of f r ^(x) or / r+1 (x) ; hence, 
throughout the interval under consideration, these two functions 
retain their signs. If the sign of f r (x) does not change (as will happen 
in the exceptional case when the root a is repeated an even number 
of times) there is no alteration in the series of signs. In general the 
sign of f r (x) changes, but no variation of sign is either lost or gained 
thereby in the group of three ; because, on account of the difference 
of signs of the two extremes / r-1 (x) and / r + i(s), there will exist 
both before and after the passage one variation and one permanency 
of sign, whatever be the sign of the middle function. If, for exam- 
ple, before the passage the signs were + — — ; after the passage 
they become H — \- — , i.e. f a variation and a permanency are chang- 
ed into a permanency and a variation ; but no variation of sign is 
lost or gained on the whole. 

(3) Since the reasoning in the preceding cases is founded on 
the relations of the function to those adjacent to it only ; and- since 
these relations remain unaltered in the present case, because no two 
adjacent functions vanish together, we conclude that if f(x) is one 
of the vanishing functions, one change of sign is lost, and if not, no 
change is either lost or gained. 

We have proved, therefore, that when x passes through a root 
of/(x)=0 one change of sign is lost, and under no other circum- 
stances a change of sign either lost or gained. Hence the number 
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of changes of sign lost during the variation of a- from a to b is equal 
to the number of roots of the equation between a and b* 

Before proceeding to the case of equal roots, we add a few 
simple examples to illustrate the application of ♦Sturm’s theorem. It 
is convenient in practice to substitute first - oo, 0, -foo in Sturm’s 
functions, so as to obtain the whole number of negative and of 
positive roots. To separate the negative roots, the integers —1, 2, 

— 3, etc., are to be substituted in succession till we reach the same 
series of signs as results from the substitution of - oo; and to sepa- 
rate the positive roots we substitute 1, 2, 3, etc., till the signs furni- 
shed by -f oo are reached. 

Examples 

1. Find the number and situation of the real roots of the equation 

/(*)**» 2,r— 5=0. 

We find 3a; 2 — 2, /,(,*) = 4j-i-15 1 - <*43. 

Corresponding to the values — ao , 0. -| oc of x, we havo 

I - * ) - f , 

(0) ~ - 4 

(-[ «)-}+ + -. 

lb nee there is only one real root, and it is positive. 

Again, corresponding to values of 1, 2, 3 of », we have 
(1) - + + - . 

(2) + + -. 

(3) \ -\ + — . 

The ical root, therefore, lies between 2 and 3. 

2. Find the number ami situation of tl e ieal roots i f the cquut.ion 

r 3 -7x+7 = 0. 

Wp easily obtain 

f^x) = 3x* — 7, 

/.(*) = 2x-3, 

/i(*)=i ; 

wlienee 

( — oo ) — -h — -1 » 

(0) -1- 4 . 

(+*) 4 4 + +■ 

Hence all the roots are real : one negative, and two positive. 

•The student often finds a difficulty in perceiving in what way a record 
is preserved in Sturm's series of the number of changes of sign lost, since the only 
loss takes place between the first two functions, j{x) and f^x). It may tend to 
remove this^ difficulty to observe, that as x increases from one root a of/ (x) = 0 
Lo a second (J, although no alteration takes place in the number of changes of sign, 
the distribution of the signs among f^X) and the following functions alters in such 
a way that the signs of f^x) and /d#), which wore the same immediately after 
the passage of x through a, become again different before the passage through p. 
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We have, further, the following results : — 

(-4) - + - +■ 

(—3) + + f i 

(- 2 ) + + - +, 

(-1) + f. 

(1) + f- 

(2) 4 + + f ■ 

flore -4 and -|-2 give the^sanne serie3 of signs as - oo end 4- oo ; hen re we stop 
at these. The negative root lies botween —4 ancl — 3 ; and the two pjsit've 
roots between 1 and 2. 

This example illustrates the superiority of Sturm's method over that 
of Fourier. 

The substitution of 1 and 2 in F mriar’s luutions g.vos, as r in 1)3 
immediately verified, the following series of signs : — 

(1) + - + +, 

(2) + -f + +• 

From Fourier's theorem we are authorised to conehule only that thero 
cannot be more than two roots between 1 and 2. From Sturm’s wo conclude 
that there are two roots between 1 and 2. If we have oecasion to separate these 
two roots, we must, of course, make further substitutions in/(.c). 

3. Find the number and situation of the real roots of the equation 
x* — 2x* ~3x 2 4- IO:c — 4— 0. 

We obtain, removing the factor 2 from the derived, 
f l (x) = 2x* — 3x 2 — 3T+o, 
f t (x) — 9x' 2 — 2lx + 11. 

/,(*)=--- -8x- 3, 

/*(*)= — 1433. 

[NB. — Informing Sturm’s functions it is allowable, as is evident from 
the equations (1), to introduce or suppress numerical factors just as in the process 
of finding the G-C M. ; taking care, however, that these are positive , so that the 
signs of the remainders are not thereby altered.) 

We have the following series of signs : — 

(-QC) +- + + -■ 

(0) - + + - 

( + °o ) -f + 4 — , 

Hence there are two real roots, Ono positive, and one negative, and two imagi- 
nary roots. To find the positions of the real roots, it is sufficient to substitute 
positive and negative in tegors successively in f[x) alone, since there is only one 
positive and one negative root. We easily find in this way that the negative 
root lies between —2 and — 3, and the positive root between 0 and l. 

97. Sturm's Theorem. Equal Roots. Let the operation for 
finding the greatest common measure of f(x) and/'(:r) be performed, 
the signs of the successive remainders being changed as before. The 
last of Sturm’s functions will not be numerical, for since f(x) 
and f'(x) are here supposed to contain a common measure involving 
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this will now be the last function arrived at by the process. Let 
the series of functions be : — 

f(*)Jl{ x ),M x ) /.(*)• 

During the passage of x through any value except a multiple root 
of/(x)=0, the conclusions of the last Article are still true with 
respect to the present series, since no value except such a root can 
cause any consecutive pair of the series to vanish. When x passes 
through a multiple root of /(x) = 0, there is, by the Cor., Art. 75, 
one change of sign lost between / and f x ; and we proceed to prove 
that no change of sign lost or gained in the rest of the series, viz., 

,/r- Suppose there exists an m-multiple root aof/(x). It 

is evident from the equations (1) of Art. 96, that (x— a)™' 1 is ft 

factor in each of the functions f u f 2 , / y . Let the remaining 

factors in these functions be, respectively, <f> l9 <f> 2 , ,<j> r . By dividing 

each of the equations (1) by (x — a ) m ~ l , we get a series of equations 
tthich establish, by the reasoning of the last Article, that, owing to a 
passage through a, no change of sign is lost or gained in the series 

<f> u </> 2 , Neither, therefore, is any change lost or gained in 

the series fl> f f r ; for the effect of the factor (x — a)™' 1 in the 

passage of x from a value a — h to a value cn+h is either to change 
the signs of all (when ra — 1 is odd) or of none (when I is even) 

of the functions <f> ly <f> 2 , ; and changing the signs of all these 

functions cannot increase or diminish the number of variations. 

We have, therefore, proved that when x passes through a 
multiple root of/(x) = 0 one change of sign is lost between / and f l9 
and none either lost or gained in any other part of the series. It 
remains true, of course, that when x passes through a single rpot of 
/(x) = 0 a change of sign is lost as before. We may thus state the 
theorem as follows for the case of equal roots : — 

The difference between the number of changes of sign when a and 
b are substituted in the series 

f> fl9 f 2> • • ••• > fry 

the last of these being the greatest common measure of f and f l$ is equal 
to the number of real roots between a and b, each multiple root counting 
only once . 

Examples 

1. Find the nature of the roots of the equation 
x* — Sx* + 9x a — lx -f 2 = 0. 

W e easily obtain 

/j(a?) = 4z* — 1 5x s -f 1 8x — 7, 

/,(&) = 1 ; 
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/,(«) divides f x (x) without remainder ; hence in this oase Sturm’s series stops at 
f x {x) t thus establishing the existence of equal roots. 

To find the number of real roots of the equation, we substitute — a© and 
+ao for x in the series of functions /, f v /,. The result is 

(_oo) + - +, 

(+ot ) + + +■ 

Hence the equation has only two real distinct roots ; but one of these is a triple 
root, as is evident from the form of / a (x), which is equal to (a? — 1 ) m - 

2. Find the nature of the roots of the equation 

x 4 — 6x 3 + 13x a — 12x+4=0. 

Here 

/ 1 (x) = 4x 3 — 18x*+26x— 12, 

/ a (x) = x a — 3x + 2 ; 

/ a (x) is the Jast Sturmian function ; so that the equation has equal roots. 

( — oo ) H +. 

(+0O ) + + +■ 

There are only two real distinct roots. In fact, since / a (x) = (x -l)(x— 2), each o 
the roots 1 , 2 is a double root. 

3. Find the nature of the roots of the equation 

x 6 + 2x 4 + x a — x a — 2x— 1=0. 

Here / 1 = 5x 4 +8x s + 3x a — 2x — 2 f 

/ a ~2x 3 +7x z + 12x + 7, 

/ a =— x 2 -6x -5, 

/.= o. 

Since /»=0, x+ 1 is a common measure of / and J lt and /(x) has a double root — 1. 
We have also 

(_«, ) f b 

( + °° ) H — h H ■ 

Hence there are two real distinct roots. The equation has, therefore, beside the 
double root, one other real root, and two imaginary roots. 

4. Find the nature of the roots of the equation 

x 4 — 7x 5 + IBx 4 — 40x 2 +48x — 16=0. 

Here / 1 (x)=6x 5 — 35x 4 +60x a — 80x+48, 

/ 1 (x) = 13x 4 — 84x a + 1^2x a — 176x+48, 

/ a (x)=x*— 8x a +12x— 8 = (x— 2) a . 

[Ana. There are three real distinct roots, one of them being quadruple. 

98. Application of Sturm’s Theorem. In the case of 
equations of high degrees the calculation of Sturm’s auxiliary, func- 
tions becomes often very laborious. It is important, therefore, to pay 
attention to certain observations which tend somewhat to diminish 
this labour. 

( 1) In calculating the final remainder when it is numerical, 
since its sign is all we are concerned with, the labour of the last opera- 
tion of division can be avoided by the consideration that the value 
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of x which causes / n _ 1 to vanish must give opposite signs' to / w - a an, l 
/*. It is in general possible to tell without any calculation what 
would be the sign of the result if the root of f n -i[ x )=® were substi- 

3 

tuted in 2 (a;). Thus in Ex. 3, Article 96, if the value — — , which 

is the root of f 3 (x) = 0 t be substituted for x in 9z 2 — 27a: + ll, the result 
is evidently positive ; hence the sign of f n (x) is - , and there is no 
occasion to calculate the value 1433 given for /„(*) in the example r 
referred to. I 

(2) When it is possible in any way to recognize that all the roots 
of any one of Sturm’s functions are imaginary, We need not proceed \ 
to the calculation of any function beyond that one ; for since such a \ 
function retains constantly the same sign for all values of the variable ^ 
(Cor. Art. 12), no alteration in the number of changes of sign 
presented by it and the following functions can ever take place, bo 
that the difference in the number of changes when two quantities 
a and b are substituted is independent of whatever variations of sign 
may exist in that part of the series which consists of the function in 
question and those following it. With a view to the application of 
this observation it is always well, when we arrive at the quadratic 
function (ax 2 c, suppose), to examine, in case the term contain- 
ing x 2 and the absolute term have the same sign (otherwise the roots 
could not be imaginary), whether the condition 4 ac>b z is fulfilled ; 
if so, we know that tho roots are imaginary, and the calculation need 
not proceed farther. 

Similar observations apply to the case where one of the func- 
tions is a perfect square, since such a function cannot change its sign 
for real values of x. 

Examples 

1, Analyse the equation 
We find 

/ 2 (a; ) -= - 29 x ■— 78a? -f 1 4 , 

/,(*)- — I08G.C — 481, 

Here we see immediately that the value of x given by the equation 
/,(*)= 0, which differs little fro n -J, makes / a (.c) positive ; hence f A (x) is 
negative. There are two real, and two iiniginary roots. The real roots lie in th > 
intervals [=- 2 % — lj f [-1, 0]. 

2 . Analyse the equation 

x * - 3xf23 = 0. 
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We find 

/ a (.r) = 12a; 2 +9a;-89, 

/a^)^- 4912 ^ 1371 * 

/*(*)=— 

He,e /,(*)= o gives a-= ^-> 2-74 > ^ , <« ■* \j ,nakes A(») 

p33itiv3 ; hence the root of J A [x) makes it positive also. 

There are two real and two imaginary roots. 

The real roots lie in the intervals [2, 3], [3, 4]. 

3. Analyse the e pidtion 

2:c 3 -13:c 2 + 10.r + 19 -0. 

Here 

fi(x) = 4j; 3 * 13a; 4-3, 

/,(*) — 1 3jc® — 15a: -f- 38 - 

Sinoe 4xl3x38>lu 2 f tho roots of f 2 {x) are imaginary, and wo proceed no 
further with the calculation of Sturm’s remainders. 

Substituting — x , 0, -(-x , we obtain 

(-QO) H +> 

(0) - + +. 

(+® ) + 4- +■ 

There are two real roots, one positive, tho other negative. 

4. Analyse the ecpiation 

f{x) = .t 5 -j- 2 x* - f - j 3 - 4a, 2 — 3.i: — 5 — 0. 

Here f^x^Sx* 4-8x* 3.r 2 - 8* -3, 

f 2 (x) ~ 6a; 3 -{-66a; 2 + 44a; -f- 1 10 f 
/ 3 (ff)-= - 116x 2 ^57x-223. 

Since 4 a 1 10 x 223> .")7 2 , we may stop the calculation hero We find, oil 
substituting x , 0, x, 

(-Q0 ) I f 

<0) - - + 

(-foe ) + + 4 • 

There are four imaginary roots, and one ,jal positive root. 

5 Find the number and situation of the real roots of tho equation 
x* - 2x a -7x 2 -i~ I0x-j-10~0. 

[.-[>/«. Pho roots are all roil, and are situated in the intervals 
[ — 3, 2|, [ -1, 0], and two between [2, 3]. 

i>. Analyse the equation 

.t; rj l- 3.c 4 f- 2.i 3 - 3x 2 - 2.r 2 -0. 

It will be found that the calculation nny cease with the quadratic re- 
mainder. 

[Ana. There is only one ro.il root ; in the interval [1, 2J. 
7. Analyse tho equation 

a; 3 -}- 1 la: 2 — 102;r-J- 181 - 0. 
f t {x) = 854x- 2751, 

J,{x) -441. 


We find 
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In some examples, of which the present is an instance, it is not easy to tell 
immediately what sign the root of the penultimate function gives to the preced- 
ing function. We have here calculated / s (x), and it turns out to be a much 
smaller number than might have been expected from the magnitude of the co- 
efficients in J t (x). In fact when the root of f % (x) is substituted in f x {x) the posi- 
tive part is nearly equal to the negative part. This is always an indication that 
two roots of the proposed equation are nearly equal. There are in the pre- 
sent instance two positive roots between 3 and 4. Subdividing the intervals, we 
find the two roots still to lie between 3-2 and 3-3 ; so that they are very close 
together. We have here another illustration of the continuity which exists bet- 
ween real and imaginary roots (cf. Arts. 17, IS). If / 3 (x) were zero, the two rootf 
would be equal ; nnd if i.t were a small negative number, they would 
imaginary. 

8. Analyse the equation 

x 5 -}- x* -}- x* — 2a;* 2x — 1 = 0. 

The quadratic function is found to have imaginary roots. 

[Ans. One real root between [0, 1] ; four imaginary roots. 

9. Analyse the. equation 

x® — 6x B — 30x f -f 1 2x — 9 — 0. 

We find 

J 2 (x) = 5x« + 20x*+ 7 ; 

and as this has clearly all imaginary roots, the calculation may stop here. 

[ Ans . Two rqal roots ; in the intervals [ — 2, — 1J. [6, 7} 

10. Analyse the equation 

2x®-18x*-| 60x*-120x» -30x f + iax-5=>0. 

We find 

f t {x) = 5a?H220x*+l; 
and the calculation may stop. 

[Ans. Two real roots ; in the intervals [ — 1, 0], [5, flj. 

11. Examine how the roots of the equation 

2x* + 1 fix 1 — 84x — 1 90 = 0 

are situated in the several intervals between the numbers —00 , —7, 6, -f- ao . 
Here f 1 (z)=x*+5x— 14, 

/ 8 (x) = 27x+40, 

' 8 (*) = + - 

The substitution of the above quantities gives 


(— ® ) ■ 

— 

+ 

— 

+, 

(-7) 

f 

0 

- 

-K 

(8) 

+ 

+ 

+ 

+. 

(-oe ) 

+ 

+ 

+ 

+ ■ 


Whenever, as in this example, any quantity makes one of the auxiliary 
functions vanish [here —7 satisfies fi(x)—0] r the zero may be disregarded in 
counting the number of changes of sign in the corresponding row ; for, since the 
Bigns on each side of it are different, no alteration in the number of char ges of 
signs in the tow could take place, whatever sign be supposed attached to the 
vanishing quantity. 

The roo'ti are all real. There is one root between - oe and —7 ; and two 
between —7 and 6. 
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12. Analyse the equation 

3a: 4 — Qx l - Sx— 3=0. 

We find 

/ 1 (x)=3a;*— 3a;— 2, 

/«(*) = (* + l) a - 

A8/ B (a;).is a perfect square the calculation may cease. 

[An*. Two real roots ; in the intervals [ — 1, 0J, [1, 2]. 

99. Conditions for the Reality of the Roots of an Equa- 
tion. The number of Sturm’s functions, including f(x), f\x) and the 
n— 1 remainders, will in general be n+1. In certain cases, owing to 
the absence of terms in the proposed functions, some of the remain- 
ders will be wanting. This can occur only when the proposed equa- 
tion has imaginary roots ; for it is clear that, in order to insure a loss 
of n changes of sign in the series of functions during the passage of x 
from, — oo to +°° (namely, in order that the equation should have 
all its roots real), all the functions must be present. And, moreover, 
they must all take the same sign when z = -[-oo ; and alternating 
signs ^fhen x=-oo. Since the leading term of an equation iB always 
taken with a positive sign, we may state the condition for the reality 
of all the roots of any equation (supposed not to have equal roots) 
as follows : — In order that all the roots of an equation of the n ih degree 
should be real , the leading coefficients of all Sturm's remainders , in 
number n — 1, must be positive. 

Examples 

1. Find the condition that the roots of the equation 

ax* +2bx+c=0 

should be real and unequal. [Ane. b l — ac>0. 

2. Find the conditions that the roots of the cubic 

should be all real and unequal. 

When this cubic has its roots all real, it is evident that the general cubic 
from which it is derived (Art. 36) has also its roots all real ; so that in investiga- 
ting the conditions for the reality of the roots of a cubic in general, it is sufficient- 
tc discuss the form here written. 

We find / 1 (z)=z a - \-H, 

A( z ) = — 2/ifz — O', 

[In calculating these, before dividing f x (z) by / B (z), multiply the former 
by the positive factor 2 HK] 

Hence the required conditions are, # negative and Q*-\-±H* negative. 

These can be expressed as one condition, viz:, Q*+4H* negative, since this 
implies the former (c/. Art. 43). 

3. Calculate Sturm’s remainders for the biquadratic 
z* + 0tfz>+ 40* +a*I - 3JZ 1 = 0. 
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W'efird Jt (z)^ - 3//z 2 - Wz (a*I 3 H*). 

/,(-)= -(2H1 -~3aJ)z 01, 

/ 4 (*)~I«-27J«. 

These are obtained without much difficulty by aid of the identity of Art 
37v Before dividing by / 2 , multiply by the positive factor 3 H 2 ; and when the 
remainder is found, remove the positive factor a *. Before dividing/, b y/ 3 , multi- 
ply by the positive factor (2HJ- 3nJ)* ; arid when the remainder is foui cl, re- 
move the positive factor a 2 H a . 

100. Conditions for the Reality of the Roots of a Biquad- 
ratic. In order to arrive at criteria of the nature of the roots ot t^ie 
general algebraic equation of the fourth degree by Sturm's method, 
it is sufficient to consider the equation of Ex. 3 of the preceding 
Article. By aid of the forms of the leading co efficients of Sturm 
remainders there calculated, we can write down the conditions that all 
the roots of a biquadratic should be real and unequal in the form ' 

H negative , 2HI—3aJ negative , 7 3 27 J 2 positive. 

It will be observed that the second of these conditions is differ- 
ent in form from the corresponding condition of Art. 68. To show the 
equivalence of the two forms it is necessary to prove that when H is 
negative and a positive, the further condition 2 HI- 3 aJ negative 
implies the condition a 2 /— 12/7 2 negative, and conversely. From 
the identity of Art. 37, written in the form —H(a 2 I—12H 2 ) = 
a 2 (2HI—3aJ) —3 G 2 , it readily appears that when H and 2 HI -3a J 
arc negative a 2 / — 12/7- is necessarily negative. And to prove the 
converse we observe that when aJ is positive 27/7 — 3flJ is negative, 
since 1 is positive on account of the condition a positive ; and when 
aJ is negative 2 HI —3 aJ is still negative, since the negative part 2H1 
exceeds the positive part —3 aJ, as may be readily shown by the aid 
of the inequalities 12 H 2 >a 2 I and P>21J 2 . 

The student will have no difficulty in verifying, by means of 
Sturm's functions, the remaining conclusions arrived at in the differ- 
ent cases of Art. 68. 

Examples 

1. Apply Budan’s method to separate the roots of the equation 

aji-IOz 3 } 69®* -70x 42-0. 

[ Ans . Roots in intervals [ — 1, 0], [2, 3J, 14. o|, [9, U>|. 

2. Apply Sturm’s theorem to the analysis of the equation 

x*-4x 3 -\ lx 2 — fix 4 --- 0 . 

In analysing a biquadratic of this nature which has clearly two real io*>ts\ 
when a Sturmian remainder ia reached whoso leading co-officiont is negative, the 
calculation may cease, since the other pair of roots must thon be imaginary, and 
the positions of the real roots may bo readily found by substitution in the given 
equation. [Ans. Two roots imaginary ; real roots in intervals [—1, 0], [2 3]. 



EXAMPLES 


173 


3- Analyse in a similar manner the equation 
x® — 5x 3 -j 10x 2 — 6x — 21 =0. 

[ Ans . Two roots imaginary ; real roots in intervals' [ — 1, 0J ; [3, 4]. 

4. Apply Sturm’s theorem to the analysis of the equation 

x 4 -j-3x 3 --a: 1 — 3x f 1 1— 0. 

[Ans. Roots all imaginary* 

*5. Find, by Sturm’s method, the number and positions of the real roots 
of the equation 

x B — 10x3 + Ox q- 1-0. 

[An*. Roots all real ; one in the interval [—4, - 3] ; two in the interval 
f — 1, 0] ; and positive roots in the intervals [0, 1], [3 

6 Calculate Sturm’s functions for the following equation, mm show that 
all the roots are real : — 

x a — 5x® -)-5x 3 + 5x ? — 5x — l— 0. 

7. Calculate Sturm’s functions for the following equation, and show that 
four roots are imaginary 

3x5 j. r,js f 2-0. 

This and the preceding example are instances in which, as the student 
will easily see, there is a factor common to two of Sturm's remainders which aro 
not consecutive. 

8. Calculate Stunn’s functions for the following equation, and veufy the 
conclusions of Ex. 23, p. 85, with regard to the character of the roots : — 

x 5 - 5px 3 -|-r)p 8 x-t- 2q~0. 

9. Prove that, if c has any value except unity, tho equation 

c 2 x 4 - 2c a x 3 f 2x - 1 — 0 

has a pair of imaginary roots 

10. Prove that the roots of the equation 

x 3 - [a z -j-b 2 1 c a )x- 2abc~Q 

are all real, andsolvcrit when two of the quantities a, b, c become equal. 

11. Prove that when tho biquadratic 

/( .r ) = ■ » x 4 f 46x 3 + 6ex 2 -p 4dx + e 
has a triple factor, it may bn expressed in the form 

n 3 /(x) = lfu;-f 6 + V - IJ j 3 [ax+6- 3v — HJ. 

12. Verify, by means of Sturm’s remainders, the conditions which must 
be fulfilled when the biquadratic of the preceding example is a perfect square, 
and prove in that case 

a*f(x) = l(ux ± b)* + 3H]*. 

13. Prove that, when all Sturm’s functions are present, the number of 
changes of sign among the coefficients of the leading terms is equal to the number 
of pairs of imaginary roots of the equation. 

14. If the signs of the leading coefficients of the first two of Stunn’s 

remainders for a quint ic be - - , prove that the number of roal roots is deter- 
mined. [Ans. One real root only. 

15. If H and J are both positive, prove that all the roots of the biquadra- 
tic aro imaginary ; and that under the same conditions the quv 4 , .eii w ,j» 

binomial coefficiqpls has only one real root . 

(Mr M. Ho berth, Dublin Exam. Papers , 1802) 

lfl. In tne application of Sturm’s theorem, if any function be reached 
whose Bigns are all positive or all negative, the number and situations of the posi- 
tive roots of the original equation can be examined without the aid of tho lower 
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Sturmians ; and if a function be reached whose signs are alternately positive and 
negative, the negative roots of the original equation may be discussed in a similar 
manner. 

17. If all the roots of any equation f(x)= 0 are real, prove that all the 
roots of every one of Sturm's auxiliary functions are also real. 

This can be established by reasoning similar to that of Art. 90. Consider 
the remainder Ft and let its degree be m. This and the m functions which 
follow constitute a series of which no adjacent two can vanish together. When 
3 =— oo , their signs are alternately positive and negative, and when z=+oo, 
they are all positive. There are, therefore, m changes of sign to be lost ^s x 
passes from — oo to 4oo ; and no change of sign can be lost except on the passage 
through a root of 1^=0, which equation must consequently have m real root A 

Since a value of x which causes any of the functions to vanish gives ap- 
posite Bigns to the two adjacent functions, it is easily inferred that any equatiop 
of the series is a limiting equation with regard to the function which precedes iV 

18. If the real roots of any one,/ m (x), of the Sturmian auxiliary function^ 
be known, prove that the number and positions of the roots of the original equa- 
tion may be determined without the aid of the functions below f m (x). 

Let the real roots, in order of magnitude, of / m (*)=0 be a, p,... 0 ; 

the remaining roots being imaginary. As x varies from — oo to a value a little 
leu than 0, the function f m {x) cannot change its sign ; and, therefore, in examin- 
ing the roots of f(x)=0 which lie between these limits, the SturmianB which 
follow f m {x) may be disregarded. The same holds true as x passes from a value 
a little greater than 6 to one a little less than yj ; and similarly for the remaining 

intervals. If, therefore, we examine separately the intervals [— oo , 0], [0, tj] 

[pi *]» [*» + 00 ]• the number of roots of the original equation which lie in eAoh of 
these regions can be determined without the aid of the lower Sturmian functions. 

10. If any one of Sturm's auxiliary functions has imaginary roots, the 
original equation has at least an equal number of imaginary roots. 

(Mr. F. Purser) 

This oan be inferred from the preceding example by examining the 
greatest possible number of changes which con bo lost in the series terminating 
with f m (x), during the passage of x from — oo to -foe ; remembering that, so far as 
the limited series is concerned, a change of sign may be gained on the passage 
through each real root off m (x)=0. 

20. Apply the method of Ex. 18 to the oquatiou of Ex. 1, Art. 98. 

Disregarding the two lowest Sturmian remainders, we have 
f(x) sas* + 3x 3 -f lx* + 10a; + 1 , 

J'(x) s 4x* -f 9x z + 1 4x + 10, 

R 1 = — 29x a — 78x + 14. 

The roots of the equation B t = 0 are easily seen to lie in the intervals 
(_3, _ 2) and (0, l). The equation /( a;) = 0 has two imaginary roots, since the 
coefficient of x* in Ft x is negative. The real roots, if any, must be negative. The 
three functions above written are sufficient to determine the existence and situa- 
tions of roots in the intervals ( — x> , —3) and ( — 2, 0). It is at once seen the two 
real roots of the original equation are situated in the latter interval. 

It will be found possible in many examplos to avoid in this way the cal- 
culation of the last two Sturmian remainders ; and it will be observed that it if. 
not necessary to know the actual roots of tho quadratio function, but only the 
intervals in which they are situated. 



CHAPTER XI 

SOLUTION OF NUMERICAL EQUATIONS 

101. Algebraical and Numerical Equations. There is an 

essential distinction between the solutions of algebraical and 
numerical equations. In the former the result is a general formula 
of a purely symbolical character, which, being the general expression 
for a root, must represent all the roots indifferently. It must be such 
that, when for the functions of the co-efficients involved in it the 
corresponding symmetric functions of the roots are substituted, the 
operations represented by the radical signs V. v / become practi- 
cable ; and when the square and cube roots of these symmetric 
functions are extracted, the whole expression in terms of the roots 
will reduce down to one root : the different roots resulting from the 
different combinations ±y/ of square roots, and v", wy', w 1 # 
of cube roots. For a simple illustration of what is here stated, wo 
refer to the case of the quadratic in Art. 55. In Articles 59 and 66 
we have similar illustrations for the cubic and biquadratic. It is to 
be observed also that for formula which represents the root of an 
algebraic equation holds good even when the co efficients are imagi- 
nary quantities. 

In the case of numerical equations the roots are determined 
separately by the methods we are about to explain ; and, before 
attempting the approximation to any individual root, it is in general 
necessary that it Bhould be situated in a known interval which con- 
tains no other real root. 

The real roots of numerical equations may be either commen- 
surable or incommensurable ; the former class including integers, 
fractions, and terminating or repeating decimals, which are redu- 
cible to fractions ; the latter consisting of interminable decimals. 
The roots of the former class can be found exactly, and those of the 
latter approximated to with any degree of accuracy, by the methods 
we are about to explain. 

We shall commence by establishing a theorem which reduces 
the determination of the former class of roots to that of integer roots 
alone. 
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102. Theorem. An equation in which the co- efficient of the first 
term is unity , and the co-efficients of the other terms whole numbers , 
cannot have a commensurable root which is not a whole number. 

For, if possible, let ~ , a fraction in its lowest terms, be a 
coot of the equation 

x"4 M p a z"- 2 -! +Pn-iX J rPn=0 ; 

we have then 

(t) ~ l Vl ( b ) + +P"-i(t)+i , "=° ; 

from which, multiplying by & w_1 , we obtain 
a n 

— b =p 1 a n l i p 2 'i n i b+ +p n . 1 ab^- 2 ] p n l n l \ 

Now a n is not divisible by b , and each term on the right-hand side 
of the equation is an integer. We have, therefore, a fraction in its 

lowest terms equal to an integer, which is impossible. Hence ^ 

cannot be a root of the equation. The real roots of the equation, 
therefore, are either integers or incommensurable quantities. 

Every equation whose co-efficients are finite numbers, fractional 
or not, can be reduced to the form in which the co-efficient of the 
first term is unity and those of the other terms w'hole numbers 
(Art. 31) ; so that in this way, by the aid of a simple transformation, 
the determination of the commensurable roots in general can 
be reduced to that of integer roots. 

We proceed to explain Newton’s process, called the Method of 
Hi visors, of obtaining the integer roots of an equation whose co-effi- 
cients are all integers. 

10?. Newton’s Method of Divisors. Suppose h to be an 
integer root of the equation 

a 0 x n -\-a l x n l + +a n _ l x ' r a n =^ 0. ...(1) 

Let the quotient, when the polynomial is divided by x - h, be 

b 0 x n ~ 1 + b 1 x n ~ 2 -\- -f b t ._ 2 x-{- b„ 

in which b Q , b l9 etc., are clearly all integers. 

Proceeding as in Art. 8, w t c obtain the following equations : — 

" M>0, a 2 ~b 2 - hb 2f 

^ n -a “ 2 ~ — a* hb n j. 
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The last of these equations proves that a n is divisible by A , the 
quotient being —b n _ v The second last, which is the same as 

a n-i~ I — = —hb n _ 2 , 

proves that the sum of the quotient thus obtained and the second 
last co- efficient is again divisible by A , the quotient being — ; and 

so on. 

Continuing the process, the last quotient obtained in this way 
will be — ft 0 , which is equal to — a 0 . 

If we perform the process here indicated with all the divisors of 
a n which lie within the limits of the roots, those which satisfy the 
above conditions, giving integer quotients at each step, and a final 
quotient equal to — a 0 , are roots of the proposed equation. Those 
which at any stage of the process give a fractional quotient are to be 
rejected. 

When the co-efficient a 0 =l, we know by the theorem of the 
last Article that the integer roots determined in this way are all the 
commensurable roots of the proposed equation. If a 0 be not =1, the 
process will still give the integer roots of the equation as it stands ; 
but to be sure of determining in this way all the commensurable 
roots, we must first transform the equation to one which shall have 
the co-efficient of the highest term equal to unity. 

104. Application of the Method of Divisors. With a 
view to the most convenient mode of applying the Method of 
Divisors, we write the series of operations as follows, in a manner 
analogous to Art. 8 : — 

J n- 1 &n- 2 m '^2 

— 1 “ 2 — & 2 “^1 

— A6 n _ 2 — A& n _ a — hb-y A&0 0 

The first figure in the second line (— 6 n -i) is obtained by divid- 
ing a n by h. This is to be added to a n _ x to obtain the first figure in 
the third line ( — hb n _ 2 ). This is to be divided by h to obtain the 
second figure in the second line ( —b n _ 2 ) ; this is to be added to a n-2 , 
and so on. If A be a root, the last figure in the second line thus 
obtained will be — a 0 . 

When w;e succeed in proving in this manner that any integer h 
is a root, the next operation with any divisor may be performed, not 

on the original co-efficients a nt a n-1 , , but on those of the second 

line with their signs changed, for these are the co efficients of the 
quotient when the original polynomial is divided by x—h. When any 
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divisor gives at any stage a fractional result it is to be rejected at 
once, and the operation so far as it is concerned stopped. 

The numbers 1 and —1, which are always of course integer 
divisors of a n> need not be included in the number of trial divisors. 
It is more convenient before applying the Method of Divisors 
to determine by direct substitution whether either of these numbers 
is a root. 

Examples 

1. Find the integer roots of the equation 
x* - 2a* - 1 3x 2 + 38® - 24 = 0. 

By grouping the tei*ms (see Art. 87) we observe without difficulty tha 
the roots lie between —5 and -j-5. The following divisorB are possible roots 
-4, -3, —2, 2, 3, 4. 

We commence with 4 : — 

-24 38 —13 - 2 1 

-6 8 



32 -5 

The operation stops here, for sinoe —5 is not divisible by 4, 4 cannot be 

a root. 

We proceed then with the number 3 : 


24 

38 

-13 

-2 

1 


-8 

10 

-1 

-1 


30 

-3 

-3 

0; 


hence 3 is a root ; and in proceeding with the next integer, 2, we mako use, us 
above explained, of the co-efficients of the second line with signs changed : 

8 10 1 1 
4 -3 -1 

-6 -2 0 ; 

hence 2 also U a root ; and we proceed with - 2 : 

-4 3 1 

2 


5; 

hence —2 is not a root, for it does not divide 5. -3 is plainly not a root, for it 

does not divide —4. _ 

[We might at once have struok out —3 as not being a divisor of 
the absolute term 8 of the reduced polynomial. This remark will often bo of use 
in diminishing the number of divisors.] 

We proceed now to the last divisor, —4. 

-4 3 1 

1 - 1 
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Thus — 4 18 a root . 

The equation has, therefore, the integer roots 3, 2, —4 ; ntul the last stage 
of the operation shows that when the original polynomial is divided by the 
binomials, a; — 3, x ~2, 4, the result is x--I ; so that I is also a root. Hence 

the original polynomial is equivalent to 

(u:- l)(r-2jt» - 3)(.r; T 
2. Find tho integer roots oi 

3x* fJiw,*' -j-ihr :k* - P, 

The roots lie between - 1 ana ; none** we intve only to tost the divisors 

2, 3, 5. 6. 

We find immediate,^ urnt o is not a »oot. 

For 5 we have 

\iO 2i - 1*3 3 

- 0 5 3 -II 

-M sip - I ^ 

liofi'e 5 is a root For 3 we nave 

6 .. - ’i 


lienee 3 is a root ; and we easily imu tuuib 2 is no* a toot 

The quotient, wnvn the utignim p‘jj\ momai m di .'idod by [r 't)(A 3), i 

from the last operation, 

dX* - j- •l' -- ' 

■of tills 1 is not a root, ami - i is i / «i an tiie nu<eger roots of the pro- 

posed equation are — 1, 3, o. 

The other root oi the equation is it is a t omuiunsurabie root ; but, 

not being an integer, is not given m tin o.uiu operation. 

3. Find all the roots ol the equation 

x* -j-x 1 * - ‘lx* j ix — 254^0. 

Limits of the roots are —4, 3. |dn?. Hoots 3, 2, ± 2 \ - I. 

4. Find all the roots of the equation 

— l9xr -f 6».r 00 — 0. 

The roots lio between —0 and 0. 

We find that 2, 3, —5 aie roots, ana that the factor left after tho final 
division is 3 — 2 ; hence 2 is a double toot. The polynomial is, therefore, equi- 
valent to 

(*-2)*(* + 3)(*K>). 

In Art. 106 the case of multiple roots will be further considered. 

105.' Method of Limiting the Number of Divisors. It is 

possible of course to determine by direct substitution whether any of 
tho divisors of a n are roots of the proposed equation ; but Newton’s 
method has the advantage, as the above examples show, that some 
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of the divisors are rejected after very little labour. It has a further 
advantage which will now be explained. When the number of divi- 
sors of a n within the limits of the roots is large, it is important to be 
able, before proceeding with the application of the method in detail, 
to diminish the number of these divisors which need be tested. This 
can be done as follows : — 

If ft is an integer root of f(x) — 0, f(x) is divisible by x—h 
and the coefficients of the quotient arc integers, ag was above ex- 
plained. If, therefore, wc assign to .r any integer value, the quotient 
of the corresponding value of f(x) by the corresponding value oix—h 
must be an integer. We take for convenience, the simplest integers 
1 and —1 ; and before testing any divisor ft, we subject it to the 
condition that /( 1) must be divisible by 1 — ft (or changing the sign^ 
by ft— 1) ; and that /( — ]) must be divisible by —1 —ft (or, changing^ 
the sign, by 1 ft). 

In applying this observation it will be found convenient to 
calculate /( 1) and /( — 1) in the first instance if either of these 
vanishes, the corresponding integer is a root, and wc proceed w it h 
the operation on the reduced polynomial whose coefficients have been 
ascertained in the process of finding the result of substituting the 
integer in question. 

Examples 

J . a: 8 - 2 3 1 60z 3 - 28 J z 2 - 257z - 440 = 0. 

The roots lie hot ween —1 and 24. 

We have the following divisors : — 

2, 4, 5, 8, 10, 11, 20, 22. 

We easily find 

/(l) — — 840, and /(-l) — —648. 

We', therefore, exclude all the above di\ isore, which, when diminished by 
3 , do not di\ ide 840 ; and which when increased by 1, do not divide 648. The 
first condition excludes 10 and 20, and the second 4 and 22. Applying the 
Method of Divisors to the remaining integers 2, 5, 8, 11, w F e find that 5, 8 and 11 
are roots and that the resulting quotient is Hence the given polynomial 

is equh a’ent to 

(x~5)(.c— 8)(a; — 11 1). 

2. x 5 — — 31a;3-f 3l.r 2 _32x + 60=(L 

The roots lie between —3 and 32. 

Divisois : -2, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30. 

/(I ) — 0 ; so 1 is a root. 

/( — I ) — 124 ; and the above condition excludes all the divisors except 
-2, 3, 30. 

We easily find that —2 and 30 are roots and that the final quotient is 
a; 2 -j-l. The given polynomial is equivalent to 

(3’^l)(, T -30)(j;-b2)(a; 3 +l). 
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106. Determination of Multiple Roots. The Method of 
Divisors determines multiple roots when they are commensurable. In 
applying the method, when any divisor of a n which is found to be a 
root is a divisor of the absolute term of the reduced polynomial, we 
must proceed to try whether it is also a root of the latter, in which 
case it will be a double root of the proposed equation. If it be found 
to be a root of the next reduced polynomial, it will be a triple root 
of the proposed ; and so on. Whenever in an equation of any degree 
there exists only one multiple root, r times repeated, it can be found 
in this way ; for the common measure of f(x) and f'(x) will then be 
of the form (a — a)'” 1 , and the coefficients of this could not be com- 
mensurable if oc were incommensurable. 

Multiple roots of equations of the third, fourth, and fifth degrees 
can be completely determined without the use of the process of find- 
ing the greatest common measure, as will appear from the following 
observations ; — 

(1) The Cubic. In this case multiple roots must be commensur- 
able, since the degree is not high enough to allow of two distinct 
roots being repeated. 

(2) The Biquadratic. In this case either the multiple roots are 
commensurable or the function is a perfect square. For the only 
form of biquadratic which admits of two distinct roots being repeated 
is 

viz., the square of a quadratic. The roots of the quadratic may be 
incommensurable. If we find, therefore, that a biquadratic has no 
commensurable roots, we must try whether it is a perfect square in 
order to determine further whether it has equal incommensurable 
roots. 

(3) The Quintic . In this case, either the multiple roots are 
commensurable, or the function consists of a linear commensurable 
factor multiplied by the square of a quadratic factor. For, in order 
that two distinct roots may be repeated, the function must take one 
or other of the forms 

(x- a) 2 (* — P) 2 ('S- Y), (s— a)V- P) 2 . 

In the latter case the roots cannot be incommensurable ; but the 
former may correspond to the case of a commensurable factor multi- 
plied by the square of a quadratic whose roots are incommensurable. 
If then a quintic be found to have no commensurable roots, it can 
have no multiple roots. If it be found to have one commensurable 
root only, we must examine whether the remaining factor is a perfect 
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square. If it Jiave more than one commensurable root, the multiple 
roots Mill be found among; the commensurable roots. 

Examples 

1. Find all the commensurable roots of 

2j r3 — 3 1 x 2 + J 1 2x-(- 64 - 0. 

The roots lie between the limits 1, 16. The divisors are 2, 4, 8. 

04 112 -31 2 

8 15 -2 

120 -16 0; , 
IP, therefore, a root. Vrncof d v»r \v with the reduced equation ; 

-8 -16 2 
\ -2 

- J6 0 , 

S in a root again, and the remaining fart or is ?x-< 1 

j An*. /(.r) = (2a?-j- l)fj? 8) s . 

? Find th*‘ onmnienmir^blo end t odtiple roots of 
. 7 * - r 3 -36 r- 7 Ct - .16 - 0. 

The roo 4 « be between the limits 6, >2 | Apply method of Ex 10 

\Avx. i r (.rl = (:r-f 2)»(r- 7) 

3. Find the enrnr mrvmnddr and multifile roots of 
3 / 1 - t?/t - 7 ' - iO»r j-1« 0. 

The roots bo bet we* n fh<* hunts - 2. 

The equation a* it stand. 1 m found to hfme no integer root. ; but it may 
Rt ill have n oornmonsuralde r n * To tost thr* v 1 »o d+iply the roots by 3 in order 
to pet rid of the coefficient of .rb We find then 

x a 71 r" — ? 20 r j U4- 0. 

Limits 6, 1.1 

AV r e find 4 to bo ** double root of this, and the function to be equivalent 
to (.»;* 12.r * 9j|.r -f- 4 }*’. The original equation is, therefore, identical with the 

following : - 

(r a — 4 t : iff3c4 L 2 0. 

4. Find the commensurable and multiple roots of 

x* I9 r i I 32 r 2 - 24.r-6 4-.-0. 

The roots lie between - 12 and I The only divisors to be tested are. 
therefore, - 4, —2, —1. We find that the equation has no commensurable root. 
We proceed to try whether the given function js a perfecLsquare. This can be 
done by extracting the square root, nr bv applying the. conditions of Ex. 3, p. 102. 
We find that it is the square of x' 1 - f-6'c— 2 (rf. Ex. 1, p. 129). Hence the given 
( cpiation has two pairs of equal roots, both incommensurable. 

5. Find the commensurable and multiple roots of 

f{x) = a* - x* - 1 2x* -I - 8r 2 4-28.T f 12^0. 

The limits of the roots are - 4, 4. 

We find that - 3 in a root, and that the reduced equation is 

a; 4 — 4x 3 F8^-j- 4 = 0, 

and that there is im other commensurable root. 
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The only care of possible occurrence of multiple roots is f therefore, -when 
this latter function is a perfect square. It is found to be perfect square, and we 
hftve /(a;)s(a; l -2x-2)*{a;+3)*. 

fl. Find the commensurable and multiple roots of 
f{x ) s & - + 22a* - 26a? 1 + 2 1 x - 1 8 = 0 . 

[Ana. /(o;)s(s*+1)(:b— 2)(*-3)». 

7, The following equation has only two different roots : find them : — 

a? a — 13aP 4 -|-67® 8 — 171fl: s -f216x— 108=0. 

In general it is obvious that if an integer root A occurs twice, the last 
coefficient must contain A 1 as a factor, and the second last A ; if the root occurs 
three times, A* must be a factor of the last, A a of the second last and A of the 
third last coefficient. The last coefficient here =2*. 3*. Hence, if neither —1 nor 1 
is a root, the required roots must be 2 and 3. That these are the roots iB easily- 
verified. 

8. The equation 

800x*-l02x , -x+3=0 
has equal roots ^ find all the roots. 

In this example it is convenient to change the roots into their recipro- 
c a Is before applying the Method of Divisors. 

[Ana. /(x) = (lOx — 3)(5x — l)(4x-f 1)*. 

107. Newton’s Method of Approximation.- Having shown 
how the commensurable roots of equations may be obtained, we pro- 
ceed to give an account of certain methods of obtaining approximate 
values of the incommensurable roots. The method of approximation, 
commonly ascribed to Newton,* which forms the subject of the 
present Article, is valuable as being applicable to numerical equations 
involving transcendental functions, as well as those which involve 
algebraical functions only. Although when applied to the latter 
class of functions Newton’s method is, for practical purposes, inferior 
in form to Horner’s, which will be explained in the following Articles, 
yet in principle both methods are to a great extent identical. 

In all methods of approximation the root we are seeking is 
supposed to be separated from the other roots, and to be situated in 
a known interval between close limits. 

Let f(x)= 0 be a given equation, and suppose a value a to be 
known, differing by a small quantity h from a root of the equation. 
We have then, since a + h is a root of the equation, /(a +7i)=0 ; or 

/(«)+/'(«)*+^ -W =°- 

Neglecting now, since h is small, all powers of h higher than the first, 
we have 

/(a) +J» *= 0 , 

•See Note B at the end of the volume-. 
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giving, as a first approximation to the root, the value 

/(<*) 


a— 


/'(«) ' 

Representing this value by b, and applying the same process second 
time, we find as a closer approximation 

m . 

m 

By repeating this process the approximation can be carried to 
any degree ef accuracy required. 

Example • 

Find on approximate value of the positive root of the equation \ 

x*—2x—5=0. \ 

The root lies between 2 and 3 (Ex. 1, Art. 96). Narrowing the limits, the^ 
root is found to lie between 2 and 2*2. We take 2-1 as the quantity represented^ 
by a. It cannot differ from the true value a-\-h of the root by more than 0-1. We 
find easily 

: 06 I=OOO543. 

/'(«) /'( 2 - 1 ) 1123 

A first approximation is, therefore, 

2*1 -0-00543— 2 0946. 


Taking this a9 b, and calculating 


the fraction , we obtain 
/ ( b ) 


2-09455148, 

J l o) 

for a second approximation ; and so on. 

The approximation in Newton’s method is, in general, rapid. 
When, however, the root we are seeking is accompanied by another 

nearly equal to it, the fraction n0 *> necessarily small, since 


the value of either of the nearly equal roots reduces f'(x) to a small 
quantity. A case of this kind requires special precautions. We do 
not .enter into any further discussion of the method, since for prac- 
tical purposes it may be regarded as entirely superseded by Horner’s 
method, which will now be explained. 

108. Horner’s Method of Solving Numerical Equations. 
By this method both the commensurable and incommensurable roots 
can be obtained. The root is evolved figure by figure : first the 
integer part (if any), and then the decimal part, till the root termi- 
nates if it be commensurable, or to any number of places required if 
it be incommensurable . The process is similar to the known proces- 
ses of extraction of the square and cube root, which are, indeed, only 
particular cases of the general solution by the present method of 
quadratic and cubic equations. 
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The main principle involved in Horner’s method is the suc- 
cessive diminution of the roots of the given equation by known 
quantities, in the manner explained in Art. 33. The great advantage 
of the method is, that the successive transformations are exhibited in 
a compact arithmetical form, and the root obtained by one con- 
tinuous process correct to any number of places of decimals 
required. 

This principle of the diminution of the roots will be illustrated 
in the present Article by simple examples. In the Articles which 
follow, some additional principles which tend to facilitate the practi- 
cal application of the method will be explained. 

Examples 

1. Find the positive root of the equation 
2x* — Sox 2 — S5x —87=0. 

The first step, when any numerical equation is proposed for solution, is to 
find the first figure of the root. This can usually be done by a few trials; although 
in certain cases the methods of separation of the roots explained in Chap. X, may 
hav e to be employed. In the present example there can be only one positive 
root ; and it is found by trial to lie between 40 and 50. Thus the first figure 
of the root is 4. We now diminish the roots by 40. The transformed equation 
will have one root between 0 and 10. It is found by trial to lie between 3 and 
4. We now diminish the roots of tho transformed equation by 3 ; so that the 
roots of the proposed equation will bo diminished by 43. The second transformed 
equation will have one root between 0 and 1. On diminishing the roots of this 
latter equation by -5, we find that its absolute term is reduced to zero, i.e„ the 
diminution of the roots of the proposed equation by 43-5 reduces its absolute 
term to zero. We conclude that 43-5 is a root of tho given equation. The series 
of arithmetical operations is represented as follows ; — 


-85 

-85 

-87 

80 

-200 

-11400 

— 5 

-285 

-11487 

80 

3000 

0504 

75 

2715 

-1893 

80 

483 

1893 

155 

3198 


6 

501 


1GL 

! 3699 


G 

87 


167 

1 3786 



6 


173 

1 


174 
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Tlie broken lines mark the conclusion of each transformation , and the 
figures in dark type are the coefficients of the successive transformed equations 
(see Art. 33). Thus 

2#» + 1 55a; 1 -f- 27 1 5# - 1 1 487 = 0, 

is the equation whose roots arc each less by 40 than the roots of the given equa- 
tion, and whose positive root is found to lie between 3 and 4, If the second 
transformed equation had not an exact root -5 ; but one, we Bhall suppose, 
between -5 and -6, the first three figures of the root of the proposed equation 
would be 43-5 and to find the next figure we should proceed to a further trans- 
formation, diminishing the roots by -5 ; and so on. 

2. Find the positive root of the equation 


4a; 3 — 13s 2 — 31# — 275=0. 

We first write down the arithmetical work, and proceed 
a ations on it ; — 


to 


make certain 



-13 

-31 



-275 

24 

66 



210 

11 

35 

l 


-65 

24 

210 



51*392 

~35 r 

245 



- 13 608 

24 1 

11-96 



13608 

59 

256-96 



0 

■8 

12-12 




59-8 1 

269 08 




■8 

3-08 




60-6 

272 16 




•8 





61 4 





■2 






61-6 

We find by trial that the proposed equation has its ]>ositive root between 
0 and 7. The first figure of tho root is, therefore, 6. Diminish the roots by 0. 
The equation 

#* + 59#* + 245# - 65 = 0 

has, therefore, a root between 0 and 1. It is found by trial to lie between *2 and 
•3. The first two figures of the root of the proposed equation are, therefore, 6-2. 
Diminish the roots again by *2. The transformed equation is found to have tho 
root '05. Hence 0-25 is a root of the proposed equation. 

It is convenient in practice to avoid the use of the decimal points. This 
can easily be effected as follows : — When the decimal part of the root (suppose 
• abc ...) is abopt to appear, multiply the roots of the corresponding transformed 
equation by 10, i.e., annex one zero to the right of the figure in the first column, 
two to the right of the figure in the Becond column, three to the right of that in 
the third; and so on, if there be more columns (as there will of course be in equa- 
tions of a degree higher than tho third). The root of the transformed equation 

is then, not ■ abc but trfcc... Diminish the roots by a. The transformed 

equation has a root ’6c... Multiply the roots of this equation again by 10, The 
root becomes and the process is continued as before. To illustrate this 
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we repeat the above operation, omitting the decimal points. In all subsequent 
examples this simplification will be adopted : — 


—13 

-31 

-275 

24 

66 

210 

11 

“36“ ( “ 

“65000 

24 

210 

51392 

35 

24500 

-13608000 

24 

1196 

! 13608000 

590 

25696 

1 0 

8 

1212 

.1 

598 j 

2690800 


8 1 

30600 


606 J 

2721600 


8 j 



6140 



20 



6160 




3. Find the positive root of the equation 

20x* — 121**— 121x — 141— 0. 

The root is onsily found to lie between 7 and 8. It is, therefore, of the 
form l.ab... When the roots are diminished by 7, and multiplied by 10, the 
resulting equation is 

20*3 + 2990* 2 4-112500x 57000- 0. 

The positive root of this is a-b .. ; and as the root clearly lies between 0 and 
1, we have a- 0. We, therefore, place zero as the first figure in the decimal part 
of the root, and multiply the roots again by 10, before proceeding to the second 
transformation, 5 is easily seen to be a root of the equation thus transformed. 

[Ana. 7 05. 

In the examples here considered the root terminates at an early 
stage. When the calculation is of greater length, if it were necessary 
to find the successive figures by substitution, the labour of the process 
would be very great. This, however, is not necessary, as will appear 
in the next article ; and one of the most valuable practical advant- 
ages of Horner’s method is, that after the second, or third (sometimes 
even after the first) figure of the root is found, the transformed 
equation itself suggests by mere inspection the next figure of the root. 
The principle of this simplification will now be explained. 

109. Principle of the Trial divisor. We have seen in Art. 
107 that when an equation is transformed by the substitution of a-\ k 
for, x, a being a number differing from the true root by a quantity h 
small in proportion to a, an approximate numerical value of h is 
obtained by dividing f(a) by /'(a). Now the successive transformed 
equations in Horner’s process are the results of transformations of 
this kind, the last coefficient being f(a), and the second last /'(a) (see 
Art. 33). Hence, after two or three steps have been completed, so 
that the part of the root remaining bears a small ratio to the part 
already evolved, we may expect to be furnished with two or three 
more figures of the root correctly by mere division of the last by the 
second last coefficient of the final transformed equation. We might, 
therefore, if we pleased, at any stage of Horner’s operations, apply 
Newton’s method to get a further approximation to the root. In 
Horner’s method this principle is employed to suggest the next follow- 
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ing figure of the root after the figures already obtained. The second 
last coefficient of each transformed equation is called the trial-divisor. 
Thus, in the second example of the last Article, the number 5 is 
correctly suggested by the trial-divisor 2690800. In this example, 
indeed, the second figure of the root is correctly suggested by the 
trial-divisor of the first transformed equation ; although, in general, 
such is not the case. In practice the student will have to estimate 
the probable effect of the leading coefficients of the transformed 
equation ; he will find, however, that the influence of these terms 
becomes less and less as the evolution of the root proceeds. 

Examples 

1. Find the positive root of the equation 

x 3 + x 2 + x — 1 00 = 0“ 


correct to four decimal places. 

Jt-is easily seen that the root Hes between 4 and 5. 
work, and prooeed to make observations on it : — 


1 


1 

4 


1 -100 

20 _84 

27 —16000 

36 11928 


We write down the\ 

\ 

(4-2644 



5700 

-4072000 


264 

3788376 

130 

5964 

- 283624000 

2 

268 

256071744 

132 

623200 

-27552256 


2 

8196 

134 

631396 

2 

8232 

1360 

63962800 

6 

55136 

1366 

64017936 

6 

55152 

1372 

6 

13780 

4 

13784 

4 

13788 

4 

64073088 

13792 



First diminish the roots by 4. As the decimal part is now about to 
appear, attach ciphers to the coefficients of the transformed equation as explain- 
ed in Ex. 2, Art. 108. Since the coefficient 130 is small in proportion to 5700, 
we may expect that the trial-divisoi* will give a good indication of the next 
figure. The figure to be adopted in every case as part of the root is that highest 
number which in the process of transformation will not change the sign of the absolute 
term. Here 2 is the proper figure In diminishing by 2 the roots of the trans- 
formed equation x» + 130x*-j-5700x— 16000= 0, 
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the absolute term retains its sign ( — 4072). If we had adopbed.the figure 3, the 
absolute term would have become positive, the change of sign showing that we 
had gone beyond the root. We must take care that, after the first transforma- 
tion (the reason of this restriction will appear in the next example), the absolute 
term preserves its sign throughout the operation. If we were to take by mistake, 
a number too small, the error would show itself, just as in ordinary division or 
evolution, by the next suggested number being greater than 0. Such a mistake 
however, will rarely be made. The error which is most common is to take the 
number too large, and this will show itself in the work by the ohange of sign in 
the absolute term. In the above work it is evident, without performing the fifth 
transformation, that the corresponding figure of the root is 4, so that the correct 
root to four decimal places is 4-2044. 

2. The equation - # 4 -|-4.r a — 4x 2 — 1 lx + 4=0 
lias one root between 1 and 2 ; find its value correct to four decimal places. 


1 


4 

-4 


-11 

4 (1 6369 

1 

5 


1 

-10 

5 

1 


-10 ' 

-60000 

1 

6 


7 

5G976 

6 

7 


-3000 

-90240000 

1 

7 


11496 

72G90561 

7 

1400 


8496 

- 175494390000 

1 

516 


14808 

152131052016 

80 

1916 


~~ 23304000 

-23363337984 

H 

562 


926187 


86 

2408 


l 24230187 


6 

588 


| 935601 

- 

02 1 

305600 


25165788000 

1 

0 1 

3129 


189387330 

j 

98 i 

308729 


25355175336 


G 

3138 


189766488 


1040 

311807 


25544941824 


3 

3147 




1043 

31501400 



3 

03150 



1046 

31564556 

j 


3 

63192 



1049 

31627748 



_±\ 

63228 



10520 

31690976 




6 


1032G 

6 
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We Bee without completing the fifth transformation that 9 is the next 
figure of the root. The root is, therefore, 1-6309 correct to four decimal places. 

The trial-divisor becomes effective after the second transformation, sug- 
gesting correctly the number 3, and all subsequent numbers. The first trans- 
formed equation has its last two terms negative. We may expect, there foro, that 
the influence of the preceding coefficients is greater than that of the trial-divisor, 
as in fact is here the case. The numbor 0, the second figure of tho root, rmnu 
bo found by substitution. We have to determine what is tho situation between 
0 and 10 of the root of the equation 

x*-\ 80a:*-} 14003* — 30003 — 60000 — 0. 

A few trials show that 0 gives a negative, and 7 a positive result. Hence 
the root lies between 6 and 7 ; and 6 is the number of which we are in search, iln 
the subsequent trials we take those greatest numbers 3, 6, 9, in succession, which 
allow the absolute term to retain its negative sign. In the first trails formation, 
diminishing tho roots by 1, there is a change of sign in the absolute term. Tno 
meaning of this is, that we have passed over a root lying between 0 and 1, for\) 
givos a positive result, 4 ; and 1 gives a negative result, —6. In all subsequent 
transformations, so long as we keep below the root, tho sign of tho absolute 
term must be the same as the sign resulting from tho substitution of 1. This 
supposes of course that no root lies between 1 and that of which we are in search. 
This supposition we have already made in the statement of the question In fact 
the proposed equation can have only two positive roots ; one of them hos bet- 
ween 0 and 1 and, therefore, only one between 1 and 2. 

When two roots oxist botwcon the limits employed in Horner's method, 
i.c., when the equation lias a pair of roots nearly equal, certain precautions must 
be observed which will form the subject of a subsequent Article. 

3. Find the root of tho preceding equation between 0 and 1 to four deci- 
mal places. Commence by multiplying by 10. The coefficients aro then 

1. 40, -400, - 1 1000, 40000 ; 

the trial-divisor becomes effective at once in consequence of tho comparative 
smallness of the leading coefficients. The positive sign of the absolute term must 
be preserved throughout. [Arut. -3373. 

4. Find to three plucos of decimals the root situated between 9 and 10 
of the equation 

3*2 4- 75* -10000=0. [Aw. 9-88C. 

[Supply the zero coefficient of j 3 .] 

In the examples hitherto considered the root has been found 
to a few decimal places only. We proceed now to explain a method 
by which, after three or four places of decimals have been evolved as 
above, several more may be correctly obtained with great facility by 
a contracted process. 

110. Contraction of Homer’s Process. In the ordinary 
process of Contracted Division, when the given figures are exhausted, 
in place of appending ciphers to the successive dividends, we cut off 
figures successively from the right of the divisor, so that the divisor 
itself becomes exhausted after a number of steps depending on tl.o 
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number of figures it contains. The resulting quotient will differ 
from the true quotient in the last figure only, or at most in the last 
two figures. In Horner’s contracted method the principle is the same. 
We retain those figures only which are effective in contributing to 
the result to the degree of approximation desired. -When the con- 
tracted process commences, in place of appending ciphers to the 
successive co-efficients of the transformed equation in the way before 
explained, we cut off one figure from the right of the last co-efficient 
but one, two from the right of the last co-efficient but two, three 
from the right of the last co-efficient but three ; and so on. The 
effect of this is to retain in their proper places the important figures 
in the work, and to banish altogether those which are of little impor- 
tance . 

The student will do well to compare the first transformation by 
the contracted process in the first of the following examples with 
the corresponding step in the second example of the last Article, 
where the transformation is exhibited in full. He will then observe 
how the leading figures (those which are most important in 
contributing to the result) coincide in both cases, and retain their 
relative places ; while the figures of little importance are entirely 
dispensed with. 

In addition to the contraction now explained, other abbrevia- 
tions of Horner’s process are sometimes recommended ; but as the 
advantage to be derived from them is small, and as they increase the 
chances of error, we do not think it necessary to give any account of 
them. The contraction here explained is of so much importance in 
the practical application of Horner’s method of approximation that 
no account of this method is complete without it. 

Examples 

1. Find the root between 1 and 2 of the equation in Ex. 2 of the last 
Article' correct to Heven or eight decimal places. 

Assuming the result of the Example referred to, we shall commence the 
contracted process after the third transformation has been completed. The 
subsequent work stands as follows : — 

1032 315014 25165780 -17549439 (1 636913575 

6 18936 15213090 

3156 2535515 I -2336349 

6 18972 | 2301597 

3162 I 2554487 - 34752 

6 | 285 25601 

255733 -9151 

285 7680 

256018 1 -1471 

1280 

-191 
179 


3108 

31 


12 
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Here the effect of the first cutting off of figures, namely, 8 from the 
Becond last co-efficient, 14 from the tliir .2 hist, an- 1 052 from the fourth last, is to 
banish altogether the first co-efficient of tlio biquadratic. We proceed to dimi- 
nish the roots by 6 as if the co-efficients 1, 3150, 2516578, —17549439 which are 
left were those of a cubic equation. In multiplying by the corresponding figure 
of the root the figures cut off should be multiplied mentally, and account taken 
of the number to be carried just as in contracted division. 

After the diminution by 6 has been completed, we cut offagaininthe 
transformed cubic 7 from the last co-efficient but one, 68 from the last but two, 
and tbe first co-efficient disappears altogether. The work then proceeds as if wo 
were dealing with the co-efficients 31, 255448, —2336349 of a quadratic. The 
effect of the next process of cutting off is to banish altogether the leading co 
efficient 31. The subsequent work coincides with that of contracted division. 
When the operation terminates, tho number of decimals in the quotient may b® 
depended on up to the last two of three figures. Tho extent to which the evo-\ 
lution of the root must be carried before the contracted process is commenced ' 
depends on the number of decimal places required ; for after the contraction 
commences we shall be furnished in addition to the figures already Evolved, 
with us many more as there are figures, in the trial-divisor, less one. 

2. Find to seven or eight decimal places the root of the equation 
z 4 — 12 .t + 7«0 

which lies between 2 and 3. 

This equation can have only two positive roots, one lies between 0 and 1, 
and the other between 2 and 3. For the evolution of the latter we have 
the following 

0 0 -12 7 < 20472755671 

2 4 8 -8 


2 

4 

-4 

100000000 

2 

8 

24 1 

83891456 

4 

12 j 

20000000 

-16108544 

2 

12 

i 

972864 

15493401 

6 

I 240000 

20972864 

-615143 

2 1 

1 3216 

985792 

446262 

800 

243216 

21958656 

-168881 

4 

3232 

17478 

156226 

804 

246448 

2213343 

-12655 

4 

3248 

I 17478 | 

11159 

808 

4 1 

i 

(249696 

2496 

223082 1 

49 

-1496 

1388 

812 i 

223131 

-158 

4 1 


49 

156 

m 

24 

223180 

2 


On this we remark, that after diminishing the roots by 2, and multiplying the 
roots of the transformed equation by 10, we find that the trial-divisor 20000 will 
rot “go into” the absolute term 10000 ; \ye put, therefore, zero in the quotient, 
and multiply again by 10, and then proceed as before. 
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3. 

4 . 


Find the root of the same equation which lies between 0 and 1. 

[. Ans . -593685829. 


Find the positive root oF the equation 


®*-|-24'84® 8 — 67-013® — 3761-2758=0. 

When the co efficients of the proposed equation contain decimal points, 
it will be found that they soon disappear in the work in consequence of 
tho successive multiplications by 10 after the decimal part of the root begins to 
appear. [Ans. 11-1973222. 

5. Find tin* negative root of the equation 
.t 1 — 1 2x* + 1 2® — 3 = 0 


to seven places of decimals. 

When a negative root has to be found, it is convenient to change the 
sign of r and find tho corresponding positive root of the transformed equation. 

[Ans. -3-9073785. 


111. Application of Horner’s Method to Gases where 
Roots are nearly Equal. We have seen in Art. 107 that the 
method of approximation there explained fails when the proposed 
equation has two roots nearly equal. Examples pf this nature are 
those which present most difficulties, both in their analysis ( see 
Ex. 7, Art. 98) and in their solution. By Horner’s method it is 
possible, with very little more labour than is necessary in other 
cases, to effect tho solution of such equations. So long as the lead- 
ing figures of the two roots are the same, certain precautions must 
be observed, which will be illustrated by the following examples. 
After the two roots have been separated, the subsequent calculation 
proceeds for each root separately, just as in the examples of the pre- 
vious Articles. It is evident, from the explanation of the trial -divisor 
given in Art. 109, that for the same reason as that which explains 
the failure of Newton’s method in the case under consideration (ace 
Art. 107), it will not become effective till the first or second stage 
after the roots have been separated. 


Examples 

1. The equation 

— 7x + 7=0 

has two roots between 1 and 2 (see Ex. 2, Art. 96) ; find each of them to eight 
decimal placeB. 

Diminishing the roots by 1, we find that the transformed equation (after 
its roots are multiplied by 10), viz., 

®* + 30® 8 - 400® + 1000= 0, 

must have two roots between 0 and 10. We find that these roots lie v one between 
3 and 4, and the other between 6 and 7. The rootB are now separated, and we 
proceed with each separately in the manner already explained. Tf the roots were 
not separated at this stage, we should find the leading figure common to the 
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two, and, having diminished the roots by it, find in what intervals the roots of 
the resulting equation were situated ; and so on. [Ana. 1-35689584 ; 1 -09202 L47. 

2. Find the two rootB of the equation 

a 1 — 4P:r* + 058x — 1379=0 
which lie between 20 and 30. 

W9 shall exhibit the complete work of approximation to the smaller of 
the two roots to seven places ; and then make some observations which will be a 
guide to the student in all cases of the kind 


1 -49 

20 


658 

-580 


-1379 (23 2131277 

1500 


-29 78 

20 -180 


181 

-180 


-9 ; -102 

20 I 42 


1000 

-992 


11 

3 


-60 

51 


8000 

-0739 


14 

3 


17 

3 


-900 

404 

-490 

408 


I — 


1261000 

-1217403 


43597 

-34183 


200 

2 


8800 

2061 


9414 

-6786 


202 

o 


-6739 

2062 


2628 

-2372 


204 1 

o 1 

-467700 

__ !__J 

61899 

2060 

-405801 

1 

61908 

2061 

1 . 

343893 

206 

2062 

1 

-34183 

206 

20630 

200 — 33977 

3 

4 


256 

-236 

20 


20633 


20636 

3 


3393 

4 

2-3380 


20020 


The diminution of the roots by 20 changes the sign of the absolute 
term. This iB an indication that a root exists between 0 and 20, with whioh wo 
are not at present concerned. The roots of the first transformed equation 
*• + Use*— 102a7 + 181=0 
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are not yet separated, lying both between 3 and 4. The substitution of each of 
these numbers gives a positive result, so that we have not here the same criterion 
to guide us in our search for the proper figure as in former oases, viz., a change 
of sign in the absolute term. Wo have, however, a different criterion which 
enables us to find by more substitution the interval within which the rojt 9 lie 
If we diminish tho roots of x 3 -f- 11a; 2 — 102-r -|- 181 “0 by 4, the resulting equation 
is x 3 + 23x*-|-34x-|~13 -0, which has no change of sign. Hence the two roots 
must lie between 0 and 4. If wo diminish its roots by 3, the resulting equation 
(as in the above work) has the same number of changes of sign as the equation 
itself. Hence the two roots lie betweon 3 and 4. They are, therefore, not yet 
separated ; and we procsed to diminish by 3. The next transformed equation 
- x* + 200x 2 - 900 x + 1 000 = 0 

is found in the same way to have both its roots between 2 and 3 : the diminution 
by 2 leaving two changes of sign in tho coefficients of the transformed equation 
(as in the above work), and the diminution by 3 giving all positive signs. So far, 
then, tho two roots agree in their first three figures, viz., 23-2. We diminish 
again by 2. The resulting equation x 3 -|-20G0x 2 — 8800x + l 261000—0 has one root 
only between 1 and 2 ; 1 giving a positive, and 2 a negative vosult : its other 
root lies between 2 and 3 ; 3 giving a positive result. The roots are now sepa- 
rated. We proceed, as in the above work, to approximate to the lesser root, by 
diminishing the roots of this equation by 1 ; the trial divisor becoming effective 
at the next step. To approximate to the greater root, we must diminish by 2 
the roots of the samo equation, taking care that in the subsequent operations 
the negative sign, to which the previously positive sign of the absolute term 
now changes, is preserved. The second root will be found to bo 23-2205212. 

So long as the two roots remain together, a guide to tho proper figure of 
the root may be obtained by dividing twice the last coefficient by the Bci-ond 
last, or the second last by twice the third last. Tho reason of this is, that the 
proposed equation approximates now to the quadratic formed by the last three 
terms in each transformed equation ; just as in previous cases, and in Newton's 
method, it approximated to tho simple equation formed by the last two terms, 
this quadratic having the two nearly equul roots for its roots ; and when the two 
roots of the equation nx 2 -|- 5x-fc=0 are nearly equal, either of them is given 
- 2c -b m 

approximately by — ^ — or — ^ . Thus, in the above example, the number 3 is 
2x181 2x1000 

suggested by - and the number 2 by — . In this way we can 

generally, at tho first attempt, find tho two integers between which the pair of 
roots lies. Wo shall have also an indication of the separation of the roots by 
observing when tho numbers suggested in this way by tho last three coefficients 

2c b 

become different, i.e , when ^ suggests a different number from g- . 

3. Calculate to three decimal places each of tho roots lying between 4 
and 5 of the equation 

x* + 8x 3 _70x> _ H4x + 936—0. 

[An*. 4 242 ; 4-240. 

4. Find the two roots between 2 and 3 of the equation 

G4x» - 592x a + 1 649x - 1 445 -0. 

[.4n*. The roots are both^*2-125. 
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Here wo find that the two roots are not separated at tho third decimal 
place. When we diminish by 5, the absolute term vanishes, showing that 2-125 is 
a root ; and proceeding with this diminution the second last coefficient also 
vanishes. Hence 2-125 is a double root. 

When an equation contains more than two nearly equal roots, 
they can all be found by Horner’s process in a manner similar to that 
now explained. Such cases are, how ever, of rare occurrence in prac- 
tice. The principles already laid down will be a sufficient guide to 
the student in all cases of the kind. 

112. Lagrange’s Method of Approximation. Lagrange has 
given a method of expressing the root of a numerical equation iq 
the form of a continued fraction. As this method is, for practical 
purposes, much inferior to that of Horner, w e shall content ourselve^ 
w r ith a brief account of it. \ 

Let the equation f(x ) =0 have one root, and only one root, bet- 
ween the two consecutive integers a and a-J-1. Substitute a 4- ? for ^ 

V 

x in the proposed equation. The transformed equation in y has one 
positive root. Let this be determined by trial to lie between the 
integers b and 6+1. Transform the equation in y by the substitution 

t/ = 6+ — . The positive root of the equation iii z is found by trial 
z 

to lie between c and c+1. Continuing this process, an approxima- 
tion to the root is obtained in the form of a continued fraction, as 
follows :■ — 


a + 


1 

6+1 

c+1 


Examples 

1. Find in the form of u continued fraction tho positive root of the 
equation 

:r*^2x— 5=0. 

The root lies between 2 and 3. 

To make the transformation s=2-f-~^~ , we first employ the process of 

Art. 33 diminishing the roots by 2. We then find the equation whose roots arc 
the reciprocals of the roots of the transformed. 

The equation in y is in this way found to bo 
2/* — 10y a — 6t/ — 1 =0. 

This has a root between 10 and 11. 

Make now the substitution ,y-=10 + ? . 

The equation in z is 

4 flls*-94z«-202-l-0. 
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This has a root between 1 and 2. Take z=l + ~ M 
The equation in u is 

54u« + 25u* - 89u - 6 1 - 0, 
which hoe a root between 1 and 2 ; and so on. 

Wo have, therefore, the following expression for the root • 

1_ 

1 

1 

1 -f . . . 

2. Find in the fonn of a continued fraotion tho positive root 'M 
-sc* — 6x — 13=0. 


x=2 


10 + 


1 + 




I 



113. Numerical Solution of the Biquadratic.. It is proper, 

before closing the subject of the solution of numerical equations, to 
illustrate the practical uses which may be made of the methods of 
solution of Chap. VI. Although, as before observed, the numerical 
solution of equations is in general best effected by tho methods of 
the present chapter, there are certain cases in which it is convenient 
to employ the methods of Chap. VI for the resolution of the biquad- 
ratic. When a biquadratic equation leads to a reducing cubic which 
lias a commensurable root, this root can be readily found, and the 
solution of the biquadratic completed. We proceed to solve a-few 
examples of this kind, using Descartes’ method (Art. -64), whioh will 
usually be found the most convenient in practice. 


Examples 

1 . Resolve tho qunrtic 

a 4 — 0jp | -f3aj | -f22z — 6 

into quadratic factors. 

Making tho assumption of Art. 64, we oosily obtain 

p+p'=- 3. 3+3'+4j>p'=3, P9'+p'3=*H. 33'=--#. 
1 1 

.«Iho 9=o pp’ =“4-(3+3'- 1 ) : 


and, calculating and 


lie equation for 9 is 

111 225 

49*- 4^—8 


=0. 


Multiplying the roots by 4, we have, if 49 =f, 


9 = 


<• — 111* -450=0. 

By tho Mothod of Divisor this is easily found to have a root 
3 

2 > giving 

pp'=2, 5. 


—6; lienee 
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From these, combined with the pvoceding equations. we get 
/> — —2, ;/=.= _], 7^ 1, 7'= -6. 

When the values of q and q' are foiWid, the equation giving tho value of 
7>q'-) Vq determines which value of q goes withy;, and which with p\ in tho- 
quadratic factors. The quartic is resolved, therefore, into the factors 

(a?*— 4 jf-K 1 )(**-- 2.C --6). 

By means of the other two values of 9 wo can resolve the quartic into quadratic 
factors in two other ways ; or we can do the same thing by solving tho t>vo 
quadratics ahcady obtained. 

2. Resolve into factors the quartic 

f(x) = x* — 8a; a — \2x*-\ (iOsr -f 03. 

Tho equation for 9 is 

493-1959-475^:0, 
which is found to have a root — — 5. 

[Ann. /(r) = (.r*-L\r-3)(.r 1 - 6 *- 21). 

3 ■ R csol v ft i n to fac tors 

/(■I'Js.r 4 — 17x a — 2<Xc — 6. 


The reducing cubic js found to bo 

217 

12 216 


217 3185 

J V 3 - 9+ u 


nr. multiplying the roots by 6, 

This lias a root= 7 ; hence 9 - . [Ann. /(.r) = ( r*-|-4.r |- 2 )(r l — 4jb — 3). 


4< 3 -<mR + 3J85_ O. 
7 


4. Resolve into factors 

hr 3 -9.r*g66o; - 22 . 

The reducing cubic is 

335 897 A 

49 s - . 9- 


hence 


9 ■- — 9 "■ f Ann. /(.r) = (.r , -U)(.c>-0xf2|. 


5 RchoIv o into j actors 

f(.r)r= r* ■ 8.r 3 -j-21.r*- 26 .t-|-14. 

[An*. /(x)s(jc*-2.r+2KJ- 1 - 6* + 7). 

C. Resolve into factors 

.r*-}- 12x + 3. 

[Ann. (s* - .ry « + 3 T >/■«)(*■+ W 6 + S—V 6 )- 
7 . Kind tho quadratic factors of 

4 r« 82: 3 - 1 2.r» + 84 j* - 63 = 0 , 

and solve the equation completely (nee Ex. 18, p. 26). 

Ann, [a : 1 — 2.r(2+y r 7)4- 3y7j[x* — 2.r(2 — V"7) — 3V 7 ]- 
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Miscellaneous Examples 

1. Find the positive root of 

X*— 6a; — 13=0. 


2. Find the positive root of 

*a_2x_r»- 0 


[Ans. 3 176814393. 


correct to eight or nine places. [/Ins. 2-094551483* 

3. The equation 

2x s — 650 -Sx* -f 5x — 1 627 — 0 

has a root between 300 and 400 ; find it. [Ana. Commensurable root, 325 4. 

4. Find the root between 20 anil 30 of the equation 

4x»-180x 2 +1896x- 457-0. [Ana 28-52127738. 

5. Find to six places the root betwoon 2 and 3 of the equation 

x 8 — 49x* + 658x — 1 379 = 0. [Ana. 2 557351. 

6. Find to six places the root between 2 anrl 3 of the equation 

a;*- 12x a + 12x-3 = 0. \Ana. 2-858083. 

7. Find the positive root of the equation 

x 3 -+2x 2 — 23x — 70=0 

correct to about ten decimal places. [Ana. 5-13457872528. 


8. Find the cube root of 673373097125. [Ana. 8765. 

9. Find the fifth root of 537824. [Ans. U. 

10. Fmd all the roots of the cubic equation 

a:» — 3 jc-| 1 —0. 


The equation a;* + a; 3 + 1 = 0, of Ex. 7, p. 81, reduces to this. 

[Ana. —1-87938, 0-34729, 1-53209. 

The smaller positive root gives the solution of the problem. To divide a 
hemisphere whose radius is unity into two equal parts by a plane parallel to the 
base. 

11. Find all the roots of the cubie 

x 3 + x 1 — 2x — 1 =0. 

{See Ex. 1. p. 81.) [Ana. -1 80194, -0-44504, 1-24698. 

12. Find to five decimal plaoe3 the negative root between —1 and 0 [see 
Ex. 3, p. 81) of the equation 

x 5 + ,i-« -4x 3 -3x 3 + 3x + 1=0. [Ana. -0-28463. 

13. Solve the equation 

x*-315x 3 - 19684x + 2977260 --0. 

We find that there is a root here between 70 and 80. By Horner’s pro- 
cess it is found to be 78. The depressed equation furnishes two roots, which, 
increased by 78, arc the remaining roots of the cubie. [Ans. 78, 347, —110, 

14. Find the two real roots of the equation 

x* + 11727x+40385=0. [Ana. 3 45592, 21-43067. 

This oquation is given by Mr. G. H. Darwin in a Paper On the Precession 
of a Viscous Spheroid t and on the Remote History of the Earth. Phil. Trans., Part 
ii, 1879, p. 508. The roots are "the two values of the cube root of the earth’s 
rotation for which the earth and moon move round as a rigid body." 
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15. Find all the roots of the cubic equation' 

20* l -24a;*+3=0. 

[Ana. -0-31469, 0-44603, 1 06665, 

This equation occurs in the solution by Professor Ball of a problem of 
Professor Townsend's in the Educational Times of Deo., 1878, to determine the 
defloction of a beam uniformly loaded and supported at its two ends and points 
of triseotion. 

16. Find the positive root of equation 

14®*-f 12x*— 9 jj— 10=0. [Ana. 0*85906. 

The equations of this and the following example ooour in the investiga- 
tion of questions relative to beams supported by props. 

17. Find the positive root of the equation j 

7z*+20** + 3* , -16ir-8-0. [in*. 0#1336l 

18. Find to ten decimal places the positive root of the equation \ 

x«+12a;«+59x»-|-150a? 1 -f-201*-207=0. [Ana. 0 6386058033. 

19. Find all the commensurable roots of 

f(x) s a; 5 + 2x* — 36x* - 1 49x* - 232ar — 3 36 = 0, 
and solve the equation completely. [Ana. /(a?)a(:» l +x + 3)(*+4) , (*— 7). 

20. Solve similarly the equation 

/( x) = x 5 - 32x* -f- 1 1 &r* - 1 18* 1 + 1 1 Bx — 84=0. 

[Ana. /(*)a(x»-|-l)(*-l)(®-3)(®-28). 

21. Find the condition that the quadratic Sturmian remainder of Ex. 3, 

Art. 99, should have its roots imaginary. [Ana. H/+3aJ positive. 

This condition is fulfilled when H and J are both positive (sinoe then I 
must be positive, by the identity of Art. 37). It is, therefore, easily inferred that 
the biquadratic has no real roots when H and J are both positive (cf. Ex. 15, p. 
173). 

22. When the biquadratic has two roots equal to a, prove 

. - QI 
+b -$HI-9aJ- 

23. If the equation /(*) = 0 has all its roots real, prove that the equation 

/(as) — [/'(*)]■ =0 has all its roots imaginary. 

24. If an equation of any degree, arranged according to powers of x , have 
throe consecutive terms in geometrio progression, prove that its roots Cannot be 
all real. 

Thede three terms must be of the form kx r + kaiz r ~ l +ku t z r ~ t . Let the 
equation be multiplied by *— a. The resulting equation will have two oonse- 
cutive terms absent, and must, therefore, have at leost two imaginary roots ; but 
all the roots of this equation except a are roots of the giyen equation. 

25. If an equation has four consecutive coefficients in arithmetic pro- 
gression, prove that its roots cannot be all real. ~~ 

This can be reduced to the preceding example. Writing down four terms 
of the proper form, and multiplying by *—1, it readily appears that the resulting 
equation has three consecutive terms in geometrio progression. 

26. Calculate the first two of Sturm's remainders for a quin tic wanting 
the second terms, viz., 

f(x)mx l +axfi+bx % +cx+d=0. 

[Ana. B x m -2ar > -3&* , -4c*-5d, 
B t mA&+Ba+G, 
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when 

Am40oe-12o*-450*, BaSOad-M-Mbe, Om-4ah-lM. 

Retaining this notation it ia easy to calculate the coefficient! D, E of the third 
remainder #,■ Dxj-E in term* of o, b, e, i, A, B, C-\ and, Anally, B, in terma of 
A, B, 0, D t E. 

21. Remove the aeoond term from the general quintio written with 
binomial coefficients, and prove that the leading coefficient! of the flrit two of 
Sturm’a remainder! for the reaulting equation an 

-H, -Cfl/+9q 0 J. 

28. Calculate the leading ooeffioienta of the first two Sturmian remainder* 
for an equation of the n ,k degree wanting the second term, v«„ 
*"+a» n " , +6* n_, +ca! n -*+etc. =0. 

No coeffloienta beyond those here given will enter into the required 
values ; we readily .find 

By& -2ox ,, “ , -86» ,, ” , +4c* ,, -‘-eto. 
f?,H— [4(n— 2)a'-8no$+9nfc ! ]x n " , -(-etc. 

20. Remove tho second term from the general equation of the n ik degree 
written with binomial coefficients, and prove that the leading coefficients of the 
first two Bturmian remainders of the resulting equation are 
-H, -nff/-)-3(n-2)a,j. 

These expressions are easily derived from the preceding example by aid 
of the transformation of Art. 36 ; the values A t , A v being given by equations 
a t d|— H, o,M,=0, o,M 4 =o, , /-3fl\ 

O 1 being plaoed by ita value from the identity of Art. 37, and positive multipliers 
omitted. 

30. Caloulate Sturm's functions for Euler's oubio (see Art. 01). 

We find after some reductions, and omitting positive faotors, 

/(*) ■ »• + 8ff»' + 3(tf ' — - !<?', 

/'(*)■*•+ 2H*+H»- t V/, 

BymVx+iHI-baJ, 

*,■/»- ilJ', 

All the conditions of Art. 08, with respect to the nature ef the roots of 
the biquadratic, may be derived from these results, by the aid of Jfc. 4, p. 102. 
And it will be observed that the conditions for reality of all the roots as given in 
Art, 100, as well os in the Article already referred to, are both obtained here 
together ; for, in order that Efyler's oubio should have all its roots real and posi- 
tive, the substitution of 0 for x must give three changes of sign, and this to- 
quires that aU—HH* and 2Hl-%aJ should be both negative, 



CHAPTER XII 

COMPLEX NUMBERS AND THE COMPLEX VARIABLE 


114. Complex Numbers— Graphic Representation. In 

the foregoing chapters many examples have been met with of the 
occurrence among the solutions of numerical equations of quantities 
of the form + L involving the extraction of the square root of 
a negative number. Such an expression, consisting of a positive or 
negative real units, and b positive or negative imaginary units, is 
called a complex number {see Art. 15). The imaginary unit 
is denoted for brevity by i. Real and purely imaginary numbers are i 
both included in the expression a-f ib , the former being obtained 
when 6—0, and the latter, when a--0. Complex numbers may be 
submitted to all the ordinary rules of arithmetical calculation ; and 
in the result of any such calculation integral powers of i beyond the 
first can always be reduced by the relation t 2 - 1. 

We proceed to explain a mode of representing complex numbers 
geometrically, which will be found very convenient in the treatment 
of functions involving quantities of this kind. 

The expression a-\ ib may be written in the form 
p.( cos a -f i sin a), 

where 


a 


SUl a — 


b 


H — y a 2 f 6 2 , COS a 

The quantity n is called the modulus , and the angle a the ampli- 
tude, of the c mplex number a-\-ib . The modules is always taken 
positively, the negative sign of the radical corresponding to an in- 
crease of the amplitude by tt. 

Let rectangular axes OX , OY (Fig. 7) be taken, and a point A 
such that XOA ^oc, and We have then ‘0Jf=/x cos </.-=«, and 

AM— n ,sin a— b. The ex- 
pression a-\ ib may, there- 
fore, be represented gra- 
phically bv the right line 
drawn from 0 to a point 
in a plane whoso co-ordi- 
nates referred to the fixed 
axes are a, b ; the distance 
OA of this point from the 
origin being equal to the 
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modulus, and the angle XOA equal to the amplitude of the complex 
number. 

The magnitude of a complex quaritity is estimated the magni- 
tude of its modulus. When the complex quantity vanishes (that 
is, when a and b separately vanish), its modulus vanishes ; and, 
conversely, when the modulus vanishes, since then a 1 | fo 2 --0, a and b 
must separately vanish, and. therefore, the complex quantity itself. 
Two such quantities, a-\ -ib and a' + ib are equal when a~a and 
b = b f , i.e., when the moduli are equal and when the amplitudes either 
are equal or differ by a multiple of 2 71 . 

In what follows we shall, for brevity, represent the modulus 
and amplitude of a | ib by the notation 

mod. (a \ tft), amp. (a+ib). 

115. Complex Numbers. — Addition and Subtraction. Lot 

a second complex number a' -f- ib' be represented by the right line 
OA\ so that 

OA ' mod. ( a ' i ib'\, XOA' amp. (a* -|- ib'). 

We proceed to determine the mode of representing the sum 
a I ib j a’ \ -ib'. 

Writing this sum in the form a j- a -f i(b j -b ), we observe, in 
accordance with the convention of Art. 114, that it will be represen- 
ted by the line drawn from the origin to the point whose co-ordinates 
are a | a\ b -j b' . To find this point, draw AB parallel and equal to 
OA' ; since AI\ BP are equal to a', b' , B is the required point, and 
w e have 

OB mod. \a-\ d-\ i(b^b') J, X OB - amp. {a -j a'-{i(b \-b )} 

To add two complex numbers, therefore, we draw OA to repre- 
sent one of them ; and, at its extremity, AB to represent the second 
(that is, so that its length is equal to the modulus, and the angle it 
makes with OX equal to the amplitude, of the second) ; then OB re- 
presents the sum of the two complex numbers. 

Since OB is not greater than OA-\-AB, it follows that the 
modulus of the sum of hvo complex numbers is less than (or at most 
equal to) the sum of their moduli . 

This mode of representation may be extended to the addition 
of any number of such quantities. Thus, to add a third a -\-ib 
represented by OA' ' , w r e draw r BC parallel and equal to OA , and join 
OC. Then OC represents the sum of the three, OA , 0A\ 0A‘ . It is 
evident also that we may conclude in general that the modulus of the 
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sum of any number of complex quantifies is less than {or at most equal 
to) the sum of (heir moduli. 

Subtraction can be represented in a similar way, Since OB 
represents the sum of OA and OA', OA will represent the difference 
of OB and OA'. To subtract two complex numbers, therefore, we 
draw at the extremity of the line representing the first a line parallel 
and equal to the second, but in an opposite direction (i.e,, a direction 
which makes with OX an angle greater by tc than the amplitude of 
the second). We join 0 to the extremity qf this line to find the 
right line which represents the difference of the two given complex 
number*. f 

116. Multiplication and Division. To multiply the tWo 
complex numbers a+ib , a'+ib\ we writo them in the form \ 

a+ib=fi (cos a -ft sin a), o' + i b' = p’ (cos ot'+f sin a'). 

We have then, by De Moivre’s theorem, 

(a-|-t6) (a'+i6')sp/*' {cos (a+a') + i sin (a+a')}, 
which proves that the product of two complex numbers is a complex 
number , whose modulus is the product of the two moduli , and whose 
amplitude is the sum of the two amplitudes , 

In the same way it appears that the product of any number of 
such factors is a complex quantity, whose modulus is the product of 
all the moduli, and whose amplitude is the sum of all the amplitudes. 
To divide a+»6 by a r +ib\ we have similarly 

f 008 -«')+» ain (*-*'» 

which proves that the quotient of two complex numbers is a complex 
number , whose modulus is the quotient of the two moduli, and whose 
amplitude is the difference of two amplitudes. 

It was assumed in the proof of the theorem of Art, 16 that when 
a product of any number of factors (real or imaginary) vanishes, ono 
of the factors must vanish. This is evident when the factors are all 
real. From what is above proved the samo conclusion holds when 
the factors are complex ; for, in order that the modulus of the pro. 
duct may vanish, one of its factors must vanish, and, therefore, the 
complex quantity of which that faotor is the modulus* 

117. Other Operations on Complex Numbers. From 
the foregoing propositions it follows that any integral power of a 
complex number, e.g., (o+i6) m , oan be expressed in the form A+ifl, 
where A and B are real. And, more generally, if in any rational 
integral function 

Upz" +a % z n ’ * -fa,*" +a„ -j* +a„, 
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whose coefficients are complex (including real) numbers, a complex 
quantity a -fib be substituted for z, the result can be expressed in 
the standard form A + iB. 

It is not proposed in the present chapter to discus's any func- 
tions of complex numbers beyond the rational integral function 
of the kind hitherto treated in this work. It is easy, however, to 
bIiow, by the aid of De Moivre's theorem, that the remaining proces- 
ses of numerical calculation — powers with fractional or complex ex- 
ponents, logarithms, and powers whose base and exponent are both 
complex— reproduce in every case a complex number as result. This 
is expressed by saying that complex numbers form a system or group 
complete in themselves. 

118. The Complex Variable. In the earlier chapters of the 
present work the variation of a polynomial was studied correspond- 
ing to the passage of the variable through real values from — oo to 
-f oo ; and the mode of representing by a figure the form of the 
polynomial was explained. Such a mode of treatment is only a parti- 
cular case cvf a more general inquiry. Given a polynomial, rational 
and integral in z, whose coefficients are numbers real or complex, 
riz. t /(z) = a 0 z"+a 1 z"- 1 -f a t z"' 2 + .. . -|-a«-i*+a n , 

we may study its variations corresponding to the different values 
of z, w f herc z has the complex form x-\-iy t and where x and y both 
take all possible real values. This form x-\-iy is called the complex 
variable. All possible real values of the variable are of course 
included in the values of x-\-iy , being those values which arise by 
varying x and putting y= 0. In accordance with the principles of 
Art. 114 we may represent the complex variable x-\- iy by the line 
OP (Fig. 8) drawn from a fixed origin 0 to the point whose co-ordina- 
tes are x, y. Or we may say, x-\-iy is represented by the point P. 
Thus all possible values of x-\-iy will 
be represented by all the points 
in a plane. Since, for any particular 
values of z, f(z) takes the form 
A+iB (Art. 117), the values of f(z) 
may be represented in a similar 
manner by points in a plane. Wc 
confine ourselves in the present 
Article to the representation of the 
variable x+iy itself. We conceive the Fig. 8. 

variation of x + iy to take place in continuous manner ; for example, 
by the motion of the point x , y , along a curve. If OP and OP* re pro- 
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sent two consecutive values of the variable, we write the correspond- 
ing values x+iy , x'-j-iy' as follows : 

z = x -j- iy = r (cos 0 + i sin 0), z'szx iy' = r'(cos 0' + isin 0'). 

Since OF represents the sum of OP and PP' (Art. 115), it 
follows that PP' represents the increment of z ; and if z'=z-\-h , h 
may be written in the form 

^ = p(cos i sin <f>), 

where p =PP', and i is the angle PP' makes with OX. 

The variation of the modulus of z is OF —OP or r —r \ the 
variation of the amplitude of z is FOP 9 or 0' — $ ; the variation of z 
itself iB h or p (cos <f>-\-i sin <f> ), as just explained. j 

Let the point be supposed to describe a closed curve. WhOn 
it returns to its original position P, the modulus takes again its 
original value ; and the amplitude takes its original value if the poin\> 
O is exterior to the curve, or is increased by 2tz if 0 is interior to the 
curve. \ 


If the complex variable describes the same line in two opposite 
directions, the variations of its amplitude arc equal and of opposite 
signs, ».e., the total variation is nothing. Prom this wc can derive a 
property of the variation of the amplitude of the complex variable, 
which will be found of importance in our succeeding investigations. 

Let a plane area be divided into any number of parts by lines 
BD, AF , EV 9 etc. (Fig. 9); then the variation of the amplitude relatively 

to the perimeter of the whole area is 
equal to the sum of its variations 
relatively to the perimeters of the 
partial areas : all the areas being 
supposed to be described by the 
variable moving in the same 
sense. This is evident ; for when 
the point is made to describe all 
Fig. 0 . the partial areas in the same 

sense, each of the internal divid- 
ing lines will be described twice, the two descriptions being in 
opposite directions ; and the external perimeterjvill be described 
once ; hence the total variation of the amplitude relatively to the 
dividing linos vanishes and the variation relatively to the external 
perimeter alone remains. Take, for example, the areas ABF S AFD 
in the figure. When the point describes ‘these areas in the sense 
indicated by the arrowa, the total variation relatively to the line AF 
vanishes >i>*j 'Yo ,v ! /, /■*. 


V 

/ kr~T^\ 
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O 
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119. Continuity of a Function of the Complex Variable. 

Suppose the complex variable z, starting from a fixed value z 0 , to 
receive a email increment h= p(cos sin <f>) ; we have then, if / ( z ) 
bo the given function, replacing x by z in the expansion of Art. 6, 

/ (*)=/ (2o+M=/l2o) -t-/'(«o)A+— i^r A*+etc., 
and the increment of /(z), being equal to f(Zo+h)--f(z 0 ), ™ 
/'( 2 »)A+ /, 1 ( 2 0) A*+ ^ AH etc... 

In this expression the co-efficients of the powers of h arc all 
complex expressions of the usual form ; anu if their moduli bo a, b, c, 
etc., the moduli of the successive terms are ap, bp 2 , ep 3 , etc.; and since 
by Art. 115, the modulus of a sum is less than the sum of the moduli, 
if follows that the modulus of the increment of f(z) is less than 
ap-\~bp 2 -[-cp 3 -f etc. 

Now a value may be assigned to p (Art. 5) such that for it or 
any smaller value the value of this expression will be less than any 
assigned quantity. It follows that to an infinitely small variation 
of the complex variable (viz., one whose modulus is infinitely small) 
corresponds an infinitely small variation of the function ; in bther 
words, the function varies continuously at the same time as the complex 
variable itself. 

120. Variation of the Amplitude of f(z) corresponding, to 
the description of a small Closed Curve by the Complex Vari- 
able. Corresponding to a continuous senes of values of z we have a 
continuous series of values of f(z), which can be represented, like the 




values of z itself, by points in a plane. We represent these sertesof 
pdinttf by t Wo figures (Fig. 10) ski© by side, whifch , to ^vOifi Wttfttsiofi, 
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may be supposed to be drawn on different planes. To each point P , 
representing x+iy, corresponds one determinate point P' represent- 
ing /(*)■ When P describes a continuous curve, P ' describes also a 
continuous curve ; and when P returns to its original position after 
describing a closed curve, P' returns also to its original position. 

Our present object is to discuss the variation of the amplitude 
of f(z) corresponding to the description of a small closed curve by P. 
Let A be any determinate point whose co ordinates are x 0 , y 0 , i.e., 
z 0 = x 0 +iy 0 . We divide the discussion into two cases : — 

(1) When x 0 +iy 0 is not a root of /(z)=0, i.e., when f(z 0 ) 

different from zero. 

(2) When x 0 +iy 0 is a root of f(z)= 0, or /(z 0 )=0. 

(1) In the first case, to the point A corresponds a point A' re- 
presenting the value of /(z 0 ), and O’ A' is different from zero. Let 
z = z 0 + h, where h= p (cos <f> + i sin <f>) ; and suppose P, which repre- 
sents z, to describe a small closed curve round A. Let P' represent 
f(z) ; then A f P' represents the increment of f(z) corresponding to the 
increment AP of z. By the previous Article it appears that values 
so small may be assigned to p, that the modulus of the increment cf 
/(z), namely A'P\ may be always less than the assigned qnantity 
O' A' ; hence P may be supposed to describe round A a closed ourve 
so small that the corresponding closed curve described by P f will be 
exterior to O'. It follows, by Art. 118, that corresponding to the 
description by P of a small closed curve , which does not contain a 
point satisfying ihe equation f(z) = 0, the total variation of the ampli- 
tude of f(z) is nothing. 

(2) In the second case, suppose * 0 -|-iy 0 is a root of the equa- 
tion /(z) = 0 repeated m times, and let 

/(2)s(2-z 0 )Xz) ; 

then 

f(z)=h m \!>(z)==p m (cos sin m<f>) \p (z). 

In this case 0'A'=0 ; and >vhen P describes a closed curve round 
A , P‘ returns to its original position, and the amplitude of f(z) will 
be increased by a multiple of which maj' be determined as 
follows : — From the above equation we have 

amp. f(z) = 7ny+amp. 4 (z) ; 

and the increment of amp. f(z) will be obtained by adding the incre- 
ment of m<f> to the increment of amp. $(z). Now the latter increment 
is nothing by (1), since the curve described by P may be supposed 
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to contain no root of ip (z)=0 ; and since the increment of ^ is 2 tc in 
one revolution of P, the increment of m<f> is 2 mn . It follows that 
when P describes a small closed curve containing a root of the equation 
f(z)= 0, repeated m times , the amplitude of f(z) is increased by 2mit. 


121. Cauchy’s Theorem. When z describes the same line 
in a plane in two opposite directions, f(z) describes the corresponding 
line in its plane in two opposite directions, and the amp. f{z) under- 
goes equal and opposite Variations. It follows that, if any plane area 
be divided into its parts, as in Art. 118, the variation of the amp. 
f(z) corresponding to the description in the same sense by z of all 
the partial areas, is equal to the variation of amp. f(z) corresponding 
to the description by z of the external perimeter only. Now let any 
elosed perimeter in the plane XY be described ; and suppose, in the 
first place, that it contains no point which satisfies the equation 
f(z)= 0. It can be broken up into a number of small areas, with 
respect to each of which the conclusions of (1), Art. 120, hold ; and 
by what has been just proved, it follows 
that the variation of amp. f(z) corres- 
ponding to the description by z of the 
closed perimeter is nothing. Suppose, in 
the second place, that the closed peri- 
meter contains a point which is a root 

of the equation /(z) = 0 repeated m times. 

Let a small closed curve PQRS be des- 
cribed round this point. The variation 
of amp. f{z) corresponding to the descrip- 
tion by z of the whole perimeter, is 
equal to the sum of its variations corresponding to the description 
of the areas ABCPSR, CDAiRQP, PQRS . The two former variations 
vanish by what is above proved ; and the latter is, by (2), Art. 120, 
equal to 2mn. The total variation, therefore, of f(z) is 2mn. Simi- 
larly, if the area includes additional points which correspond to* roots 
repeated m\ m", etc., times, the total variation —2(m-\-m'-\~m n -\- etc. )7u. 
Hence we derive the following theorem due to Cauchy : — 



Fig 11. 


The number of roots of any polynomial , comprised within a given 
plane area , is obtained by dividing by 2 tc the total variation of the am- 
plitude of this polynomial corresponding to the complete description by 
the complex variable of the perimeter of the area. 

122. Number of Roots of the General Equation. We 

are enabled by means of the principles established in the preceding 
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Articles to prove the theorem contained in Arts. 15 and 16 ; namely, 
Every rational and integral equation of the n th degree has n roots real or 
imaginary. 

Let 

f(z) = (ty n +a 1 z n ‘i+a 2 z n -*+. m .+a n _ 1 z+ a n 
he a rational and integral function of z. Without making any suppo- 
sition as to the existence of roots of /(z)=0 further than that f(z) 
cannot vanish for any infinite values of the variable, we can suppose 
$ to describe in its plane a circle so large that no root exists outside 
of it. If, then, V 

f(z ) = z”(a 0 + a ± z' + cr a z' a + . . . . + a n z ' H ) \ 

=z n <f> ( z'), where z'= ^ > 

z\ whose modulus is the reciprocal of the modulus of z, will describe 
a small circle containing a portion of the plane corresponding to the 
part outside of the circle described by z \ and no root of ^(z')=0 
will be included within this small circle. Hence, corresponding to 
the description of the whole circle by z, the variation of amp. f(z')=0, 
and, therefore, 

variation of amp. f(z) = variation of amp. z n ; 
and if z=»r (cos 0-\-i sin 0) or z n =r n (cos n0-\-i sin nO), 

6 is increased by 2iz t and, thereforel, amp. z n is increased by 2mz. 

It follows from Cauchy’s theorem, Art. 121, that the number 
of roots comprised within the circle described by z, i.e., the total 
number of roots of the equation /(z)=0, is n ; and the theorem is 
proved. 

The proposition whose proof was deferred in Art. 15 is thus 
shown to be an immediate consequence <5f Cauchy’s theorem, which 
may, therefore, be regarded as the fundamental proposition of the 
theory of equations. It is proper to observe, however, that the 
theorem of Art. 15, viz. } that every numerical equation has a numeri- 
cal root, can be proved directly, and independently of Cauchy’s 
theorem, by aid- of the principles contained in Art. 119 and the 
preceding Articles, as we proceed now to show. 

123. Second Proof of Fundamental Theorem. If possible 
let there be no value of z which makes f(z ) vanish ; and let the value 
2 q, represented by A, Fig. 10, correspond to the nearest possible 
position, A\ of P' to the. origin O'. It is proposed to show that such a 
d ir ection may be given to the increment h as to bring P' into a posi- 
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tion nearer to the origin than A' We have the following expansion 
(Art. 119) 

/(«.+*)=/(*)+/'(*)*+ £&■»+...+ a 0 h*. 

By hypothesis f(z Q ) does not vanish ; but one or more of the derived 
functions, f'(z 0 ), etc., may do so. Let the first of these which does 
not vanish be f m (z 0 ) t and let us suppose 

1 .2 r.'3.r.m = #t "^ C03 CLm+i sin “*>• 

with corresponding expressions for the coefficients which follow. 
Collecting all the terms which contain powers of h beyond h m into 
one complex expression, we may write 

/(z 0 + h ) =/Oo) + ^„P m [cos>(m<£ +«„) + » sin (»^+«,)] 

+ fi(c°s £+t sin |), 

where, by the proposition of Art. 115, 

M i?" +1 + ^+i ? m + 2 +... +/z„p". 

It is easily inferred from the theorem of the Art. 5 that such a 
value may be given to p as to mako Now the direction of 

the increments can be so selected, viz., from the equation mtp + a*,— 
X’O'A’+tz (fig. 10), as to bring P\ in virtue of tho second expression 
in the value of J{z Q +h), through a distance p m o m nearer to the origin 
in the direction A' O'. Let S be the point on the line O' A' to which 
P' is brought in this way. The effect of the last expression in the 
value of f(z 0 - f h) is to move P' from S to a point T at a distance ST 
= /a ; and whatever the direction of this movoment, i.c whatever the 
amplitude O'T is <0'A\ since ST<SA'. We have proved, there- 
fore, that A' is not the nearest. possible position of P* with reference 
to the origin ; and in the same manner it may be shown that no other 
value different from zero can be the least possible value of the 
modulus of f(z). 

In the proof here given it is only shown that the equation must 
have a root, and the precise number of roots is not determined, as it 
is in the proof derived from Cauchy’s theorem ; but it is proved 
that o*ie root at least must exist, tho proof can be Easily completed 
by the method of Art. 16. 

It is important to observe that w'hen /'(z 0 ) does not vanish, 
from any particular point z 0 tho limiting value of the ratio of the 
increment of f(z 0 ) to h is the constant /' (ZoJs/tq (cos oq + i sin oq). It 
is easily inferred that the two increments are inclined at a constant 
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angle, and their moduli are in a constant ratio. This is usually ex- 
pressed by saying that the figures described by P and P' are similar 
in their infinitely small parts. 

The student is referred to Note C at the end of the volume for 
some further observations on the subject of this Article. 

124. Determination of Complex Numerical Roots. — Solu- 
tion of the Cubic. Little attention has been given by writers on 
the Theory of Equatione *o the actual determination of the complex 
numerical roots of equations ; nor is it easy to give any account 
suitable to an elementary text- book of general methods in existence\ 
for this purpose. Theoretically the problem presents no difficulty ;\ 
for if the real and imaginary parts of f(x-{-iy) be equated separately 
to zero, and from the two resulting equations one of the variables V 
eliminated, an equation is obtained from which a real value of the 
remaining one can be calculated by Horner’s process. It will be found, 
however, that this method is of little practical value. * 

We confine ourselves in this and the following Articles to cubic 
nd biquadratic equations with real numerical coefficients, and ex- 
hibit the calculation in these instances in what appears to be the 
simplest form for practical purposes. Let the equation 
f(x) = x 3 -\-px 2 -\-qx-}-r = 0 

be proposed for solution. The roots may be assumed to be a, h-\ k, 
h— k, of which a is real. The character of the remaining roots will 
appear in the process of calculation ; k being determined from its 
square, which may turn out to be either positive or negative. No 
preliminary analysis of the equation is necessary. If h f k be substi- 
tuted for x , and the sums of the even and odd powers of k equated 
separately . to zero, as in Ex. 2G, p. 124, we find immediately the 
equation 

— k 2 =■ f r (h ) — 3 h z + 2 ph + q . 

We get also, by the elimination of k , a cubic equation for the 
determination of h ; but there will be no occasion to form this 
equation, since h is best got from the relation a + 2 b=—p, a having 

♦The student desirous of information hb to the attempts of mathematicians 
in the direction of the calculation of imaginary roots of numerical equations may 
refer to the following woiks : — Lagrange’s Traite de la Resolution des Equation * 
numeTiques; Murphy’s Theory of Algebraical Equations; Allgemeine Aufloaung der 
Zahlen-Gleichungen , by Simon Spitzer (Wien, 1851) ; Die Auflosung der hoheren 
numerischen Qleichungen, by P.C. Jelinek (Leipzig, 1805) ; A method for calculat- 
ing simultaneously all the Roots of an Equation, by Emory M'Clintook {American 
Journal of Mathematics, vol. xvii, Nos. 1 and 2)*; and Mlthode pratique pour la 
Resolution numerique complete des Equations alg&briques ou transcendantes, by 
JffJJ. CarvaUo (Paris, 1800). 
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been calculated in the first instance in the usual way by Horner’s 

method. 

It will be necessary finally to calculate k , and with it the 
remaining two roots, whether real or imaginary. For this purpose 
the following mode of procedure will be found convenient : — The 
value of 2/'(a) in terms of coefficients is p 2 —3q, viz , 

/'(a) +f'(h + k) +f'(h -k)=p 2 ~3g-, 
also + = + ; 

whence immediately, 

f'(oL)+4k 2 = p 2 -3q t 

from which h 2 can bo determined with very little labour, since th: 
numerical value of /'(<x) can be written down from the second last co- 
efficient in the final- transformation in the work of Horner's process 
already completed. The character of the remaining two roots will 
depend on the sign of the number so found ; and the roots themselves 
will be determined by taking the positive square rootB of this 
number. 

Examples 

1. Solve tlie equation 

x*-{-2x 2 — 23x 70 - 0. 

First calculate the real positive root, completing four transformations by 
Horner's method, and obtaining for the final transformed equation the following 
coefficients : — 

1, 17402, 76009808, -44341896. 

Remembering that the roots have been three times multiplied by 10, w© 
find the values of /(a) and /'(a) by cutting off nine figures from the right in the 
former case, and six in the latter, and supplying the decimal point. It is well to 
carry the approximation a couple of steps further by the contracted method, 
and thus got a more accurate value of /'(a). We find, in this way, 

/'(a) = 76-6286. 

Subtracting this number from p*-3 q, which is equal to 73, we find 
4Jt»= -3-6286. 

Since this is negative, we have proved that the remaining roots are im- 
aginary. From the ascertained value of a, viz., 6-13457, the Value of h is found 
immediately to be -3-5672, and dividing 3-6286 by 4, and taking its square root, 
we have finally the two complex roots of the equation as follows 

-3-5672 ± 0-9524 

2. Solve completely Newton’s cubic ( see Art. 107), viz., 

r ’ — 2 ®— 5 = 0 . 

Completing four transformations by Horner, and proceeding as in the 
former example, we find *=2-09455, and 

/'(a) = H -1M78 , 

**=-1 290195, 
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and the-reinaining two roots (thus proved imaginary )are found to be 
- 1-04727 ± 1-13594 \/ --T. 

3. Kind the remaining two roots of the example of Art. 109, p. 187, i nr. 

x*+a; a +a; — 100=0. 

We find /'(a) = 64-0841, Jc 2 = — 16-52102, and the required roots are 
-2-6322 ±4-0646\/^T. 

4. Solve the equation 

20a; 8 — 24a: 1 +3=0. 

Dividing by 20, anfl applying Horner’s process to find the root of the 
equation x a + l-2x* -| -15=0 lying between 0 and 1, we find a =0-4460366, and 
/ ( a )= -0-47364. We have, therefore, 

4fc a «p a — 3g- /'(oc) = 1-44 +0-47364 

hence k 2 — -47841, and the remaining two rootB are real. We find A=»37698 ; and 
adding and subtracting k. the other roots are found to be 1-06865 and .—0-31469' 
(rf. Ex. 15, p. 200). 

5. Solve completely Lagrange’s cubic 

x a — 7x + 7 = 0. 

Change the HjgnB of all the roots, and calculate the positive root a bet- 
ween 3 and 4 of the transformed equation f(x)—0, thus obtaining «=3-0489173, 
and /'(«)= 20-88737 ; hence fc a = -028l575, and fc=-1678. Also fc=—l 524458 ; 
whence the values of h+ k and h— k ; and changing the signs of all the roots 
thus found, the roots of the given equation are 

-3-0489, 1 3566, 1-6922. (Cf. Ex. 1, Art. Ill > 

The examples given are sufficient to show in what way this 
process may be used to solve a given numerical cubic, without any 
previous examination of the character of its roots. The amount of 
work required decide in this way whether the two remaining roots 
are real or imaginary is usually very little greater than is required 
in the application of Sturm’s theorem ; and the additional labour 
necessary for the actual determination of the roots is extremely small 
We proceed now to biquadratic equations. 

125. Solution of the Biquadratic. When a biquadratic 
equation has real roots (two or four), it can be solved in a manner 
analogous to that employed in the preceding Article. In some 
examples the existence of a real root can be at once recognized ; and 
when such is the ease, the following process for the complete solution 
of the equation can be used with advantage. Let the proposed 
equation be 

J(x) = x*+px*-\-qx 2 +rx-\-s=-=Q, 

and its real roots a, p ; the remaining two roots may be represented 
by h+k and h — k , no assumption being made as to the character of 
the latter pair. Let a and p be both calculated by Horner’s process, 
and the numerical values of /'(a) and /'( p) determined at the same 
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time, as in the preceding Article. Now, if h-\-k be substituted for 
x in f(x) 9 and the method of solution of Ex. 26, p. 124, employed, 
we find, without difficulty, 

, 2 _6 f'(h) _4h 9 + 3ph l -)-2qh-\-r 

T(») ^+p ~ ’ 

Again, we have, as is easily proved, 

f'{«-)+f'(?)+f'{h + k)+f'(h-k)^-p 3 +4pq-»r, 

and 

/'( h +k) +/'(* - k) = 2 f(h) +r(h)k *, 

whence immediately 

—4^ 2 (4fe+p)=/ , (a)+/ / (p)+p a --4^.+Br. 

This formula can be used for the calculation of k 2 , the value 
of h having been previously ascertained from the equation a + P+2 h 
= — p by means of the calculated values of a and (3. The second pair 
of roots will be real or imaginary according as the resulting value of 
k 2 is positive or negative. 


Examples 

I. Solve completely the equation 


x*- 3x a + 7a?* — 10iC-f- 1=0. 

It is at once apparent that a real root exiFls between 0 and l . There 
must, therefore, be a second, which is found to be between 1 and 2. By 
Horner’s process wo find 

a=0*107767, £ = 1-923202, 

/'(*) = -8-6907K. /'(P) = 12-09133 

whence we have 

/'(a) 4 f'(P) « p*~*pq-\ 9-49945. 


Also, from the values of a, £ and p, h -=- 0-484480, and 4/i f-p— —1-06206 ; 
therefore. 


urn™ 

~ 1 00208 ‘ 


iz is now proved that the remaining two roots are imaginary and their 
values can be ascertained by calculating k from this formula. Logarithmic 
Tables will assist in the calculation. The roots are found to be 

0-t8‘<5±2-1424V'^17 

2. »Solve completely the equation of Ex. 2, Art. 110, wz. ( 

x 4 — 12x+7=0. 

We find 

a= 0 o9308, £ = 2-04727 

/'(«)= —11-1635, /'((3)=22-3180 ; 

whence the pair of imaginary roots 

— 1-32048 -t2-003<*\/- 1- 

3. Solve the equation 

2r* — 1 3** -f 10* — 19=0. 
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There must be two real roots : one (a) positive, and the other (fi) nega- 
tive. Divide by 2 , and write the equation as follows : — 
f(x) &x*-6-5x 9 +5x-9 5=0. 

When fl is calculated in the usual way by first changing the signs of 
the roots of/(ar)=0, it is to be observed that, in order to get the value of/'(p), 
we must change the signs of the second last coefficient supplied bv the final 
transformation in Horner’B process. We find 

a=2 45733, 3= -3 03055, 

/»- 32-409, /'(p) = - 60-936 ; 

when 03 


and the imaginary roots 


-4 *>= 


5-473 

1-1464' 


0 2866 ±1 -0924a/- 1. 

4. Solve the equation 

x 4 - 80s* + 1 998x* - 1 4937a; + 5000 = 0 . 


\ 

i 


There is clearly a real root between 0 and 1, and a second is easily seen 
to lie between 12 and 13 (see Ex. 4, Art. 93). We find 
a =0-35098, (i= 12-75644, 

/'(*) = -13564, / / (P) = 5286-7 ; 

whence 


4 


413-3 

63-786- 


The remaining two rootp, therefore, are real, and are easily found to be 32-0602 
and 34 8322. 


All the roots of this equation have been calculated hy Horner's method 
by Young ( Analysis and Solution of Cubic and Biquadratic Equations, pp. 216 — 
221). Our last two roots agree, to the number of places here given, with the 
values arrived at by him. 

126. Solution of Biquadratic continued. When the roots 
of a biquadratic equation are all imaginary, tho modfc of solution of 
the preceding Article of course fails. In this case, and in general, 
whatever be the nature of the roots, the following method may be 
used : — Let the equation, first deprived of its second term, be written 
in the form 


f(x) = x* + qx 2 + rx -f s = 0 . 

. The roots of this may be assumed to be h±k, — h±k\ no 
assumption being made as to their character, which will depend on 
the signs of k 2 and k' 2 when calculated. Substituting h-\-k for x, and 
proceeding as before, we find 

A/ '(h) 2qh+r 

rw “4* • 

whence 


-4Jc*=W+2q+~ , 
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from whioh k can be found when h is known. When k is eliminated 
between the two equations of Ex. 26, p. 124 ; the sextic in h reduces 
to the cubic 

+ 2 qy* + (q 2 -4 s)y-r % = 0, 

of which 4 h 2 is a root. This cubic must have one positive root : the 
remaining two may be both positive, both negative, or both imagi- 
nary, according to the nature of the roots of the given biquadratic. 
The equation is, in fact, Euler’s reducing cubic (with roots multiplied 
by 4) for the biquadratic under consideration ( see Ex. 4, p. 102). 
Let the positive root of the cubic be calculated by Horner’s process 
(if the three are positive, any one of them will do). Thus 4 h 2 is deter- 
mined, and from it h ; and the full solution of the proposed biquad- 
ratic equation is given by the two formulae 

** V- 1 ( 4 ' ,;+23+ » } - 4± V- j ( 4 *' +2, ~ 

Examples 

1 . Give the complete solution of the equation 

x 4 ^ x-|-10=0. 

This equation is used by Murphy (Theory of Equations, p. 125) to illust- 
rate his proposed method of determining the imaginary roots of equations by 
means of recurring series. We find readily the reducing cubic 

iy* -40?/- -1=0, 

and, by Horner’s process, the positive root 6 3370 184 ; hence the value of h\ and 

from it h— ±1 2586. We find then * = ± 0-7945, according as the positive 

or negative sign of h is usod. In either case the quantity under the square root' 
is negative, and the roots are, therefore, all imaginary. They are easdy found 
to be 

l-2586± 1-3352 V-l, -1-2586 ± 1-1771 V-l- 

2. Solve the equation 

x 4 -f 9x 2 — 6x + 5 = 0 . 

This example is treated by Spitzer (Allgemeine Auflosung der Zahlen- 
Oleichungen p. 15). The reducing cubic is 

t/3+18i/ a +6]y-36=0 ( 

whose positive root is found to be 0-51094249 ; lienee h= ±0-35740. The numeri- 
cal value of r divided by h is found to be 16 7878 ; and whether h be taken with 
positive or negative sign, tho quantity under the square root is negative, and, 
therefore, all the root9 imaginary. The four roots are — 

0-3574 ± 0-6563 V - 1, -0 3574 + 2 0706 

8 . Solve the equation 

x 4 — 2x s — 7x 2 + 10x + 10 = 0. 

To remove the second term, multiply the roots by 2, and then diminish 
roots by 1. The reducing cubic of the transformed equation is easily found to be 

68y* + 320y - 256 - 0. 
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Divide the roots of this by 10 and find immediately that the transformed 
equation has a root between 6 and 7, which i s found by Homer's process to be 
6-29838. Hence 4ft 1 ■= 62-9838, and ft = ±3-968. Whether ft is taken positively 
or negatively, it is found that the quantity under the square root is a positive 
number, and, therefore, all the roots are real in this case. We find 4fc 1 =9-04840, 
4ft 0-98400 ; hence k= ± 1 '504, ±0-496 ; whence, taking aocount of the two 

transformations which were made in removing the second term, we have the 
four roots asr follows 

2-732, 2-236, -0 732, —2-236. 

The results, in this instance, can be readily verified, for it is easily seen 
that the given function is the product of the factors z*—5 and a;* — 2s — 2 (com- 
pare also Ex. 5, p. 169). 

4. Solve the equation 

z*-7x*+7x' -7s+ 7=0. 

This example is discussed by Jelinek ( Die Auflosung der hoheren nume 
* echen Gleichungen, p. 29). To remove the second term, multiply the roots by 
and then diminish by 7. We find in this way 

s« -182®*- 1624*- 3059-0, 

whose reducing cubic is 

y 8 - 364y 8 + 45360y 2637376^0. 

To find the situation of the positive roots, it is well to divide the roots 
by 100, when it. readily appears that the transformed equation has a root 
between 2 and 3. By Horner’s process it is found to be 2-0591 ; whence 4ft* 
=205-91, and h-~- ± 7’17. When ft is taken positively, the quantity under the 
square root is found to be positive ; hence two real roots ; and when it is taken 
negatively, the quantity under the Hquare root is negative and g : ves a pair of 
imaginary roots. Taking account of the two transformations employed to 
remove the second term, we find the four roots of the proposed equation as 

follows : 

5-993, 1*091, - 0-042 ±1 033 \/-l. 

5. Solve the equation 

x * - 80a 3 -f- J 998a 2 - 1 4937a + 5000 =0. 

This is Young’s equation, already solved in the preceding Article. 
repeat its solution here by the method of the present Article, in order that the 
student may have an opportunity of comparing the amount of labour required 
in the two methods. When the second term ip easily removed (as is the case 
in the present instance), or when the second term is already absent in an equa- 
tion, it will usually be found that the method of the present Article is the : ore 
expeditious of the two. Diminishing the roots by twenty, we find 
s*- 402s 3 +983* +25460=0, 
whoso reducing cubic is 

y 3 - 804y 1 1 + 59764?/ - 966289 = 0. 

We get, by Horner’s process. 4ft a =723-21038, and, therefore, ft= ± lS*4462. 
The quantity under the square root is found to be positive whichever sign of ft 
is taken, and for the four roots we have the two formulae 
—ft ± 38-47390^ ft± V 1-92090 ; 

hence, adding 20 to each root, we have the four roots of the proposed equation 
as follows : -- 

12*7565, 0 3511, 34*8321, 32-0603. 





EXAMPLES 


219 


6. Solve completely the equation of Ex. 4, p. 133, viz , 

x*~3x'+7bx- 10000=0. 

The root* are 

9*8860, -10*2609, 0*18748 ±9*927*/-- 1- 

7. Solve completely the equation Ex. 2, p. 168 viz. f 

x 4 — 4s 8 — 3® + 23=0. 

The roots are 

3*7853, 20526, -0*9189 ± 1-4545*/- 1. 

8. Solve the equation of Ex. 4, p. 173, viz., 

x 4 +3x>— x* — 3x+ll=0. 

Multiply the roots “by 4, anti remove the second term. When Horner *4 
method is applied to the reducing cubic, it is found that the latter equation 
has a commensurable root=180 • hence /i=3“/ 5. The solution is easily complet- 
ed, and the four imaginary roots expressed as follows ; 

- I + i^ fl± 1- V-10-*VB. - J - J V5± \ V -10 +2V*. 

9. Find the imaginary roots of equation of Kx. 14, ]». 199 viz., 

**-11727*+ 40385=0. 

[Ant. —12-4433 ±19'7S90y -IT. 
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NOTEA 

algebraic solution of equations 

The solution of the quadratic equation was known to the 
Arabians, and is found in the works of Mohammed Ben Musa apd 
other writers published in the ninth century. In a treatise on Algetaa 
by Omar Alkhayyami, which belongs probably to the middle of the 
eleventh century, is found a classification of cubic equation, with 
methods of geometrical construction, but no attempt at a general 
solution. The study of Algebra was introduced into Italy from thj 
Arabian writers by Leonardo of Pisa early in the thirteenth century ; 
and for a long period the Italians were the chief cultivators of the 
science. A work styled L'Arte Maggiore , by Lucas Paciolus (known 
as Lucas de Burgo), was published in 1494. This writer adopts the 
Arabic classification of cubic equations, and pronounces their solu- 
tion to be as impossible in the existing state of the science as the 
quadrature of the circle. At the same time he signalizes this solu- 
tion as the problem to which the attention of mathematicians should 
be next directed in the development of the science. The solution of 
the equation x 3 -\-mx—n was effected by Scipio Ferreo ; but nothing 
more is known of his discovery than that he imparted it to his pupil 
Florido in the year 1505. The attention of Tartaglia was directed 
to the problem in the year 1530, in consequence of a quostion pro- 
posed to him by Colla, whose solution depended on that of a cubic 
of the form x 3 ~\-px 2 =q. Florido, learning that Tartaglia had ob- 
tained a solution of this equation, proclaimed his own knowledge of 
the solution of the form x 3 -{-mx=n. Tartaglia, doubting the tru*> 
of his statement, challenged him to a disputation in the year 1535, 
and in the meantime himself discovered the solution of Ferreo’s form 

This solution depends on assuming for x an expression 
yt-tfu, consisting of the difference of radicals ; and, in fact, 
constitutes the solution usually known as Cardan's. Tartaglia conti- 
nued his labours, and discovered rules for the solution of the various 
forms of cubics included under the classification of the Arabic writers. 
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Cardan, anxious to obtain a knowledge of these rules, applied to 
Tartaglia in the year 1539, but without success. After many solicita- 
tions Tartaglia imparted to him a knowledge of these rules, receiv- 
ing from him, however, the most solemn and sacred promises of 
secrecy. Regardless of his promises, Cardan published in 1545 
TartaghVs rules in his great work styled Ars Magna. It had been 
the intention of Tartaglia to publish his rules in a M'ork of his own. 
He commenced the publication of this work in 1556, but died in 
1559, before he had reached the consideration of cubic equations. 
As his work, therefore, contained no mention of his own rules, these 
rules came in process of time to be regarded as the discovery of 
Cardan, and to be called by his name. 

The solution of equations of the fourth degree was the next 
problem to engage the attention of Algebraists ; and here, as well as 
in the case of the cubic, the impulse was given by Colla, who propos- 
ed to the learned the solution of the equation x A -\~ 6x 2 + 36 = 60-r 
Cardan appears to have made attempts to obtain a formula for 
equations of this kind ; but the discovery was reserved for his pupil 
Ferrari. The method employed by Ferrari was a transformation of 
such a nature as to make both sides of the equation perfect squares, 
a new unknown quantity being introduced which is itself determined 
by an equation of the third degree. It is, in fact, virtually the method 
of Art. 63. This solution is sometimes ascribed to JBombelli, who 
published it in bis treatise on Algebra in 1579. The solution known 
as Simpson’s, which was published much later (about 1740), is in no 
respect essentially different from that of Ferrari In the year 1637 
appeared Descartes’ treatise, containing many improvements in 
algebraical science, the chief of which are his recognition of the nega- 
tive and imaginary" roots of equations, and his “Rule of Signs." His 
expression of the biquadratic as the product of two quadratic factors 
although deducible immediately from Ferrari ’s form, was an impor- 
tant contribution to the study of this quantic. Euler’s Algebra was 
published in 1770. His solution of the biquadratic (see Art. 61) is 
important, inasmuch as it brings the treatment of this form into 
harmony with that of the cubic by means of the assumed iirational 
form of the root. The methods of Descartes and Euler were the 
result of, attempts made to obtain a general algebraic solution of 
equations. Throughout the eighteenth century many mathematicians 
occupied themselves with this problem ; but their labours were un- 
successful in the case of equations of a degree higher than the 
fourth. 
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In the solutions of the cubic and biquadratic obtained by the 
older analysts we observe two distinct methods in operation ; the 
first, illustrated by the assumptions of Tartaglia and Euler, proceed- 
ing from an assumed explicit irrational form of the root ; the other, 
seeking by the aid of a transformation of the given function to change 
its factorial character, so as to reduce it to a form readily resolvable. 
In Art. 55 these two methods are illustrated ; together with a third, 
the conception of which is to be traced to Vandermonde and 
Lagrange, who published their researches about the same time, in the 
years 1770 and 1771. The former of these writers was the first ijo 
indicate clearly the necessary character of an algebraical soluiiota 
of any equation, viz., that it must, by the combination of radical 
signs involved in itj represent any root indifferently when the syini 
metric functions of the roots are substituted for the functions of the 
coefficients involved in the formula (see Art. 101 ). His attempts to 
construct formulae of this character were successful in the case of 
the cubic and biquadratic, but failed in the case of the quintic. 
Lagrange undertook a review of the labours of his predecessors in 
the direction of the general solution of equations, and traced all their 
results to one uniform principle. This principle consists in reducing 
the solution of the given equation to that of an equation of lower 
degree, whose roots are linear functions of the roots of the given 
equation and of the roots of unity. He shows also that the reduc- 
tion of a quintic cannot be effected in this way, the equation on 
which its solution depends being of the sixth degree. 

All attempts at the solution of equations of the fifth degree 
having failed, it was natural that mathematicians should inquire 
whether any such solution was possible at all. Demonstrations have 
been given by Abel and Wantzel ( see Serret’s Cours d J Algebre Supk- 
rieure , Art. 516) of the impossibility of resolving algebraically equa- 
tions unrestricted in form, of a degree higher than the fourth. A 
transcendental solution, however, of the quintic has been given by 
M. Hermite, in a form involving elliptic integrals. Among other 
contributions to the discussion of the quintic since the researches of 
Lagrange, one of loading importance is its expression in a trinomial 
form by means of the Tschirnhausen transformation. Tschirnhausen 
himself had succeeded in the year 1683, by means of the assumption 
y=P+Qx+x 2 , in the reduction of the cubic and qnartic, and had 
imagined that a similar process might be applied to the general equa- 
tion. The reduction of the quintic to the trinomial form was published 
by Mr. Jerrard in his Mathematical Researches , 1832-1835, and has 
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been pronounced by M. Hermite to be the most important advance 
in the discussion of this quantic since Abel’s demonstration of the 
impossibility of its solution by radicals. In a Paper published by the 
Rev. Robert Harley in the Quarterly J ournal of Mathematics , vol. vi. t 
p. 38, it is shown that this reduction had been previously effeoted, in 
1786, by a Swedish mathematician named Bring. Of equal impor- 
tance to Bring’s reduction is Dr. Sylvester's transformation, by means 
of which the quintic is expressed as the sum of three fifth powers — a 
form which gives great facility to the treatment of this quantic. 
Other contributions which have been made in recent years towards 
the discussion of quantics of the filth and higher degrees have 
reference chiefly to the invariants and covariants of these forms. For 
an account of these researches, additional to what will be found in 
the second volume of this work, the student is referred to Clebsch’s 
Theorie der binaren algebraischen Formen, and to Salmon’s Lessons 
Introductory to the Modern Higher Algebra. 



NOTE B 

SOLUTION OF NUMERICAL EQUATIONS 

The first attempt at a general solution by approximation of 
numerical equations was published in the year 1600, by Vieta. Cardan 
had previously applied the rule of “false position” (called by him 
“regula aurea”) to the cubic ; but the results obtained by this method 
were of little value. Jt occurred to Vieta that a particular numerical 
root of a given equation might be obtained by a process analogous 
to the ordinary processes of extraction of square and cube roots ; and 
he inquired in what way these known processes should be modified' in 
order to afford a root of an equation whose co. efficients Are given 
numbers. Taking the equation f(z)=-Q, where Q is a given number, 
and f(x) a polynomial containing different powers of x 9 with 
numerical co-efficients, Vieta showed that, by substituting in f(x) a 
known approximate value of the root, another figure of the root 
(expressed as a decimal) might be obtained by division. When this 
value was obtained, a repetition of the process furnished the 
next figure of the root ; and so on. It will be observed that 
th9 principle of this method is identical with the main principle 
involved in the methods of approximation of Newton and Horner 
(Arts. 107, 108). All that has been added since Vieta’s time to this 
mode of solution of numerical equations is the arrangement of 
the calculation so as to afford facility and security in the process of 
evolution of the root. How great has been the improvement in this 
respect may be judged of by an observation in MontucVs Histoire 
ded Mathematiques, vol. i, p. 603, where, speaking of Vieta’s mode of 
approximation, the author regards the calculation (performed by 
Wallis) of the root of a biquadratic to eleven decimal places as 
a work of the most extravagant labour. The same calculation can 
now be conducted with great ease by anyone who has mastered 
Horner’s process explained in the text. 

Newton’s method of approximation was published in 1669 ; but 
before this period the method of Vieta had been employed and sim- 
plified by Harriot, Oughtred, Pell, and others. After the period of 
Newton, Simpson and the Bernoullis occupied themselves with the 
same problem. Daniel Bernoulli expressed a root of an equation in 
the form of a recurring series, and a similar expression was given by 
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Euler; but both these methods of solution have been shown by 
Lagrange to be in no respect essentially different from Newton's 
solution (Traitk de la Resolution des Equations numkriques). tJp to 
the period of Lagrange, therefore, there was in existence only 
one distinct method of approximation to the root of a numerical 
equation ; and this method, as finally perfected by Horner in 
1819, remains at the present time the best practical method yet dis- 
covered for this purpose. 

Lagrange, in the work above referred to, pointed out the defects 
in the methods of Vieta and Newton. With reference to the former 
he observed that it required too many trials ; and that it could not 
be depended on, except when all the terms on the left-hand side of 
the equation f(x) = Q were positive. As defects in Newton’B method 
he signalized — first, its failure to give a commensurable root in finite 
terms ; secondly, the insecurity of the process which leaves doubtful 
the exactness of each fresh correction ; and lastly, the failure of the 
method in the case of an equation with roots nearly equal. The 
problem Lagrange proposed to himself was the following : — “Etant 
donn£e une Equation num6rique sans aucune notion prfolable de la 
grandeur ni de l’espece de ses racines, trouver la valour num6rique 
exacte, a’il est possible, ou aussi approch^e qu’on vondra de chacune 
de ses racines." 

Before giving an account of his attempted solution of this pro- 
blem, it is necessary to review what had been already done in this 
direction, in addition to the methods of approximation above describ- 
ed. Harriot discovered in 1631 the composition of an equation as a 
product of factors, and the relations between the roots and co- 
efficients. Vieta had already observed this relation in the case of a 
cubic ; but he failed to draw the conclusion in its generality, 
as Harriot did. This discovery was important, for it led to the 
observation that any integer root must be a factor of the absolute 
term of an equation ; and Newton’s Method of Divisors for the 
determination of such roots was a natural result. Attention was 
next directed towards finding limits of the roots, in order to dimmish 
the labour necessary in applying the method of divisors as well as 
the methods of approximation previously in existence. Descartes, as 
already remarked, was the first to recognise the negative and imagi- 
nary roots of equations ; and the inquiry commenced by him as to 
the determination of the number of real and of imaginary roots 
of any given equation was continued by Newton, Stirling, De Gua, 
and others. 
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Lagrange observed that, in order to arrive at a solution of the 
problem above stated, it was first necessary to determine the number 
of the real roots of the given equation, and to separate them one from 
another. For this purpose he proposed to employ the equation whose 
roots are the squares of the differences of the roots of the given 
equation. Waring had previously, in 1762, indicated this method of 
separating the roots ; but Lagrange observes ( Equations numMques, 
Note iii) that he was not aware of Waring ’s researches when he 
composed of his own memoir on this subject. It is evident that when 
the equation of differences is formed, it is possible, by finding aif 
inferior limit to its positive roots, to obtain a number less than thd 
least difference of the real roots of the given equation. By substi-\ 
tuting in succession numbers differing by this quantity, the real roots \ 
of the given equation will be separated. When the roots are sepa- 
rated in this way, Lagrange proposed to determine each of them by 
the method of continued fractions, explained in the text (Art. 112). 
This mode of obtaining the roots escapes the objections above stated 
to Newton’s method, inasmuch as the amount of error in each 
successive approximation is known ; and when the root is commensu- 
rable, the process ceases of itself, and the root is given in a finite 
form. Lagrange gave methods also of obtaining the imaginary roots 
of equations, and observed that if the equation had equal roots, 
they could be obtained in the first instance by methods already in 
existence. 

Theoretically, therefore, Lagrange’s solution of the problem 
which he proposed to himself is perfect. As a practical method, how- 
ever, it is almost useless. The formation of the equation of differ- 
ences for equations of even the fourth degree is very laborious, and 
for equations of higher degrees becomes well-nigh impracticable. 
Even if the more convenient modes of separating the roots discover- 
ed since Lagrange’s time be taken in conjunction with the rest of his 
process, still this process is open to the objection that it gives 
the root in the form of a continued fraction, and that the labour 
of obtaining it in this form is greater than the corresponding labour 
of obtaining it by Horner’s process in the form of a decimal. It will 
be observed also that the latter process, in the perfected form to 
which Homer has brought it, is free from all the objections to 
Newton’s method above # stafced. 

Since the period of Lagrange, the most important contribu- 
tions to the analysis of numerical equations, in addition to Horner’s 
improvement of the methods of approximation of Vieta and Newton, 
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are those of Fourier, Budan, and Sturm. The researches of Budan 
were published in 1 807 ; and those of Fourier in 1831, after his death. 
There is no doubt, however, that Fourier had discovered before the 
publication of Budan 's work the theorem which is ascribed to them 
conjointly in the text. The researches of Sturm were published in 
1835. The methods of separation of the roots proposed by these 
writers are fully explained in Chapter X. By a combination of 
these methods with that of Horner, we have now a solution of 
Lagrange’s problem far simpler than that proposed by Lagrange 
himself. And it appears impossible to reach much greater simplicity 
in this direction. In extracting a root of an equation, just as in 
extracting an ordinary square or cube root, labour cannot be avoided ; 
and Horner’s process appears to reduce this labour to a minimum. 
The separation of the roots also, especially when two or more are 
nearly equal, must remain a work of more or less labour. This 
labour may admit of some reduction by the consideration of the func- 
tions of the coefficients which play so important a part in the theory 
of the different quantics. If, for example, the functions H 9 I andJ, 
are calculated for a given quartic, it will be possible at once to tell 
the character of the roots (see Art. 68). Mathematicians may also 
invent in process of time some mode of calculation applicable to 
numerical equations analogous to the logarithmic calculation of 
simple roots. But at the present time the most perfect solution of 
Lagrange’s problem is to be sought in a combination of the methods 
of Sturm and Horner. 

All that has been said applies only to the real roots of numeri- 
cal equations. We have referred, in a foot-note on p. 212, to the 
chief works in which attempts have been made to give general 
methods of calculation of the imaginary or complex roots ; and in 
Arts. 124, 125, we have shown how these roots may be calculated 
most expeditiously in the case of equations of the third and fourth 
degrees with real numerical coefficients. 



NOTE C 

THE PROPOSITION THAT EVERY EQUATION HAS A ROOT 

It is important to have a clear conception of what is proved, 
and what it is possible to prove, in connexion with the proposition 
discussed in Arts. 122, 123. If in the equation 
a^+a 1 &- 1 +. mm +a n =0 

the coefficients a 0 , a lf a n are used as mere algebraical symbols 
without any restriction— that is to say, if they arc not restricted to 
denote either real numbers or complex numbers of the form treated 
in Chapter XII— then, with reference to such an equation it is noi 
proved, and there exists no proof, that every equation has a root. 
The proposition which is capable of proof is that, in the case of any 
rational integral equation of the n ih degree, whoso coefficients are all 
complex (including real) numbers, there exist n complex numbers 
which satisfy this equation ; so that, using the terms number and 
numerical in the wide sense of Chapter XII, the proposition under 
consideration might be more accurately stated in the form —Every 
numerical equation of the n th degree has n numerical roots. 

As regards this proposition, there appears little doubt that the 
most direct and scientific proof is one founded on the treatment of 
imaginary expressions or complex numbers of the kind considered in 
Chapter XII. The first idea of the representation of complex numbers 
by points in a plane is due to Argand, who in 1806 published anony- 
mously in Paris a work entitled Essai sur une mahiere de representer - 
les quantiles imaginaires dans les constructions geometriques . This 
writer some years later gave an account of his researches in Gorgonne’s 
Annates. Notwithstanding the publicity thus given by Argand to his 
new methods, they attracted but little notice, and appear to have 
been discovered independently several years later by Warren in Eng- 
land and Mourey in France. These ideas were developed by Gauss 
in his works published in 1831 ; and by Cauchy, who applied them to 
the proof of tho important theorem of Art. 121. With reference to 
the proposition now under discussion, the proof which we have given 
in Art. 123 is a modification of a proof found in Argand’s original 
memoir, and reproduced by-Cauchy in his Exercices d' Analyse. A 
proof in many respects similar was given by Mourey. 
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Before the discovery of the geometrical treatment of complex 
numbers, several mathematicians occupied themselves with the prob* 
lem of the nature of the roots of equations. An account of their 
researches is given by Lagrange in Note IX of his Equations nume'- 
riques. The inquiries of these investigators, among whom we may 
mention D'Alembert, Descartes, Euler, Foncenex, and Laplace, re- 
ferred only to equations with rational coefficients ; and the object in 
view was, assuming th' existence of factors of the form z— a, x— p, 
etc., to show that the ropts a, etc., were all either real or imaginary 
quantities of the type a+fcy'—l ; in other words, that the solution 
of an equation with real numerical coefficients cannot give rise to an 
imaginary root of any form except the known form a+fcy/ — 1, in 
which a and b are real quantities. For the proof of this proposition, 
the method employed in general was to show that, in case of an equa- 
tion whose degree contained 2 in any power Jc, the possibility of its 
having a real quadratic factor might be made to depend on the solu- 
tion of an equation whose degree contained 2 in the power k — I only, 
and by this process to reduce the problem finally to depend on the 
known principle that every equation of odd degree with real coeffi- 
cients has a real root. Lagrange’s own investigations on this subject, 
given in Note X of the work above referred to, related, like those of 
his predecessors, to equations with rational coefficients, and are 
founded ultimately on the same principle of the existence of a real 
root in an equation of odd degree with real coefficients. 

As resting on the same basis, viz., the existence of a real root in 
an equation of odd degree, may be noticed two recently published 
methods of considering this problem — one tjy the late Professor 
Clifford (see his Mathematical Papers p. 20, and Cambridge Philoso- 
phical Society's Proceedings, II, 1876), and the other by Mr. Malet 
{Transactions of the Royal Irish Academy , vol. xxvi, p. 453, 1878). 
Starting with an equation of the 2m ih degree, both writers employ 
Sylvester’s dialytic method of elimination to obtain an equation of 
the degree m(2m — 1) on whose solution the existence of a root of the 
proposed equation is shown to depend ; and since the number 
m(2m— 1) contains the factor 2 once less often than tho number 2m, 
the problem is reduced ultimately to depend, as in tho methods 
above mentioned, on tho existence of a root in an equation of odd 
degree. The two equations between which tho elimination is supposed 
to be offected are of the degrees m and m — 1 ; and tho only difference 
between the two modes of proof consists in the manner of arriving at 
these equations. In Mr. Malet ’s methods they are found by means of 
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a simple transformation of the proposed equation ; while Professor 
Clifford obtains them by equating to zero the coefficients of the 
remainder when the given polynomial is divided by a real quadratic 
factor. The general forms of these coefficients will b6 found among 
the Miscellaneous Examples appended to the Chapter on Determi- 
nants in the second volume of this work ; and it will be readily 
observed that the elimination of f) from the equations so obtained 
will furnish an equation in a of the degree m(2m— 1). (See Ex. 38, 
p. 34. vol. II.) 
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